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1 Introduction 

 

 

 

Subsidence refers to the gradual sinking or settling of the ground surface. 

Anthropogenic-induced subsidence poses significant risks to various types of infrastructure, 

including buildings, gas and water pipelines, and transportation systems. Excessive 

groundwater extraction in China, for instance, has resulted in subsidence-related incidents, 

such as building and bridge collapses and disruption to transportation networks (Tzampoglou 

et al., 2023). Similarly, in Katowice, Poland, a subsidence rate of 450 mm per year, between 

1997 and 2011, caused substantial damage to buildings, roads, and pipelines (Kowalski, 

2020), while Gliwice experienced a subsidence rate of 340 mm per year, leading to 

infrastructure deterioration, flooding, and groundwater issues in some areas (Przyłucka et al., 

2022). The magnitude of the subsidence can reach over 30 m and exceed the predicted 

magnitude on 30% in Walbrzych (Poland) (Blachowski, 2016). The assessment of subsidence 

effects is crucial, as demonstrated in the Starobin potash deposit in Belarus, where InSAR-

based subsidence monitoring by Konovalov (2019) revealed a subsidence rate of 73 mm per 

year in the central region of the deposit. Caro Cuenca and Hanssen (2008) utilised persistent 

scatterer interferometry to investigate the subsidence (3 m) and uplift (0.1 m) caused by coal 

mining near Wassenberg (Germany), in the area influenced by the ‘Meinweg’ fault. In another 

example of coal mining in Germany, maximum ground subsidence reached 4.2 m (Hegemann, 

2020). These examples highlight the destructive consequences of subsidence. Accurate 

prediction of subsidence patterns is essential for mitigating potential risks and damages and 

for ensuring the safety, stability, and effective management of structures in subsidence-prone 

regions. 

The development of subsidence prediction methods leads to better protection of 

civilians and state property. Accurate subsidence prediction enables the categorisation of 

surface objects based on their risk levels and allows further analysis and effective risk 

mitigation management (Grün, 1995). For instance, a report by DMT (2016) indicated that 

4560 objects with varying risk levels are currently under observation, including 90 objects in 

category I and 1407 in category II, until the year 2317, to mitigate the potential risks and 

damages caused by subsidence. 

Improvements in monitoring techniques and the abundance of data facilitate the 

identification of deviations between projected subsidence patterns and observed 

measurements (Benndorf, 2021; Przyłucka et al., 2022). Current geo-monitoring technologies, 

such as Interferometric Synthetic Aperture Radar (InSAR) and Light Detection and Ranging 
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(LiDAR), provide high-resolution measurements of surface deformation, allowing for real-

time monitoring of subsidence (Caro Cuenca and Hanssen, 2008).  By combining the available 

information with Global Navigation Satellite System (GNSS) data, these methods enable 

precise monitoring of ground deformation, facilitating the detection of deviations from 

expected subsidence, in terms of form, magnitude, and timing. Comparing prediction models 

with measured data not only enables the recognition of discrepancies but also presents 

opportunities for refining and enhancing the accuracy of subsidence predictions.  

The detection of subsidence deviations from the expected values, so-called anomalies, 

has been observed for a long time and in various forms, such as subsidence asymmetry, uplifts, 

compression, and tension locations, among others. In particular, uplift and cohesion 

anomalies, instead of the expected tension areas, have been detected in coal (Awershin, 1947) 

and polymetallic mining (Sashurin, 1999) in Russia. Other examples are: unexpected tension 

appearing in Spain (Sanmiquel et al., 2018); an uplift area occurring parallel to the main fault 

in Germany (Busch, 2014, 2017); changes in subsidence parameters due to stress release 

activities in China (Xia et al., 2016, 2017); the asymmetrical shape of the subsidence trough 

not being related to the geometry of mining in Poland (Vušović et.al., 2021). To gain a deeper 

understanding of subsidence processes, numerical models are often used (Peng, 2020). For 

example, Suchowerska et. al., (2016) studied the influence of Young’s modulus on the 

subsidence magnitude, numerically; void closure in coal mining in Australia was numerically 

studied by Keilich et al. (2006); and Villegas et al. (2011) numerically studied the effect of 

stress relaxation and gravity on hanging wall displacement. Most of the referenced anomalies 

appear to be related to excessive horizontal stress areas; however, the direct influence of stress 

condition contribution on ground subsidence anomalies has yet to be investigated. This study 

is aiming to fill the gap. 

Therefore, the objective of this thesis is to discover how stress conditions influence 

ground subsidence, assuming that the stress conditions are the prime reason for the 

aforementioned anomalies. The investigation begins with a comprehensive review of the 

relevant literature, to identify research gaps and the appropriate methodology. This is followed 

by a numerical experiment using the Finite Element Method, via the FLAC 3D 7.0 software, 

generating valuable, unbiased data on the subsidence process. The results are then validated 

against established and newly developed empirical models, incorporating insights from 

notable researchers. Finally, these findings are applied and tested in a real-world case study 

involving the ETZEL cavern group's storage caverns, to validate the findings and demonstrate 

the research's practical relevance.   
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2 State of the art 

 

 

 

Advances in subsidence research are driven by the use of extensive monitoring data 

and numerical modelling techniques to understand the underlying factors and to predict the 

magnitude and timing of subsidence phenomena. However, differences between predicted and 

observed measurements persist, particularly in areas of excessive horizontal stress. This 

underlines the importance of continued research efforts and improvements in subsidence 

prediction methods. This chapter provides a comprehensive review of subsidence prediction 

methods, with a particular focus on empirical approaches, to elucidate their mathematical 

limitations in the context of the studied anomalies, observed during subsidence monitoring. 

The chapter emphasises the influence of stress conditions and concludes by identifying 

research gaps, objectives and targets for further investigations in this field.  

 

 

2.1 Subsidence prediction methods 

 

 

This chapter provides a brief description of the subsidence prediction approaches, 

highlighting their accuracy, reliability and practical applications. 

Empirical methods focus on measurement interpretation and apply mathematical 

functions to observed subsidence data, in order to predict profiles under analogous geological 

conditions (Whittaker and Reddish, 1989). The accuracy of these methods is based on 

extensive historical data, and geological and mining similarities. Hazen and Sargand (1988) 

confirmed that subsidence measurements were consistent with the predictions of empirical 

methods but emphasised the reduced accuracy of strain values. Zhang et al. (2022) stated that 

empirical methods are accurate in certain scenarios but are not universally applicable. The 

methods are economically efficient, optimal for regions with extensive historical data, and can 

potentially be improved by integrating numerical or physical methods or interpretations, to 

increase prediction accuracy (Li et al., 2022). Limitations arise from a lack of historical data 

or unique geological and mining conditions, making them unsuitable for unique or complex 

geological settings. In conclusion, empirical methods are best applied in areas with abundant 

historical data and similar geological and mining conditions. The main advantages of the 

method are its ability to capture a global pattern of subsidence and its simplicity. The historical 

matching and low data requirements make the method applicable overall. 
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Numerical methods, including finite element methods (FEM) and discrete element 

methods (DEM), are used to simulate mine subsidence through complex mathematical 

equations (Sidki-Rius et al., 2022). Their accuracy depends on the quality of the input data, 

the selection of the mathematical model and the modelling assumptions (Peng, 2020). Despite 

their accuracy and modelling flexibility, these methods are resource intensive, requiring 

extensive computational resources and expertise. They are typically used in complex 

geological settings or for hypothesis testing. While they are less capable of predicting surface 

movement than empirical methods, they excel at identifying and analysing movement 

mechanisms (Marwan, 2008). The chosen numerical method has the ability to accurately 

capture local deformation and displacement features. However, the scale of real mine 

subsidence presents significant data requirements for the practical implementation of this 

method. In this case, the challenge in applying numerical methods was parameter estimation, 

for real subsidence prediction tasks have more parameters to estimate than available data. On 

the other hand, simplification of the task can increase the error exponentially. As a result, these 

numerical methods are often used to study small-scale cases rather than for practical 

applications. 

In contrast to numerical and empirical methods, Physical analytical methods use 

physical properties and laws to estimate subsidence on a large scale. Like numerical 

modelling, they are limited to local areas. They require less data but cannot capture a local 

feature in large-scale predictions. Self-analytical physical subsidence solutions are usually 

restricted to the elastic interpretation of the rock mass and are severely limited in their 

implementation (Ike, 2019), e.g. Berry's physical analytical solution is limited to depths up to 

70 m (Berry, 1963), which is a rare case for underground mining. To solve the task of 

subsidence prediction, physical methods are used to understand the patterns and logic of the 

underlying mechanisms. This understanding is often used to develop an empirical model 

(Litwiniszyn, 1994) or to relate empirical parameters to certain physical properties. For this 

reason, the methods that use analytical physical methods will not be discussed. 

Hybrid methods combine prediction approaches (empirical, physical and numerical) 

to optimise the accuracy and applicability of subsidence prediction (Liu et al., 2019; Heib et 

al., 2001; Aksoy et al., 2004).  For example, an empirical model could be used to predict 

subsidence over a large area and a numerical model could be used to predict subsidence in a 

local area, where a particular pattern is suspected (e.g. geological structure, fault or other 

problem). Hybrid methods, which exploit the strengths of several techniques, offer improved 

accuracy, adaptability to different geological conditions and data availability. However, they 

require significant expertise and resources to implement. They are most effective when single 

methods do not provide good enough results and the complexity of the problem requires a 
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combination of methods. For the time being, as most cases deal with specific local issues, 

hybrid methods need to be developed and applied for each particular case. As the method does 

not provide a global picture, it will not be discussed in the following chapters.  

A machine learning approach is also applicable. For example, Zhang et al. (2019) 

used an artificial neural network (ANN) to synergize the effects of different methods, 

including empirical, FEM and DEM. Their ANN-based hybrid method outperformed 

individual methods, reporting prediction errors of less than 5%. However, the method is a 

'black box' and does not allow interpretation of the results to further the understanding of the 

subsidence process or application to other mines, so this approach is not discussed in this 

thesis. 

Each subsidence prediction method has unique strengths and weaknesses that affect 

its suitability under specific geological and mining conditions. Empirical methods derive 

results from limited data and capture the global pattern of subsidence (Marwan, 2008), while 

numerical methods are typically used where abundant data are available, or for case studies 

(Sidki-Rius et al., 2022; Aurelio, 2000) to investigate the influence of natural factors on 

subsidence parameters (Suchowerska et. al., 2016). A detailed description of empirical and 

numerical methods is given below.  

 

 

2.1.1 Empirical subsidence prediction method overview 

 

 

The main objective of the empirical method is to predict subsidence in conditions of 

limited data. The method can analyse subsidence by studying the statistical distribution of 

subsurface displacement (Litwiniszyn, 1994). The main differences between the empirical 

methods relate to the form of the distribution, which is defined by the influence function, 

Equation 1. 

𝑑𝑆(𝑟) = 𝑐 ∙ 𝑓(𝑟) ∙  𝑑𝑉 (1) 

where c is the correction coefficient that ensures the volume under the influence function 

equals one; dV is an underground shrinking volume; f(r) is an influence function; and a is a 

transmission coefficient, representing the part of the underground shrinking volume 

transmitted into the subsidence volume (Figure 1).    
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Figure 1. Illustration of the distribution of the underground unit of shrinking volume at the 

surface. 

Litwiniszyn (1994) introduced the description of subsidence of an incompressible 

medium at a fixed level as a Gaussian distribution. The hypothesis was supported by physical 

modelling of the displacement of dry sand. Litwiniszyn's results showed that the subsidence 

of the incompressible medium follows a normal distribution for individual elements. Knothe 

(1953) obtained the same solution by correlating geometric parameters that can be determined 

by geodetic measurements. This method has been widely accepted by mining companies (e.g. 

Kratzch, 2013; Sroka, 2001) and implemented in various computer software applications 

(Kwinta and Gradka, 2018). There are many other influence functions, some of which are 

listed in Table 1 and illustrated in Figure 2. 

 

Table 1. Influence functions (adopted and extended from Sroka and Wittkopf, 1992 and Chi 

et al., 2021).  

Author Subsidence model 

Bals 

1

1 +
r2

H2

 

Knothe (1953) exp (−
𝜋𝑟2

𝑅2
) 

Kochmański (1955) exp (− (
r

𝑅
)

b
), where 𝑏 =

5−1.120log 𝐻

1+0.672log 𝐻
 

Ruhrkohle  exp (−k
r2

𝑅2
), where k  = - ln (0.1) 

Geertsma (1973) 
1

(r2 + H2)3/2 
 

Whittaker and Reddish 

(1989) 
exp (−6.65 (

r

R
)

2

) 

Ramírez and Rambaud 

(1986) 
exp (−𝜋(

𝑟

𝑘𝑅𝐻
)

2
) + 𝑛 ∙ exp (−𝜋(

𝑟

2𝑘𝑅𝐻
)

2
), 
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Author Subsidence model 

where n and 𝑘𝑅 are two parameters that characterise the ground and allow 

the shape and magnitude of the subsidence trough to be adjusted. 𝑘𝑅 

defines the 0 position relative to H, which is used as an equivalent of R. 

Eikermejer (2005) 𝑒𝑥𝑝 ( −𝜋𝜉
𝛿
2 

𝑟𝛿

𝑅𝛿
) 

Boltzmann function 
exp(−

𝑟
𝑅

)

(1 + exp (−
𝑟
R))

2
 

*where r – horizontal distance between excavated element and point on the surface; 

H – the vertical distance between element and surface; R – influence radius, specified for the 

processes 𝑹 = 𝑯 𝒄𝒐𝒕 𝜸; b – landshaft characteristic; 𝜸 - influence angle; 𝜹 - chape parameter; 𝝃 - 

parameter that controls the maximum subsidence 

 

  

 

Figure 2. Illustration of different subsidence influence functions. N.B. all models are 

normalised to their absolute maximum values. 

  

Figure 2 and Table 1 show that the influence functions are symmetric and retain their 

shape, regardless of the input data, with the exception of the Kochmański and Ramírez 

functions, which take shape deviation into account. Despite the limitations discussed in the 

following chapter, these influence functions are widely used in practice and provide relatively 

good results. 

Another key point of the empirical method is the accuracy of the underground volume 

shrinkage or convergence. The accuracy of the data depends on the mining method. For 

example, in mechanical mining (e.g. coal mining), direct measurements of convergence can 

be obtained. In contrast, in the case of drainage-induced subsidence, the underground volume 

shrinkage can only be estimated indirectly (Guzy et al., 2021). In the field of cavern energy 
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storage, the high costs associated with direct measurements of volume shrinkage limit the 

frequency of data acquisition, while the complexity of the volume-shrinking process (Wei et 

al., 2016) reduces the quality of the physical or numerical solution. According to Equation 1, 

the accuracy of the volume shrinkage data proportionally affects the quality of the prediction. 

In some cases, geology may impose specific requirements on the influence functions, 

leading to the development of extensions to the classical solution. Thus, Knothe (2005) wrote 

“the real profile of the trough is usually asymmetric”, when he suggested that the asymmetric 

curve comprised two functions of normal distribution, with a different influence radius in the 

outer and inner parts of the subsidence trough, concluding that the result of this prediction has 

more accurate values of displacements and deformations. Other extensions dealing with 

asymmetry (e.g. Quasnitza (1989)) covered the phenomenon by representing influence angle 

as a function of planometrical direction (as discussed in Section 4).   

In order to improve the quality of the subsidence prediction, parameter estimation is 

one of the methods of choice. The availability of measured data allows the application of 

parameter estimation, which has a positive effect on the accuracy of future predictions (Tajduś 

et al., 2021a ; Eickemeier, 2005). In general, parameter estimation benefits from having more 

data points (measurements) than parameters to be estimated. This advantage reduces the risk 

of overfitting which, in turn, leads to more reliable and stable parameter estimates. Thus, a 

high ratio of data points to parameters often increases the applicability and validity of 

empirical models, compared to methods that require a large number of parameters. However, 

there are approaches, such as the Bayesian parameter estimation, that effectively deal with 

situations where the number of data points is relatively small compared to the number of 

parameters. This is largely due to the ability of the Bayesian framework to incorporate prior 

information. 

In conclusion, the empirical models capture the global trend of the subsidence process 

and, with limited data, allow the prediction of subsidence with relatively high quality. The 

quality of the prediction depends on the parameter values and the mathematical 

representativeness of the influence function of the subsidence distribution. The simplicity of 

the approach and the manageable number of parameters facilitates the development of the 

method and the application of advanced statistical techniques to improve the quality of future 

predictions, avoiding overfitting. 
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2.1.2 Numerical methods for subsidence prediction 

 

 

Mining-induced subsidence, which involves the deformation of overlying rock strata, 

can be predicted and assessed using numerical modelling methods (Lo et al., 2022; Tajduś et 

al., 2021a ). Recent studies have focused on developing more efficient and accurate numerical 

models for simulating mining-induced subsidence, utilising methods such as the finite element 

method (FEM), finite difference method (FDM), boundary element method (BEM), and 

discrete element method (DEM) (Yin and Yang, 2019; Sidki Rius et al., 2022; Alam et al., 

2022). 

In FEM, the domain is divided into a finite number of subdomains or elements, 

interconnected at specific points called nodes. The governing differential equations are 

approximated over each element by interpolating the solution using shape functions. However, 

this method requires significant computational effort and may yield inaccurate results with 

large mesh sizes (Alam et al., 2022). On the other hand, FDM discretises the domain by 

dividing it into a grid of equally spaced points. The governing differential equations are 

approximated by finite difference equations, relating the values of the solution at discrete grid 

points. While FDM offers easier implementation and lower computational requirements, it 

sacrifices accuracy and flexibility in modelling complex scenarios (Zienkiewicz et al., 2013). 

BEM, which only solves deformation equations on the boundary, is suitable for simple 

geometries and homogeneous materials but may lack accuracy for complex scenarios (Gaul et 

al., 2003; Bahuguna et. al., 1992). DEM models individual particle deformations and 

interactions and is effective for granular materials but requires substantial computational 

resources for large-scale applications (Yin and Yang, 2019). Different combinations of 

coupled numerical methods can also be applied. In the field of subsidence engineering, 

coupling DEM and FEM has been employed to simulate subsidence processes and provide 

greater accuracy (Vyazmensky et al., 2007). 

Numerical methods are sensitive to boundary conditions, constitutive models, grid 

spacing, and input data, requiring a high level of expertise to obtain accurate results. Another 

challenge to consider is the requirement for substantial computational resources.  The 

challenges make it impractical for full-scale subsidence predictions in many cases. 

Furthermore, parameter estimation presents difficulties in subsidence prediction using 

numerical methods, due to the requirement to estimate parameters for every element. In a full 

subsidence case, the number of parameters exceeds the available measurements, which leads 

to a mathematically ill-posed problem.  
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The use of numerical cases is driven by the need to solve complex problems where a 

controlled environment is required. Thus, the implementation of numerical methods for 

subsidence is mainly limited to research cases. For example, numerical studies have been 

carried out to analyse subsidence behaviour in European mining regions, e.g. in a coal mining 

study. Numerical simulations were used to investigate subsidence patterns, including the 

relationship between maximum subsidence and factors such as depth, tensile and compressive 

strain (Holla and Barclay, 2000), as well as the relationship between maximum subsidence 

and slope, as a function of the width-to-depth ratio of the face (Keilich et al., 2006). In a study 

of the hard rock mining region in Kiruna (Sweden), numerical simulations investigated the 

effect of rock properties on subsidence behaviour, highlighting the role of variations in rock 

strength and stiffness in generating asymmetric subsidence patterns (Villegas et al., 2011). 

Similarly, a study in the Ruhr coal mining region of Germany investigated the influence of 

mining-induced stress changes on subsidence behaviour, emphasising the importance of the 

direction of maximum horizontal stress, particularly in regions with complex geological 

structures (Villegas, 2008). The influence of mine and mine flooding parameters on uplift was 

investigated by Zhao et al. (2021). Through numerical simulations, Suchowerska et. al., (2016) 

demonstrated the dependence of the magnitude of subsidence on variations in the synthetic 

Young's modulus. Thus, applying numerical methods provides valuable tools to investigate 

the mechanisms of the subsidence process. 

In general, numerical methods provide valuable tools for understanding mining-

induced subsidence. However, considering the aforementioned cases and limitations, the use 

of numerical methods in subsidence prediction is primarily limited to research cases, where a 

closed and controlled environment is required, for example, to understand the pattern of the 

process or the underlying causes. The choice of numerical method depends on the specific 

problem, the geometry and size of the mine, and the desired accuracy and computational 

efficiency. In any case, the application of numerical methods requires a high level of expertise, 

careful consideration, and a thorough understanding of the specific problem. 

 

 

2.2 Subsidence monitoring methods 

 

 

The prediction and understanding of subsidence is based on observations. Over time, 

a variety of observational techniques have been developed for this purpose. This chapter 

examines subsidence monitoring techniques, with particular emphasis on their development 

and application. 
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2.2.1 Observation methods  

 

 

Subsidence monitoring methods typically fall into two distinct categories: in-situ 

measurements and remote measurements, although different methods provide different 

information about ground movement; some of them are only able to measure vertical 

differences, while others are only planimetric.   

 

In-situ measurements 

 

This group involves the use of measuring instruments directly at the site of interest.  

The advantages are high temporal resolution, continuous measurement, and on-site knowledge 

due to self-collecting data; however, the observations are made manually from point to point 

and, as a consequence, require accessibility to the objects (Pawlik et. al., 2023). Here are some 

key methods in this group: 

• Levelling. This technique measures height differences between points using 

the principle of levelling, down to the remarkable accuracy of a millimetre scale (Li et al., 

2014), and limited to the vertical measurements. This type of measurement is not continuous 

and offers low temporal resolution. 

• Global Navigation Satellite Systems (GNSS). This technology estimates the 

geographic position of a point on or near the Earth's surface by processing signals from 

satellites. Depending on the approach (discussed in Chapter 4), they provide varying levels of 

accuracy; the accuracy of vertical observations is significantly lower than that of planimetric 

measurements.  GNSS is only partially suited for monitoring vertical displacements, primarily 

due to its limited precision in the vertical dimension. 

• Tacheometry. The method estimates the horizontal and vertical difference 

between points using triangulation principles and angle and distance measurements, covering 

vertical and planometric measurements.  This type of measurement is not continuous and 

offers low temporal resolution. 

 

Remote measurements group 

 

This group includes the use of instruments positioned at a distance from the 

measurement field. Advantages and disadvantages vary but, in general, the method covers a 

large observation area, which could depend on the measurement conditions (such as direction 

or atmospheric conditions) (Pawlik et al., 2023). The main methods in this group include: 
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• Interferometric Synthetic Aperture Radar (InSAR). This technique uses two 

or more synthetic aperture radar (SAR) images to create surface deformation maps or digital 

elevation models (Gabriel et al., 1989). This method is used to measure vertical deviation 

more precisely than planimetric deviation. 

• Photogrammetry. The method interprets photographs taken from different 

angles of the measured field to obtain coordinates. The camera can be installed on different 

platforms. For example, using unmanned aerial vehicles (UAVs), Gasperini et al. (2014) 

achieved precision displacement measurements, up to ten centimetres vertically and one 

centimetre horizontally. Due to the low precision of vertical measurements, this method is 

usually used for planimetric measurements. 

• Light Detection and Ranging (LiDAR). This method uses pulses of light to 

measure ranges, or variable distances, to the Earth, generating precise, three-dimensional 

information about the shape of the Earth and its surface characteristics (Hurtado-Pulido, 

2023). It yields more precise vertical measurements than planimetric measurements. 

• Terrestrial Laser Scanning (TLS). This technique involves firing laser beams 

towards the surface, then measuring the time taken for the beam to be reflected back to the 

scanner, in order to determine distances and produce detailed three-dimensional models. The 

technique is not suitable for ground movement monitoring because it provides a snapshot of 

the surface at a specific point in time and requires repeated setups at the same location for 

temporal comparison, making it challenging to detect subtle, gradual changes in terrain that 

are characteristic of ground movement or subsidence.  

 

 

2.2.2 Interplay and evolution of techniques 

 

 

The choice of methodology for subsidence monitoring historically depends on the 

quality and capabilities of the techniques that are available. Over time, these methods have 

evolved, improving in quality and expanding in applications. The following is a historical 

overview of the development of subsidence monitoring methods, contrasted with their current 

applications. 

 

Mid-19th – 20th century: manual and large-scale measurements 

 

In the mid-19th century, levelling and inclinometers were first used to monitor slope 

stability and subsidence. This period was characterised by meticulous manual measurements. 
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Nowadays, the levelling method is usually used for small-scale projects, to measure vertical 

displacement to the nearest millimetre. Inclinometers are now only used for special cases of 

subsidence monitoring, providing measurements at a scale of 10−6  𝑚/𝑠2  at specific locations 

(Li et al., 2014). 

Later, in the early 20th century, the need for large-scale ground monitoring and the 

development of photography introduced a technique for measuring distances and creating 

maps and models of real-world objects and environments using photographs. This technique 

made it possible to measure changes in the earth's surface, including subsidence, but the 

accuracy is low compared to levelling. Today, photogrammetry itself provides an accuracy 

that varies from 2 to 16 cm in the vertical direction (Cai et al., 2023), while the potential of 

using unmanned aerial vehicles separately for subsidence monitoring is assessed with an 

accuracy of 10 cm, for the estimation of vertical displacement, and one cm, for horizontal 

measurements (Gasperini et al., 2014). Better subsidence measurement results were reported 

by Pal et al. (2020), who achieved an accuracy of 0.5-4.0 centimetres for vertical 

measurements, by applying classical photogrammetry in combination with an unmanned 

aerial vehicle (UAV). In principle, UAV photogrammetry is based on the same mathematical 

principles as traditional photogrammetry. However, there are differences in the application 

due to the quality, speed and orientation of the cameras mounted on the UAVs. According to 

subsidence measurements in Italy (Gasperini et al., 2014) and in New South Wales (Australia) 

(Ge et al., 2016) using unmanned aerial vehicles (UAVs), total stations, and laser imaging 

detection and ranging (LIDAR) measurements, showed similar accuracy between the 

methods. 

In the middle of the 20th century, the range of tools available was further enriched by 

the introduction of extensometers. These instruments, capable of measuring changes in the 

distance between two anchored points, provided another lens through which subsidence could 

be observed with an accuracy of 0.001 to 0.100 mm for specific cases (Gambolati and Teatini, 

2021). The implementation is limited to the deformation of rock masses for geomechanical 

tasks. 

 

21st century: GNSS and InSaR 

 

The 21st century brought the advent of Global Navigation Satellite Systems (GNSS), 

including the familiar GPS and InSAR techniques. 

Satellite positioning itself began with the very first artificial satellite, Sputnik I, 

launched by the Soviet Union in 1957 (Skinner, 1984). In 1994, in response to the growing 

number of satellites and the widespread use of receivers, the European Commission, the 
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European Space Agency and Eurocontrol proposed the creation of the Global Navigation 

Satellite System (GNSS), which is now widely used for geomonitoring (Czaplewski and 

Goward, 2016). However, GPS was used for subsidence monitoring even earlier. In 1993, in 

Italy, the GPS network was implemented to control subsidence with high accuracy; 

planimetric errors were estimated within the order of 1.2 cm, and height to about 1.5 cm 

(Bitelli et al., 2000).  Later, Wang (2022) used a network of GNSS reference stations, with the 

ability to continuously measure and analyse data, to achieve an accuracy of 4-8 mm in the 

vertical direction, which is a new level of accuracy for GNSS observations. However, in casual 

mine cases, the methods do not use the receiver network and they are not used for subsidence 

monitoring, due to the low accuracy of vertical measurements. 

With the advent of large-scale satellite monitoring, interferometric synthetic aperture 

radar (InSAR) techniques were introduced in the 1970s (Braun, 2021). The technique does not 

measure absolute values, only the rate of movement. Gabriel et al. (1989) pioneered the use 

of Synthetic Aperture Radar (SAR) imagery to measure subsidence movements to within 1 

cm, with a spatial resolution of 10 m over a 50 km area. By 1997, InSAR technology had 

become popular for subsidence monitoring in mining (Stow and Wright, 1997). Today, the 

technique is widely used to estimate surface subsidence with high accuracy over large areas. 

According to John (2021), the accuracy of subsidence estimates using this method can be less 

than a millimetre, using a special corner reflector and, in general, it is on a millimetre scale. 

Despite its insensitivity to surface displacement in the direction of satellite flight, this 

limitation can be mitigated by combining it with other data sources. For example, InSAR 

techniques have been integrated with the offset tracking method to monitor mining-induced 

large-gradient subsidence and subsidence along both the line of sight (LOS) and azimuth 

directions (Chen et al., 2020). 

Different types of InSAR techniques are used today, such as dual-polarisation SAR 

(DInSAR), quad-polarisation SAR and bistatic SAR, etc. Their main differences are based on 

the number and types of polarisations used in the transmission and reception of the radar signal 

(Ratudu and Vlad-Sandru, 2023). Until 2003, classical InSAR and DInSAR techniques were 

widely used for subsidence monitoring but had the aforementioned problem with vegetation, 

etc.  

In modern InSAR applications, full time series analysis (enabled by Persistent 

Scatterer Interferometry (PSI), Small Baseline Subset (SBA), and Time Series Interferometric 

Synthetic Aperture Radar (TS-InSAR) techniques) provides a robust solution to overcome the 

challenges previously mentioned (Ratudu and Vlad-Sandru, 2023). 

PSI makes use of stable ground features, identified by point-like targets on the surface 

known as 'persistent scatterers'. These scatterers reflect radar signals consistently over time, 
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effectively bypassing the decorrelation problems caused by dense vegetation cover (Colesanti 

et al., 2005). 

SBA strategically selects a subset of image pairs with small temporal and spatial 

baselines (Bru et al., 2022). This selection process is designed to minimise the effects of 

decorrelation and atmospheric artefacts, thereby increasing the reliability of the resulting data. 

TS-InSAR provides insight into long-term deformation patterns, allowing the 

detection of subtle movements that occur over months or years (Khodaei et al., 2023).  

 

Conclusion  

 

Various methods are employed to gather information on subsidence, with the choice 

of method depending on the specific objectives of the research or project. For a comprehensive 

understanding of the subsidence process, it can be beneficial to integrate different available 

monitoring methods into a single Earth observation network. This combination of methods 

can either increase the overall image of the subsidence or improve the quality of the 

information obtained. 

For example, in-situ monitoring data were used as ground control points for unmanned 

aerial vehicle (UAV) measurements, thereby improving the quality of these measurements 

(Lian et al., 2021). In another case, measurements were used to correct results estimated by 

InSAR technology (Tang, 2011). Differential interferometric synthetic aperture radar (D-

InSAR) and terrestrial laser scanning (TLS) technology were combined to monitor subsidence, 

with a mean difference of 23.1 mm, compared to subsidence obtained by levelling (Chen et 

al., 2013). In Europe, integrated monitoring has combined terrestrial laser and radar 

technology with spaceborne and airborne remote monitoring methods. This approach allows 

continuous, highly automated identification and monitoring of mining-induced ground 

movements (Czerwonka-Schröder and Klonowski, 2019). Another interesting example is a 

combination of DInSaR and in-situ measurements at several points of a subsidence trough, to 

decrease the relative error from 68 to 8.3% (Hong-dong et al., 2014).  Wang et al. (2022) used 

a mixture of monitoring techniques (SBAS-InSAR, DInSAR and UAV) and interpolation 

techniques (Kriging) to extract the surface subsidence caused by an underground coal mine, 

to construct a complete and high-precision surface subsidence field. These examples show the 

potential for using a combination of difference techniques to achieve greater results, which 

are not limited to the monitoring method combinations.   

The evolution of subsidence monitoring methods, from small-scale manual 

observations to large-scale, high-precision, comprehensive subsidence imaging, has greatly 

improved the quality and quantity of observational data. As a result, this progress has led to 
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improved identification of subsidence anomalies although, in general, levelling is still the 

method of choice, due to its reliability and precision. 

 

 

2.3 Subsidence anomalies 

 

 

Despite the variety of subsidence prediction methods and models, subsidence 

predictions can deviate significantly from reality. Unexpected or unpredictable ground surface 

movement patterns or magnitudes are called ‘subsidence anomalies’. These anomalies are 

influenced by various factors, including the properties of the mine, rock mass, and the nature 

of surrounding rock formations. Several common types of subsidence anomalies can be 

identified, as follows: 

• Convergence and magnitude-related anomalies are characterised by the under or 

overestimation of the ground subsidence magnitude due to under or overestimation of the 

convergence or other processes. This type of anomaly is difficult to estimate because it can be 

mathematically covered, leading to potential confusion with parameter estimation problems. 

• Asymmetric subsidence and subsidence trough shape anomalies are related to the 

proportion of the distribution and its shape in general. The shifting of the maximum subsidence 

is excluded from this anomaly type.  

• Uplift can be characterised differently, e.g. as uplift due to the elastic kinematic 

energy on the periphery of the subsidence trough or as curves on the subsidence timelines.  

These different types of anomalies are detected around the world and are connected 

to various factors, ranging from mining methods and geology to topography and surface 

structural factors (Speck and Bruhn, 1995). In the case of longwall mining, the distortion of 

predicted subsidence can be induced by failures in pillars, which deviates the stress 

distribution (Speck and Bruhn, 1995). In Pennsylvania, uplift was identified in the direction 

of retreat, leading to subsidence asymmetry in the periphery (tension zone) (Bruhn and Speck, 

1985). In Russia, unexpected cohesion, tension, shape deviations, asymmetry, and uplifting 

zones were identified in coal (Awershin, 1947) and polymetallic (Sashurin, 1999) mines. The 

authors have connected these anomalies with the stress field and faults. In China, stress release 

activities increased the area of subsidence influence by 10% on one side, resulting in 

asymmetry of the subsidence (Xia et al., 2016, 2017). In Poland, wider subsidence troughs, 

combined with an asymmetric shape, led to an overestimation of subsidence magnitude in the 

central part of subsidence troughand underestimation of the periphery (Vušović et al., 2021). 

In another publication, significant deviation of predicted and observed subsidence (inclusive 
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asymmetry and shape deviation) in the Upper Silesian Coal Basin were connected with the 

activation of old goafs, which have impacted the distribution of the deformation probability 

(Sikora, 2021).  Sheorey et al. (2000) presented different cases of coal mines in India, where 

the observed subsidence distribution showed asymmetrical patterns, without an explanatory 

reason. In Germany, correlation of the anisotropy of the subsidence trough and uplift with 

tectonic fault direction was detected (Busch, 2014, 2017). A complex structured system of 

blocks and faults dominated by extensional tectonics in the region of the Upper Rhine Graben 

(Germany) was the reason for an uplift of 34 cm over 3 years (Lubitz et al., 2013). Near-

surface ground properties can also lead to shape-related subsidence anomalies. Shadbolt 

(1972) noted the tendency of moist unconsolidated soils to increase the influence angle and, 

consequently, decrease the maximum subsidence. Magnitude and convergence related 

anomalies were detected near Alborz (Iran), the anomalies being present in a wide variety of 

subsidence rates (ranging from 9-25 cm per year) in the region within 32 km (Pirouzi and 

Eslami, 2017). Various investigations have studied anomalies due to groundwater extraction 

or drainage, particularly for gas pipeline risk analysis, including uplift (Guzy and Witkowski, 

2021; Guzy et al., 2021). These processes have a strong influence on stress conditions and the 

subsidence process. The discussed anomalies and their reasons are presented in Figure 3, 

which combines the above-referenced articles. 

 

 

Figure 3. Overview of subsidence anomalies.  

 

The anomaly cases discussed are directly or indirectly related to the distribution and 

magnitude of the stress field. For example, faults that occur under regional tectonic activity 

can influence the stress field and changes in topography and water levels can indirectly affect 

the stress field and balance, consequently influencing subsidence patterns. The properties of 

the rock, specifically its strength-related properties, describe its reaction to stress and cannot 

be investigated without considering the stress field. Empirical methods, on the other hand, 

capture a general picture of the stress distribution and average the stress influence. The 
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experiments conducted by Litwiniszyn (1994) (in a homogeneous medium) and the 

measurements by Knothe (1953) (in the Upper Silesian Coal Basin) were based on models 

and locations where stress is primarily a result of the material weight. This suggests that 

anomalies may arise due to the underestimation of the influence of stress distribution. 

In conclusion, subsidence anomalies in mining areas can manifest in various ways, 

including asymmetry, uplift, and unexpected magnitudes. The factors mentioned in the 

references primarily affect subsidence through their influence on the stress conditions. 

However, the direct influence of stress conditions on subsidence is not investigated. The 

following chapter will provide an overview of the in-situ stress field. 

 

 

2.4 In-situ-stress field 

 

 

In a mining context, the main stress directions are commonly characterised as vertical 

(parallel to the force of gravity) and horizontal (perpendicular to it). The vertical stress is 

defined as the weight of the overlying masses (Equation 2), while the horizontal stress arises 

as a consequence of the elastic behaviour of rock mass under vertical stress (Moravwietz et 

al., 2020) and external stresses, e.g. tectonic (Equation 3).  

𝜎𝑣 = 𝛾 ∙ 𝑧 (2)  

𝜎ℎ = 𝜎𝑣 𝜆 + 𝜎𝑒𝑥𝑡𝑒𝑟𝑛𝑎𝑙   (3) 

where: γ is the weight of the rock; z is the depth of the overlying rock; λ =
𝑣

1−𝑣
 represents a 

coefficient that shows how much applied stress is redistributed in the perpendicular direction; 

and v is Poisson’s ratio (Terzaghi, 1936; Skempton, 1960). 

In a rock mass, Poisson’s ratio varies from 0.05 to 0.40 (Vasarhelyi, 2009) and,  

according to the aforementioned equations, the horizontal stress induced by vertical stress 

redistribution is in the range 10-66% of vertical stress. The external part of in situ horisontal 

stress can exceed vertical stress itself, by several times (Bulin, 1971). Hergert (1974) observed 

that, in 75% of measured cases (45 measurements in the USA, Scandinavia, Ottawa, North 

Bay, Mount Isa, Tasmania, South Africa, Zambia, British Columbia, East Iceland, Ireland and 

Spitzbergen), the horizontal stress exceeded the vertical stress, based on measurements from 

the World Stress Map project, a finding confirmed by other researchers, such as Adams and 

Bell (1991), and Martin and Chandler (1993). The measurement of the stresses versus depth 

are demonstrated in Figure 4, where part (a) presents the distribution of vertical stress against 

depth, and part (b) presents the vertical to horizontal stress ratio against depth. A green area 

highlights the value of stress ratio related to the vertical stress redistribution. The same 
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distribution range of external stress was observed in a crustal stress field in Germany, made 

by Ahlers et al. (2022). 

A general assumption in geomechanics is that the vertical stress component increases 

linearly with depth, while the ratio of horizontal stress to vertical stress depends on the inverse 

depth (Amadei and Stephansson, 1997). Local deviations from this assumption are not 

uncommon, arising from geological features or tectonic activity (Herget, 1974, 1986). Ahlers 

et al. (2022) emphasised that exceeding the horizontal stress can change its orientation by up 

to 25 degrees from the mean values and its absolute magnitude by 12 MPa, which is 

comparable to an average vertical stress of 500 m. 

 

  

 

Figure 4. (a) Plot of the vertical stress against depth; (b) variation of average horizontal stress 

to vertical ratio with depth (adopted from Amadei and Stephansson, 1997).  The blue area is 

the area of horizontal stress as a consequence of the elastic behaviour of the rock mass under 

vertical stress. 

 

The stress field can be influenced by various types of inhomogeneity, which can be 

categorised into different orders, based on their scale of influence: 

• First-order stress sources, such as plate boundary forces like ridge push or 

slab pull, can impact the stress field over hundreds or thousands of kilometres (Richardson, 

1992; Zoback, 1992).  

• Second-order sources, such as mountain chains, have an influence on the 

stress field over hundreds of kilometres (Zoback, 1992).  
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• Local stress sources, including faults, diapirs, and detachment zones, 

contribute to third or fourth-order deviations (Yale, 2003). Some of the sources of the third 

category deviations have been identified as a reason for subsidence anomalies in Chapter 2 

(State of the art), e.g. the aforementioned anomalies in China where stress release activity 

resulting in asymmetry. The effect of horizontal stress on the deformation process can be well 

evidenced by the effect of core disking, which indicates that stress distribution is intricately 

involved in the deformation process and cannot be disregarded when considering the 

distribution of subsidence. 

Despite the aforementioned investigations, there are enough areas where the features 

of the stress field are not significant for the subsidence to be processed; however, ignoring 

them leads to anomalies (as referenced in Chapter 2.3). Classifications of regions regarding 

their influence of the stress field do not exist. However, there are classifications of stress 

regimes, which would give an overview of the field of the research interest. One of them is 

Anderson's classification (Anderson, 1951), which is presented below, with new extension-

related measurements and locations (in the classification, 𝜎ℎ 𝑚𝑎𝑥  and 𝜎ℎ 𝑚𝑖𝑛 mean maximum 

and minimum horizontal stress, respectively):   

• Normal faulting region, σv > σh max (~0,6 σv  ), for example: Central 

Greece (Tsanakas, 2019), Illinois, Indiana, United States; The Pennines (Okal, 2009)); 

• Strike-slip faulting region, σh max > σv > σh min   (0,6~1,6 σv), for 

example: The Philippines (Aurelio, 2000); Nova Scotia; The Atacama Desert, Chile; Turkey 

(Okal, 2009)); 

• Reverse faulting region, σh min , > σv   (1,6~ 4,6 σv) (Hooker et al., 1972), 

for example: South Island, New Zealand (Gledhill et al., 2000), The Kinki region of Japan 

(Shikakura et al., 2014), The Alps, Europe (Okal, 2009). 

The global pattern of regional tectonic stress is systematically documented by the 

World Stress Map Project (World Stress Map Project, n.d.) up to 2011. This project utilises 

stress indicators to characterise stress regimes and directly measures stress data to compile a 

comprehensive database of stress distribution worldwide. However, not only the magnitude 

can be different but the distribution of stress can as well. According to Herget (1993) and 

Voight (1966), tectonic stresses can exhibit both uniform and non-uniform distributions over 

large areas, e.g. 10,000 km2 or local areas. Non-uniform distribution of stress can be identified 

if the stress differs on opposite sides of a considered area.  

Non-uniform stress distribution can be induced by mining and subsidence itself. The 

stress appears due to the ‘residual’ stresses. Residual stresses are formed by the loading history 

of rock masses and, due to the lack of self-equilibration, persist within a structure even after 

the external forces and moments are removed (Voight, 1966). During rock mass deformation 
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or displacement, these locked-in stresses can be released in the form of displacement, 

fracturing or deformation. 

In summary, in mining applications, horizontal stress is often underestimated, the 

actual data of horizontal stress may exceed the vertical stress by several times. Since horizontal 

stress influences the deformation process, it should be considered in subsidence. The location 

and sensitivity of subsidence to horizontal stress has not been investigated. However, there 

are several sources of stress conditions that can be taken as an indicator of potential deviations 

(second-order and local stress sources). The classification of stress regimes can be used as a 

basis for investigation. Another part that should be considered is the distribution of stress 

through the subsidence area, obviously the symmetrical conditions cannot lead to asymmetry. 

 

 

2.5 Subsidence prediction methods for anomalies 

 

 

This chapter describes the prediction method developed to cover the subsidence 

anomalies. The anomalies of the subsidence profile can be related to parameter 

underestimation, asymmetry, uplift and shape deviation. Each of them is a challenge that 

requires a different approach to deal with. This chapter describes different approaches to 

solving these problems, grouped by anomaly type. 

 

Parameter estimations  

 

These types of anomalies appear when the parameter for subsidence prediction 

deviates from expectations. The problem is solved by using different techniques, e.g. the 

parameter estimation or neural network application. 

The parameter estimation techniques are based on the difference between a subsidence 

prediction model and measured data, using different techniques (as discussed in Chapter 4) to 

find the parameters set with the smallest difference, e.g. inverse modelling could be applied 

to estimate the convergence (Fokker, 2002). Parameter optimisation (Differential Evolution 

Adaptive Metropolis) and InSAR data is used to define a distribution of rock mass parameters 

for subsidence prediction in Smith and Knight (2019). Gazzola et al. (2021) used a variance-

minimising estimator in the geomechanical modelling of subsidence prediction, to reduce 

numerical uncertainty. 

The neural network method involves estimating the hidden function between the 

conditions and parameters of an empirical model using various techniques. Mine area 
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information is plotted against parameters and then fitted. These functions are summarised for 

each parameter and weighted, to minimise deviations between predicted and training data. As 

an output, the parameters of the empirical model can be estimated, based on the different mine 

area information. The main idea and the different approaches were described by My et al. 

(2014). For example, the regression method Extreme Learning Machine (ELM) neural 

network was used to estimate parameters for an empirical model based on geological and 

mining data (Chi et al., 2023). In another application, the implementation of Artificial Neural 

Network (ANN) on the basis of 5 years of training data, achieved the absolute difference level 

of 10 cm between subsidence prediction and the measured data (Turk and Ambrožič, 1999). 

This approach can also be used conversely; for example, Blachowski (2016) used GPS data 

to estimate the parameters of mining conditions for detected subsidence. The anomalies that 

cannot be covered by parameter variation belong to the shape deviation anomalies, including 

uplift. 

 

Shape deviation and uplifts 

 

The shape deviation is a deviation that cannot be mathematically resolved by the 

empirical model. The problem is partially covered by using different empirical subsidence 

models, as presented in Table 1 and Figure 2. There are several models that cover the shape 

deviation by some additional parameters, e.g. Eickeimeier (2005), Kochmański (1955), 

Ramírez et al. (2000). Li et al. (2014) proposed to use a sum of two distribution functions to 

cover the shape deviation observed in the mining field near the city of Huainan. Later, Chi et 

al. (2021) proposed to use the same superposition principle but for a Boltzmann function to 

obtain the shape deviation Equation 4. 

𝑆(𝑟) =

(1 − 𝑃) exp(−
𝑟

𝑅1
)

𝑅1  (1 + exp(−
𝑟

𝑅1
))

2 +
𝑃 exp(−

𝑟
𝑅2

)

𝑅2  (1 + exp(−
𝑟

𝑅2
))

2  (4) 

where P is supposed to be below 1.  

This solution requires several remarks (Figure 5):  

a. The numerically estimated integral of the function is not constant for different 

values of P;  

b. The ability to take into account uplifts when P is negative; 

c. The distribution of the Boltzmann function is much wider than R. For 

example, in Figure 5, R1 and R2 have been taken to be 100 and 200, respectively, but the 

influence extends much further. 
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Figure 5. Influence function with basic Boltzmann distribution. The red line represents the 

original solution. 

 

The solution is reminiscent of the approach of Ramírez et al. (2000) but, if this 

approach is based on the Boltzmann distribution, Ramírez et al. (2000) was based on Gaussian 

distribution. An adaptation of the above idea for the normal distribution solution could be 

made in the form of Equation 5, Figure 6. 

𝑆(𝑟) =

(1 − 𝑃) exp (−𝜋 (
𝑟
𝑅)

2
)

(𝑅)2
+

𝑃 exp(−𝜋 (
𝑟

𝑅𝑘)
2
)

(𝑅𝑘)2
  (5) 

 

 

Figure 6. The adoption of Chi et al. (2021)’s solution to a normal distribution.  

 

A similar assumption was proposed by Asadi et al. (2005) (Equation 6) and the 

solution was applied to a coal mine in India. The solution requires more variables but does not 

include asymmetry or uplift. 
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𝑑𝑆(𝑟) = 𝑆𝑚𝑎𝑥 [𝑐 ∗ exp (−𝑓 (−
𝑟

𝑅1

)
𝑔

) + 𝑑 ∗ exp(−𝑝 (
𝑟

𝑅2

)
𝑞

)]  (6) 

where the variables g, q, f and p are variable profile constants obtained in the field, and 

coefficients c and d ensure volume balance between convergence and subsidence.  

Other approaches suggest varying the power of the relative positions to cover the 

shape deviation (Eickemeier (2005) and Kochmański (1955)). This approach does not cover 

uplifts and has the same problem of volume balance, but has a clearer relationship between 

shape and shape coefficient (Eickemeier, 2005); the influence function will be discussed in 

Chapter 4. 

Uplift phenomena can occur in the form of a time function or, as mentioned above, at 

the periphery. For the time function, the maximum subsidence first increases and then begins 

to decrease, often associated with mine watering (Rosner et al., 2014; Kessler et al., 2020; 

Zhao et al., 2021). 

 

Asymmetry 

 

Asymmetry of the subsidence trough can be described as the deviation of distribution 

that depends on the planimetric direction. As mentioned above, Knothe (2005) assumed that 

the asymmetry is common for a subsidence trough and proposed to use the weighted sum of 

two normal distribution functions with different weights (similar to the aforementioned shape 

deviation solution of Chi et al. (2021) but with a shifted centre for one of the distributions. In 

the publication by Polanin (2015), this was called the ‘bimodal method’ and was implemented 

for the Upper Silesian coal basin with a higher degree of agreement. The author emphasised 

that the solution is not applicable for high levels of asymmetry. 

In Zhao et al. (2022), the methodology proposed to estimate the influence angle 

depends on the thickness of the rock and the thickness of the soil, with the integrated 

coefficient being different for different cases. It can be assumed that the subsidence 

asymmetry can be covered by the difference in the properties of the rock layers when they are 

different across the field. In this way, the asymmetry does not belong to the distribution, but 

to the parameters of the angle of influence from element to element. This is contrary to 

Quasnitza (1988), where the asymmetry was evaluated by the influence angle in different 

directions and presented in the influence function itself (see Chapter 4). Yan et al. (2022) 

considered a non-symmetrical maximum subsidence velocity position, which can lead to a 

temporary asymmetrical shape of subsidence trough, covering this kind of asymmetry  

decreases deviations on 7%.  In this method, the asymmetry belongs to the subsidence rate 

distribution, which is taken to be a Weibull function.  
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Much earlier, the analysis of subsidence above inclined seams suggested that the 

presence of a seam gradient not only shifts individual subsidence troughs to the dip side, but 

also causes asymmetry of the trough itself (Equation 7), in the cases where different values of 

P provide different widths of distribution in the x and y direction (Lin et al., 1992). In the 

solution, similar to Quasnitza (1988), the influence angle is assumed to vary in the x and y 

direction. In the same direction, Luo (2015) continued the investigation by using the influence 

angle difference in the lower and upper side. 

𝑑𝑆(∆𝑥, ∆𝑦 ) =
𝑆𝑚𝑆𝑐𝑥𝑆𝑐𝑦

∆ℎ2 tan(𝛾𝑥
) tan(𝛾𝑦)

exp (−𝑃𝑥 (
∆𝑥 − ∆ℎ2 tan(𝜙)

∆ℎ2 tan(𝛾𝑥)
)

2

) ∙ exp (−𝑃𝑦 (
∆𝑦

∆ℎ2 tan(𝛾𝑦)
)

2

) (7) 

where 𝜙 is an angle of shift of the maximum subsidence; P is the maximum-slope calibration 

coefficient, and ∆ℎ2 tan(𝛾𝑥) defines the shifting distance of an underground point in the dip 

direction.  

Saeidi et al. (2013) proposed covering the asymmetry variation by varying the 

influence angle from element to element; in other words, the influence angle should depend 

on its location. In the article, different influence angles at opposite edges of a mine cave were 

used to obtain an asymmetric shape. The same approach was used by Sikora (2021) to cover 

the asymmetry of the subsidence distribution due to the old goaf activations in the Upper 

Silesian Coal Basin. In this particular case, the Cellular Automaton method was used by the 

numerical modelling principle; an analogy of the influence angle was used to estimate the 

slope of the subsidence distribution through each cell and the volume of deformation. The 

maximum deviation from the FDM model in this case study was 200 mm (11%). 

Zhang et al. (2021) suggested using a rotation function instead (a function of x and 

y), the idea being to differentiate the influence radius (R) in that direction to create anisotropic 

asymmetry in the form of an ellipsoid (Equation 8). The published solution only covers the 

asymmetry in one direction; in order to cover the orientation of the anisotropy in another 

direction, the coordinates have to be transformed. 

𝑑𝑆(∆𝑥, ∆𝑦) =
1

𝑅𝑥𝑅𝑦
exp( −𝜋 (

∆𝑥

𝑅𝑥

)
2

+ (
∆𝑦

𝑅𝑦

)

2

) (8) 

In conclusion, addressing subsidence anomalies involves a multi-pronged approach. 

Parameter underestimation can be improved with machine learning techniques and parameter 

estimation methods, while shape deviation and uplift demand the use of diverse empirical 

subsidence models, each with their own advantages and limitations. Asymmetry management 

includes different strategies, including the use of weighted sums of normal distribution 

functions, dividing the element’s strategy, determination of influence angle either as a function 

or as two different influence angles in the x and y direction. Different techniques have their 

own advantages and disadvantages that limit their particular applications.  
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2.6  Conclusions 

 

 

Of the different approaches to subsidence prediction, the empirical model is more 

applicable in practice and gives the global picture of subsidence. These models can be 

extended to cover asymmetry differently. However, they need to be further developed to be 

universally applicable, in particular, to include local features such as horizontal stress. On the 

other hand, numerical models are valuable tools for studying the response of subsidence to 

different parameters and conditions. Consequently, numerical investigations can provide a 

basis for understanding the subsidence process and developing empirical models.  

 Despite the variability of empirical subsidence prediction models, the difference 

between prediction and reality is still present. The deviation in the form of asymmetry and 

shape deviation is found in the regions where stress is expected to be unusual (mountain 

chains, faults, stress release activities, etc.). However, the effect of the stress field on the 

subsidence process is not detected and existing models only partially cover the anomaly.  

As mentioned above, the ratio of horizontal stress to vertical stress is inversely related 

to depth (Amadei and Stephansson, 1997), making its influence particularly important for 

deformation above 1500 m depth. The horizontal stress scenario, geology, hydrology and 

mining methods vary from case to case, so the influence cannot be generalised empirically. 

However, numerical methods are suitable for these cases. In practice, the main source of 

excess horizontal stress is assumed to be the stress from secondary and local stress sources, 

which can potentially be used as an indicator of the high probability of subsidence anomalies. 

The combination of the above prerequisite, related to the mathematical limitations of 

empirical models, and the investigation of anomalies, defines the aims and objectives of the 

thesis to improve subsidence prediction methods in the field, under tectonic influence.  
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 3 Goals and objectives  

 

 

 

Understanding and accurately predicting subsidence remains a crucial challenge in the 

field of mining impact assessment. Various factors, including stress conditions, significantly 

influence subsidence, making prediction a complex task. This thesis aims to address this 

challenge, particularly focusing on the role of horizontal stress in subsidence. The core goal 

is to increase the precision of subsidence prediction methods by accounting for the influence 

of in-situ stress conditions, thereby mitigating the risks associated with inaccurate predictions.  

Goal: The primary aim of this thesis is to enhance the accuracy of subsidence 

prediction methods by incorporating the impact of horizontal stress, while preserving the 

practicality of empirical methods.  

To accomplish these goals, the following objectives have been identified: 

1. Developing a comprehensive understanding about the state of the art. 

The main question for the objective relates to the identified research gap, which is the 

inclusion of stress conditions in subsidence prediction models.  

According to the investigation, excessive horizontal stress induces asymmetry and 

shape deviation in the subsidence profile. To address these deviations, different approaches 

and strategies have been reviewed in Chapter 2 - ‘State of the art’. The reviewed methods 

cover various patterns but they are not unified, to address all of them together.  

The state of the art provided a clear roadmap for the research:  

a) Numerical investigation of the causal relationship between horizontal stress and 

the subsidence profile; 

b) Identification of the causality with subsidence profile parameters, anomalies, and 

their magnitude; 

c) Development and application of an empirical subsidence prediction model that 

incorporates the features discovered in the numerical study;  

d) Statistical analysis of the results. 

2. Establishing the foundations for the research.  

This objective aligns with Chapter 4, ‘Foundations’, which outlines the roadmap for 

developing a new subsidence prediction model. The chapter starts with the basic concepts of 

subsidence prediction and the construction requirements of the model, critically comparing 

advantages, disadvantages, and the potentials of different models. A substantial focus is put 

on the numerical investigation method, emphasising crucial choices, such as grid size, 

boundary conditions, and constitutive models, which significantly affect experimental 
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outcomes. The final section introduces tools for model validation and experimental result 

verification.  

3. Designing a comprehensive research methodology. 

Based on the foundations and the state of the art, a methodology for the research is 

developed. The methodology provides a workflow for the whole of the research. It is useful 

to get an overall impression of the results and to identify the potential problems and 

opportunities of the research. 

4. Investigating subsidence profiles under different stress conditions using 

numerical methods. 

This is covered in Chapter 6 – ‘Numerical investigation’. Results related to the 

different parameters are provided. In the analysis, different techniques are used to identify 

causality, since the relationships are non-linear. Each result is discussed in the context of the 

subsidence parameter that is included or should be included, according to its influence on the 

subsidence profile in the experiment results and observed in real cases anomalies. 

5. Developing a subsidence prediction model that covers the subsidence 

profile patterns related to the stress conditions.  

This is covered by Chapter 7 – ‘Adaptation of an empirical model to the discovered 

features’. In this part, the model discussed in the foundation is adapted to the main patterns 

estimated by numerical experiment and to the requirements established in the foundations. In 

the last part, a unifying solution is presented that can be reduced to the classical solution or to 

cover the discovered patterns separately or all together. 

6. Evaluating the performance of the new model.  

The objective is covered by Chapter 8, which presents the case used to evaluate the 

model and data and techniques used. In conclusion, comprehensive statistical analysis is used 

to evaluate a new solution and contribution to the subsidence prediction method covering the 

various features. 

The thesis has a narrow focus on the development of the subsidence influence function 

to cover the subsidence deviation related to the stress conditions, out and in-scope of the work 

presented in Table 2. 

 

Outline 

 

Each chapter of the thesis is dedicated to one objective; the following is the outline of 

the thesis: 

Chapter 1: Introduction 
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This introduces the motivation behind advancing the field of subsidence prediction, 

by showcasing various subsidence cases from around the world.   

Chapter 2: State of the art. Objective 1: Develops a comprehensive understanding 

of the state of the art. This section describes various studies pertinent to the research theme. 

Chapter 3: Goals and objectives. Summarises the research structure and outlines the 

goals and objectives identified from the literature review. 

Chapter 4: Foundations. Objective 2: Establishes the foundation for the research. 

This chapter provides in-depth information about the methods and techniques that are, or can 

be, employed in the research. 

Chapter 5: Methodology. Outlines the structured approach of the research.  

Chapter 6: Numerical investigation. Objective 3: Generates subsidence profiles 

under stress conditions using numerical modelling. This chapter delves into the details of 

numerical modelling, its results, and their interpretation. 

Chapter 7: Adaptation of an empirical model to discover subsidence profile 

patterns. Objective 4: Develop a subsidence prediction model that addresses the patterns in 

subsidence profiles related to stress conditions.  

Chapter 8: Application to a full scale. Objective 5: Evaluates the performance of 

the new model. This chapter discusses the model's implementation, its results compared to 

real-world data, and its performance against other models. 

 

Table 2. Limitations and content of the thesis.   

In-Scope Out-of-Scope: 

Numerical modelling of subsidence under 

different stress conditions for different rock 

properties. 

Developing or comparing the results of 

different numerical methods and approaches, 

measurements and analysis of rock properties. 

Interpretation of numerical experimental 

results in the context of subsidence profile 

parameters. 

3D subsidence trough, dynamic analysis of the 

subsidence process and its interpretation. 

Development of an empirical model for 

subsidence prediction based on polar 

coordinates, covering subsidence asymmetry 

and shape deviation. 

Integration of a method based on cell 

automation or Cartesian coordinates, etc., and 

their comparison. Rate of the subsidence 

process. 

Parameter estimation for different subsidence 

shape types and validation of the results. 

Development of parameter estimation or 

validation methods. Comparing the results of 

the parameter estimators. 

Statistical analysis of the residual subsidence 

and its interpretation. 

Development of a statistical evaluation tool. 
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4 Foundations 

 

 

 

This chapter aims to provide enough information to understand the underlying 

principles guiding our investigation, the rationale behind each choice, and the methodology. 

It provides the knowledge necessary to replicate the study, thereby ensuring the transparency 

and reproducibility of our research.  

The chapter provides a foundation for: 

• Empirical subsidence prediction methods.  

• Numerical simulation of the depth, grid size, boundary conditions, and the 

various constitutive models specifically used for mine subsidence modelling. 

• Validation and evaluation of the results.  

 

 

4.1 Empirical subsidence prediction methods 

 

 

Given the current trend of closing coal mines in Europe (Dudek et al., 2022) and the 

growing interest in using salt caverns as energy storage units (Thoms and Gehle, 2000), this 

chapter focuses on subsidence prediction above salt cavern energy storage. However, those 

methods and developed method in Chapter 7 are applicable to all types of mining. 

A cavern is an artificially constructed cavity that can be used as storage for liquids 

and gas. The mining method involves drilling a well into the rock salt with a diameter of d < 

1 m. Several pipes are installed in this well and bonded to the surrounding rock with cement. 

During the solution mining process, water is injected to dissolve the salt. The brine produced 

is then transported to the surface (Moseley and Garche 2014). The void constructed during 

the leaching process, and later used for energy storage, leads to a destruction of the force 

balance in the surrounding rock mass and results in deformation manifested by the cavern 

convergence.  

In contrast to classical mining, leaching mining is a speciality, in terms of its geometry 

and depth, exploitation, and other factors, such as the cycles and phases of gas storage caverns 

due to leaching and filling processes, high geological uncertainty, and surrounding mass creep 

(Ye et al., 2022). Despite the difference, the general approach for subsidence prediction 

remains the same as for a classical mining method: i.e. a product of influence function, 

convergence and correction coefficient (Chapter 2.1.1, Equation 1, Figure 1).  
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To determine the exact expression of convergence, transmission coefficient and 

influence function, various methods are available, including numerical modelling and physical 

solutions. In the following subchapter, these themes are discussed.  

 

 

4.1.1 Convergence 

 

 

The International Society for Rock Mechanics (ISRM) defines ‘convergence’ in rock 

mechanics as the ‘time-dependent closure of a fractured rock mass under compressive stress, 

typically observed following excavation and usually measured perpendicular to the excavation 

face’ (Ulusay, 2015). This closure results in the volume deficit within the subsurface, 

determining the volume of the subsidence trough. With respect to a cavern, its unique 

geometry results in significant displacement, not only in the roof and floor (as in the case of 

longwall mining), but also along the sides. Consequently, the concept of convergence expands 

to encompass volumetric changes in the context of a cavern. 

Convergence within a cavern is a multifaceted process, influenced by many factors. 

On one side, it is the operating cycle, comprising stages such as low-pressure operation, gas 

injection and pressurisation, high pressure operation, and gas recovery and depressurisation 

(Figure 4). On the other side, complex geomechanical conditions, including the creep process, 

significantly impact the process. The description of the creep process varies across different 

models and depends on a range of factors like the microstructure and NaCl content within the 

rock mass. A summary of different factors affecting the creep process is outlined in Table 3. 

Given the complexity of the convergence process, measurement is typically the preferred 

method; however, there are high associated expenses in the context of salt cavern energy 

storage. 

 

Table 3. General tendency of salt characteristics on the creep model (Zhang et al., 2021; 

Holdsworth, 2008) where ε defined the strain. 

Characteristic Influence 

Confining 

pressure 

An increase in stress increases strain rate over time 
𝑑𝜀

𝑑𝑡
; however, when 

confining pressure exceeds 4MPa, the creep behaviour of salt rock is 

independent of confining pressure. 

Temperature 

1. The higher the temperature (T), the faster the creep rate. 

2. When the other conditions remain unchanged, the higher the 

temperature, the faster the creep rate, the larger the creep strain, and the 
shorter the creep life. In geomechanics, creep life refers to the amount of 

time it takes for a material to deform or fail under a constant load or stress. 
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Characteristic Influence 

NaCl content 
The decaying creep rate and steady creep rate of salt rock increases with 

increasing NaCl content. 

Water 
Water can form near to the grain structure, which 
can promote the release of elastic energy stored in salt rock 

and accelerate the creep development process. 

 

The empirical method for quantifying the convergence volume is generally expressed 

in an exponential form (Eickemeier, 2005; Tajduś et al., 2021). However, it can be simplified 

to a percentage of the cavern volume relative to a previous period (Tajduś et al., 2021a). Tajduś 

et al. (2021a) suggested that the annual volume reduction could be as high as 2% and depends 

on the exploitation phase (Figure 7). Equation 9 can be used to calculate the volume reduction 

of the cavern over a given period.  

∆V[t1,t2] =  V(t0) ∙ (e−𝑐(𝑡1 −𝑡0 ) − e−c(𝑡2 −𝑡0 )) =  ∑ µ ∙ 𝑉(𝑡𝑖 )

𝑡2

𝑖=𝑡1

 (9) 

where (𝑡2 − 𝑡1) is a time period; c is the time influence coefficient (of the order 10-2); V(t0) 

is the initial cavern volume; 𝑉(𝑡𝑖 ) is a convergence volume at the time 𝑡𝑖 in years; and µ is a 

percentage of the convergence per year. 

Figure 7. The schema of the typical cycle of the cavern volume changes, due to different 

exploitation phases.  

 

 

4.1.2 Transmission coefficient 

 

 

The transmission coefficient is a parameter that quantifies the proportion of the 

convergence volume that ultimately contributes to the volume of ground subsidence (𝑉𝑠) over 

an infinite time horizon. It can be mathematically defined by Equation 10. 

Time 
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𝑎 =
𝑉𝑠

∆𝑉
 (10) 

The influence of the transmission coefficient and the convergence rate on the 

subsidence process can strongly overlap. The accurate estimation of the transmission 

coefficient can only be achieved when subsidence is fully completed. However, in practical 

terms, this condition cannot be met during the exploitation period and even years after it. 

Therefore, in the subsequent analysis, the transmission coefficient is assumed to be one, as 

stated by Tajduś et al. (2021). 

 

 

4.1.2 Influence factor 

 

 

The influence factor represents the part of the convergence volume unit that results in 

subsidence at a particular point on the surface. This is influenced by the distance from the 

point and the distribution of deformation described by the influence function f(r) (Figure 8). 

 

Figure 8. Ground subsidence above a salt cavern, where 𝑧𝑟 and 𝑧𝑓  are the depths of the roof 

and floor of the cavern and ∆𝑉 is convergence volume.   

 

The fundamental principle behind the influence function is the concept of 'volume 

balance,' where the volume of convergence (ΔV) and the volume of subsidence (𝑉𝑠) should be 

equal. This is expressed mathematically by Equation 11. 

𝛥𝑉 =  𝑉𝑠 (11) 
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The volume of subsidence can be determined by solving the integral under the surface 

of the influence function, as given in Equation 12. Solving this equation allows the influence 

function to be weighted in a way that satisfies the volume balance condition. 

∫ ∫ 𝑓(𝑟, 𝜑) 𝑟 𝑑𝑟 𝑑𝜑

∞

0

2π

0

= ΔV (12) 

where φ is a horizontal angle between vector r and geographical North. 

Sroka and Schober (1982) applied the subsidence solution of Knothe (1953) and 

Litwiniszyn (1994) to a salt cavern (Equation 13). In this solution, ground observations such 

as geometric levelling are used to estimate the parameters of the influence function. This 

approach does not reference any specific physical parameters. 

 
𝑆(𝑟, 𝑡) ≅

 ∆𝑉(𝑡)

𝑅2 𝑒𝑥𝑝 (−
𝜋𝑟 2

𝑅2
) (13) 

where R is defined as a radius of maximum influence and 𝑅 = √𝑧𝑓𝑧𝑟 𝑐𝑜𝑡 2 𝛽; β is the so-called 

angle of main influences. In a later publication by Tajduś et al. (2021a), an adjustment to the 

influence radius of the roof is introduced by incorporating the influence of the cavern roof 

characteristic, denoted as c, and a surface factor, denoted as n. The adjusted influence radius, 

denoted as 𝑅𝑟(𝑧), is calculated as 𝑅𝑟(𝑧) = 𝑅 (
𝑧−𝑧𝑟+𝑐

𝑧𝑟−𝑧𝑓+𝑐
)

𝑛

 

 Eickermeier (2005) proposed significant changes by introducing the parameter δ, 

which represents the power of the relative position (r/R), to define the shape and inclination 

of the subsidence trough wings.  The implementation of this parameter poses difficulties due 

to the lack of analytical solutions for arbitrary values of δ in the solution of the volume balance 

(Equation 12). Eickermeier (2005) addressed the volume balance problem using the approach 

described in Equation 14, but this solution is only valid around specific exact values, as shown 

in Figure 9. 

𝑆(𝑡, 𝑟) = −
𝜉 𝛿

2𝜋
1−

2
𝛿  𝑅2Г(

2
𝛿

)
𝑒𝑥𝑝 ( −𝜋𝜉

𝛿
2  

𝑟 𝛿

𝑅𝛿
) ⋅ 𝑉 ⋅ 𝑧(𝑡) (14) 

The author referred to 𝜉 as “a parameter to consider a time effect”. In the Praxis,  programme 

should be used for a fine calibration of the maximum subsidence; 𝛿 is a form parameter that 

describes a change in the curvature of the influence function (ranging from 1.5-3.0); and Г is 

a gamma function that normalises the function, with respect to the convergence volume. The 

effects of the variables on the subsidence can be seen in Figure 9.  
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Figure 9.  Demonstration of the influence of ξ and δ parameters on the influence function, 

according to Eickemeier (2005). 

 

Figure 9 illustrates the effects of the proposed parameters and shows that the solution 

gives different volumes, which is unacceptable for an influence function.  However, an 

appropriate compensation for the deviation of the δ parameter can provide flexibility in 

regulating the wings of the influence function. This aspect is often considered as a motivation 

for the development of new influence functions, as highlighted by Sroka et al. (2015) and 

Zhang et al. (2022). 

Quasnitza (1988) proposed a mathematical approach to achieve an asymmetric shape 

for subsidence troughs, based on the subsidence trough solution introduced by Sroka and 

Schober (1982). This solution represented the radius of maximum influence R as a function of 

the horizontal angle φ, which represents the angular difference between the profile line and 

geodetic north and is represented as a sine function. Consequently, the volume of the shape 

depends on the function R(φ). However, the originally proposed solution (Equation 15) does 

not accurately address the balance between the convergence and subsidence volumes 

(Equation 12). For demonstration purposes, Figure 10 shows the distribution of the influence 

angle over the horizontal angle for a given function, while Figure 11 compares this distribution 

with the solution proposed by Sroka and Schober (1982). 

where 𝛾𝑚𝑎𝑥  and 𝛾𝑚𝑖𝑛 are influence angles in the direction of asymmetry (in the context of the 

influence radius shown in Figure 10).  

𝑆(𝑟,𝜑) =
𝑎 ∆𝑉

𝑧𝑟𝑧𝑓 ∙ 𝑐𝑡𝑔 𝛾𝑚𝑎𝑥  ∙ 𝑐𝑡𝑔 𝛾𝑚𝑖𝑛 
 𝑒

−
𝜋𝑟2

𝑅2(𝜑) (15) 
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Figure 10. Schema of distribution of the influence radius across horizontal angles, according 

to Quasnitza (1988).  

 

Figure 11. Demonstration of asymmetry according to Quasnitza (1988) and Sroka and 

Schober (1982). 

 

Based on the information provided, it is indeed possible to use the approach proposed 

by Sroka and Schober (1982) as a basis for incorporating both the shape extension method 

proposed by Eickermeier (2005) and Quasnitza (1988). This integration, with appropriate 

adjustment, can improve the adaptability of symmetric models by allowing shape adjustments 

and effectively covering asymmetric subsidence phenomena. This adaptation of the empirical 

model will be presented and discussed in Chapter 7. 

 

 

4.2 Numerical models for subsidence case 

 

 

Numerical models simulate the response of the cavern boundaries, adjacent strata, and 

overburden (Peng, 2020; Van Smeek, 2015). Such models must take into account a range of 
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factors including initial geology, exploitation, mechanical behaviour of the rock mass, and 

hydrogeological parameters (Arson, 2020). 

The Finite Element Method (FEM) is widely used in the subsidence modelling of 

caverns for research purposes, such as proving a new concept or predicting convergence. In 

this regard, Li et al. (2022) noted its ability to accurately represent complex geometric 

structures. By partitioning the domain into smaller components, it enables detailed 

representation of complex shapes such as the caverns and surrounding rock formations 

(Keilich et al., 2006). The ability of FEM to assign different properties to each element makes 

it competent to deal with the inherent heterogeneity of geological materials, thereby allowing 

a more credible simulation of rock behaviour. FEM's methodology of solving the governing 

equations for each element, while taking into account interactions with neighbouring 

elements, ensures the efficiency of the numerical model, which depends largely on the 

accuracy with which physical phenomena are expressed mathematically (Cremonesi, 2020). 

To ensure model accuracy, it is crucial to incorporate the stress-strain relationship of rocks 

under varying loading conditions, and their time-dependent deformation, failure criteria, etc. 

These requirements emphasise the need for an accurate representation of material behaviour, 

which is the role of the constitutive model (Arson, 2020). 

Constitutive models mathematically characterise the strain-stress relationship under 

different conditions (Stewart, 2007). The constitutive model must take into account the 

mechanical behaviour of the rock, recognising complexities such as non-linear elasticity, 

plasticity and damage. However, the selection or development of an appropriate constitutive 

model presents significant challenges. This is mainly due to the high heterogeneity and 

anisotropic behaviour of natural materials such as rock, where properties differ in different 

directions (Stewart, 2007). This chapter provides a basic understanding of the constitutive 

models commonly used in subsidence prediction, to ensure the correct choice of constitutive 

model, grid size and boundary conditions. 

 

 

4.2.1 Grid size for subsidence case 

 

 

In numerical modelling, the grid size determines the spatial resolution and accuracy 

of a simulation (Cremonesi, 2022). Essentially, grid size refers to the dimensions of cells in 

the computational mesh. A larger grid size implies greater approximation errors and decreased 

accuracy (Jurisch, 1990). 
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When predicting subsidence, a phenomenon influenced by regional geological 

conditions, consistent grid size is critical. Varying grid sizes can lead to misrepresentation of 

the subsurface and a skewed stress and strain distribution, resulting in distorted subsidence 

predictions. 

To achieve accurate results (Bi, 2019; Kikuchi, 1987): 

• Define a baseline grid size considering prior knowledge, computational 

constraints, and required detail. 

• Simulate using the baseline, recording and analysing the results. 

• Increase the grid size incrementally, keeping all other factors constant.  

• Compare results across different grid sizes, quantifying the impact using 

statistical analysis and checking for result convergence. 

It is necessary to assess the computational resources required for each grid size and 

strike a balance between accuracy and computational efficiency. In addition to adjusting the 

grid size, sensitivity analysis can be performed by varying other model parameters. Finally, 

whenever possible, the model’s results should be validated against experimental or benchmark 

data. This cross-checking ensures the accuracy of the model, taking into account the grid size. 

However, in subsidence modelling, data limitations can sometimes prevent thorough 

validation. 

 

 

4.2.2    Boundary conditions 

 

 

The mathematical models used to predict subsidence require the specification of 

boundary conditions that describe the behaviour at the edges of the area being modelled. 

Boundary conditions are mathematical constraints used in models to define how the ground 

and subsurface interact with the surrounding environment at the limits of the study area 

(Arson, 2020). They represent the behaviour of the subsurface and the earth's surface at these 

boundaries, which can be vertical (the sides of the model) or horizontal (the top and bottom 

of the model). 

The choice of boundary conditions has a significant effect on the results of subsidence 

predictions. Boundary conditions can be broadly categorised into the following types (Zeitoun 

and Wakshal, 2013): 

• Fixed or Dirichlet boundary conditions. These conditions fix the displacement 

at the boundary to a specific value. For example, the surface can be considered fixed (zero 

displacement) if the depth of interest is much less than the depth to the surface. Fixed boundary 
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conditions can lead to an underestimation of subsidence, for example, if the actual boundary 

is not perfectly rigid. They often require additional spatial modelling to minimise the influence 

of the boundary conditions on the results (Keilich et al., 2006). 

• Free or Neumann boundary conditions. These conditions specify the flux or 

gradient across the boundary. In subsidence models, this could be a condition where there is 

no shear stress on the boundary. Free boundary conditions can lead to an overestimation of 

subsidence if the actual boundary is not completely free to move. 

• Mixed or Robin boundary conditions. These are a combination of Dirichlet 

and Neumann boundary conditions and can represent more complex interactions at the 

boundary. 

The choice of appropriate boundary conditions is, therefore, critical and typically 

requires expert judgement based on the specifics of the case. The influence on the results can 

be estimated in the same way as for the mesh size. 

 

 

4.2.3 Constitutive models 

 

 

Hoek (2016): “In the field of engineering, it is greatly appreciated to have a 

classification of the rock properties as some measurable numeric value to calculate 

deformation, although the task of real geologist is more complicated”. Rock properties are 

used to quantify the response of a rock sample to applied stress, a critical element in solving 

the ‘stress - deformation - failure’ puzzle. 

A stress-strain curve illustrates the response of the material to applied stress (Figure 

12), which depends on the material model used (constitutive model). Despite this variability, 

some properties, such as Poisson's ratio and Young's modulus, are generally observed. These 

properties are typically obtained from uniaxial unconfined compression tests, where 

deformation is measured in two perpendicular directions. The deformation parallel to the 

applied stress indicates the Young's modulus property of the material, while the Poisson ratio 

is determined as the ratio of the perpendicular deformation to the parallel deformation. 

Other parameters and rock properties are influenced by the specific constitutive model 

used. No single model is superior to others; rather, different models are found to be more 

suitable for specific tasks. 

In the present study, three models are commonly used: the Elastic, Mohr-Coulomb 

and Hoek-Brown models, which are commonly used in subsidence engineering. Each model 
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has common and unique characteristics, parameters or criteria that are relevant to the rock or 

rock mass, which will be further explored in the following discussion. 

 

Elastic, isotropic model 

 

The simplest form of constitutive model is the elastic isotropic model. At the 

molecular level, when a material undergoes elastic deformation, its crystalline structure 

undergoes a slight stretching or contraction along the direction of the applied stress (whether 

in tension or compression). This type of deformation is temporary, meaning that when the 

stress is removed, the atoms return to their original positions and reconnect in the same way. 

However, if the stress applied to the material exceeds the Young's modulus, plastic 

deformation will occur. This type of deformation involves the breaking of bonds with 

neighbouring atoms and the formation of new bonds. In order to dissipate the energy applied 

during deformation, plastic deformation occurs through a slip process, which involves the 

movement of dislocations within the material. 

 The elastic, isotropic model describes the reversible deformation of the material based 

on Hooke's law. Certain parameters are required to apply this model: 

• Density ρ is a measure of the mass of the material per unit volume. For 

homogeneous rocks, it is a ratio of total mass to total volume. In heterogeneous materials, the 

density varies between different regions of the object. 

• Young's modulus E is a measure of the elasticity of a material. Specifically, 

it measures the ability of a material to resist deformation when subjected to tensile or 

compressive forces. The determination of Young's modulus involves tracing the secant on a 

stress-strain curve, starting from the point of origin of the stress and extending to a point 

corresponding to the applied test load. This process is illustrated in Figure 12 (part of the 

elastic deformation). The numerical value of Young's modulus depends on the maximum 

stress applied to the material. It is calculated as the ratio of the tensile stress to the axial strain, 

which represents the proportional deformation experienced by the material. This modulus is 

commonly used to determine the stiffness of a given material. In simple terms, it quantifies 

the amount of stress required to produce a unit of deformation in the material.  

• Poisson ratio 𝑣 is a measure of the ratio of lateral to longitudinal strain in a 

material and is only applicable to elastic deformation. For rocks, values typically range 

between 0.05 and 0.40. The deformation described by Poisson's ratio is known as volumetric 

strain and is described by the generalised Hooke's law (Equation 16). 

 
𝜀𝑣 =

1 − 2𝑣

𝐸
(𝜎𝑥 + 𝜎𝑦 + 𝜎𝑧) 

(16) 
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where E is Young’s Modulus, σ is the unconfined compressive strength, k is a coefficient used 

for mixed fractures, which can be derived from various approximations, such as √3/2 for a 

maximum criterion and one for a maximum energy release criterion, and v is Poisson’s 

coefficient. 

 

Figure 12. The stress-strain ratio and the processes associated with it. 

 

Mohr-Coulomb model (elastic – perfectly plastic) 

 

The Mohr-Coulomb model is a classical model that describes the strength of a material 

as a function of the normal stress (σn) and the shear stress (τ) acting on a plane (Figure 13). 

The behaviour of the material is identical to an elastic isotropic model until failure occurs. It 

is a two-parameter model that is based on the Mohr-Coulomb failure criterion, which states 

that failure occurs when the shear stress on a plane exceeds a certain value. The value is 

determined by the normal stress, cohesion and friction coefficients of the material. The Mohr-

Coulomb failure envelopes the failure shear stress. This model is recommended for large 

strains and is relatively simple to use (Stewart, 2007). The model can be described in terms of 

the principal stress, by Equations 17-20. 

  𝜎1 =  𝜎𝑐 + 𝑁𝜙  𝜎3 (17) 

  
𝑁𝜙 =

1 + 𝑠𝑖𝑛 𝜙

1 − 𝑠𝑖𝑛 𝜙 
  (18) 

 
𝜙 = sin−1(

1 − 𝑣

1 + 𝑣
) (19) 
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In accordance with plasticity theory, this envelope is converted into a shear yield 

function as follows: 

 
𝑓𝑠 =  𝜎1 − 𝜎3𝑁𝜙 − 2𝑐√𝑁𝜙 (20) 

The Mohr Coulomb model includes a tension cut-off. The tension yield function is 

given in Equation 21. 

 𝑓𝑡 =  𝜎𝑡 −  𝜎3  (21) 

For a Mohr-Coulomb material, with both cohesion and friction, the maximum tensile 

strength may not exceed 𝜎𝑚𝑎𝑥
𝑡  which is given in Equation 22.  

 𝜎𝑚𝑎𝑥
𝑡 =

𝑐

𝑡𝑎𝑛𝜙
 (22) 

The tensile strength is set to zero (instantaneous softening) when tensile failure occurs. 

It should be noted that the Mohr-Coulomb criterion assumes the intermediate principal stress 

and has no effect upon the failure load. Failure occurs when f ≥ 0; if f < 0, then the material is 

still within an elastic state. Once the material fails, plastic flow occurs and the total strain 

increment ∆ε is the sum of the recoverable elastic and non-recoverable plastic strain 

components.  

 

Figure 13. Hoek-Brown and Mohr-Coulomb failure criterion, where 𝜎1 ,𝜎3  are the major and 

minor principal stress, respectively; and  𝑚𝑏 , 𝑠, and a are the rock mass material constants.  
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The Hoek-Brown model  

 

The Hoek-Brown model is a more advanced model that was developed by geologists 

for a precise estimation of the behaviour of rock masses under stress. It includes a number of 

parameters that take into account the properties of the rock masses, such as the joint system, 

etc. It is a three-parameter model that describes the strength of a material as a function of the 

normal stress (𝜎𝑛), the shear stress (τ), and the rock mass properties (such as the uniaxial 

compressive strength, the shape of the rock mass, etc.). It is a more consistent model for small 

strains and more precise to determine the failure criterion for rock masses. The model predicts 

the strength of a rock mass as a function of the intact rock strength, the joint spacing and the 

rock mass structure. 

• The intact Hoek-Brown failure criterion is based on major and minor 

principal stresses. The failure criteria are given by the definition of the stress component at 

failure for an intact rock (Equations 23-24). Dividing the principal minor stress by the 

compressive strength makes the parameter dimensionless (Stewart, 2007). For a fractured 

material, the generalised Hoek-Brown failure criterion is defined by Equation 23. 

 
𝜎1

′ =  𝜎3
′ +  𝜎𝑐𝑖  (𝑚𝑖

𝜎3
′

𝜎𝑐𝑖
+ 1) (23) 

where 𝜎1
′ is a major effective principal stress at failure, σ3

′  is a minor effective principal stress 

at failure, 𝜎𝑐𝑖  is a uniaxial compressive strength of intact rock determined from a 50 mm 

diameter specimen of 1:2 diameter to length ratio, and mi is a constant, depending on the rock 

type.  

 
𝜎1

′ =  𝜎3
′ +  𝜎𝑐𝑖  (𝑚𝑏

𝜎3
′

𝜎𝑐𝑖
+ 𝑠)

𝑎

 (24) 

where 𝑚𝑏 is a material constant m for a case of broken material under conditions of 

disturbance of the jointed rock mass, 𝑠  is an exponential function of rock mass conditions 

(provided in Equation 18), and 𝑎 is an exponent linked to the geological strength index (GSI), 

ranging from 0.5 for intact rock (GSI = 100) to 0.62 for GSI =5. All of these parameters belong 

to the rock mass: 

• The uniaxial compressive strength 𝜎𝑐𝑖  is a measurable strength parameter, 

defined by the maximum compressive stress applied to a cylindrical specimen before failure. 

It was chosen according to its availability in the rock mechanics literature (Hoek and Brown, 

1980a). It is either obtained from uniaxial compression tests or, where cores of suitable size 

for compression testing were not available, calculated using correlations from point load test 

results.  
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• The intact material constant 𝑚𝑖 depends on fracture initiation and propagation 

and determines the curvature of the Hoek-Brown failure envelope. The constant reflects the 

mineral composition, grain packing pattern, nature of the cementing matrix, degree of inter-

particle interlock, grain size and angularity (Hoek and Brown, 1980a, 1980b). Variability in 

the factor results in variation in the material constant mi. Table 4 gives the material constant 

for intact rock when 𝜎1  =  𝜎3  =  𝜎𝑡 .  The ratio can vary widely, so it is recommended that 

𝑚𝑖  be used as an empirical curve fitting parameter (Hoek and Brown, 1980a). The effect of 

increasing the intact material constant 𝑚𝑖   on intact Hoek-Brown envelopes is shown in Figure 

14. 

 𝑚𝑖 =  −
𝜎𝑐𝑖

𝜎𝑡
 (25) 

where 𝜎𝑡 is a tension strength and 𝜎𝑐𝑖  is a uniaxial compressive strength.  

 

Figure 14. Effect of increasing mi  on intact Hoek-Brown envelopes (adapted from Stewart 

(2007)).   
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Table 4. Values of the constant mi for intact rock, by rock group (adopted from Stewart 

(2007)).   

Rock 

Type 
Class Group 

Texture 

Coarse Medium Fine Very fine 
S

e
d

im
e
n

ta
r
y
 

Clastic 
Conglomerates 

Breccias 

Sandstones 

17 ± 4 

Siltstones 

7±2 

Greywackes 

18±3 

Claystones 

4±2 

Shales 

6±2 

Marls 

7±2 

Non - 

Clastic 

Carbonates 

Crystalline 

Limestone 

12 ±3 

Sparitic 

Limestones 

10 ±2 

Micritic 

Limestones 

9±2 

Dolomites 

9±3 

Evaporites  
Gypsum 

8±2 

Anhydrite 

12±2 
 

Organic    
Chalk 

7±2 

M
e
ta

m
o

r
p

h
ic

 

Non-Foliated 
Marble 

9±3 

Hornfels 

19 ± 4 

Metasandstone 

19 ±3 

Quarzites 

20±3 
 

Slightly Foliated 
Migmatite 

29 ± 3 

Amphibolites 

26 ± 6 

Gneiss 

28±5 
 

Foliated **  
Schists 

12±3 

Phyllites 

7±3 

Slates 

7±4 

Ig
n

e
o

u
s 

Plutonic 

Light 

Granite 

32±3 

Dolerite 

16 ±5 
  

Granodiorite 

29±3 

Dark 

Gabbro 

27 ± 3 

Norite 

20± 5 

Dolerite 

16 ± 5 
  

Hypabyssal 
Porphyries 

20 ±5 

Diabase 

15±5 

Peridotite 

25 ± 5 

Volcanic 

Lava  

Rhyolite 

25 ± 5 

Andesite 

25±5 

Dacite 

25±3 

Basalt 

25± 5 

 

Pyroclastic 
Agglomerate 

19 ± 3 

Breccia  

19±5 

Tuff 

13 ± 5 
 

 

• The Hoek-Brown exponent a does not correspond to any physical 

characteristic of the rock mass. “The justification for choosing this particular criterion over 

the numerous alternatives lies in the adequacy of its predictions of observed rock fracture 

behaviour, and the convenience of its application to a range of typical engineering problems” 
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(Hoek, 1983). For intact rock, it is equal to 0.5, according to the experimental data fitting 

(Stewart, 2007).  

• The Hoek-Brown rock mass failure criterion. The criteria for rock masses 

according to their structure and destruction differ from the data for intact rock. To predict the 

strength of rock masses, Hoek et al. (2002) developed new parameters: 𝑚𝑏, s and a (Equations 

26–28). 𝑚𝑏 is a constant for a fractured rock or broken material, developed from the 𝑚𝑖 

constant (for intact rock) due to the condition and disturbance of the jointed rock mass.  

 
𝑚𝑏 =  𝑚𝑖 𝑒𝑥𝑝 (

𝐺𝑆𝐼 − 100

28 − 14𝐷
 ) (26) 

 
𝑠 =  𝑒𝑥𝑝 (

𝐺𝑆𝐼 − 100

9 − 3𝐷
 ) (27) 

 
𝑎 =

1

2
+

1

6
(𝑒−

𝐺𝑆𝐼
15 − 𝑒−20/3  ) 

(28) 

where GSI = Geological Strength Index (Hoek and Marinos, 2000), and D is the disturbance 

factor (0 < D < 1), a parameter which quantifies the effect of disturbance on the rock mass 

(e.g. blasting, stress relaxation, etc.) (Hoek et al., 2002). If the disturbance is minimal, then D 

equals 0, otherwise poor quality of blasting provides a D equal to 0.8. 

• The Geological Strength Index (GSI) is an index that quantifies the effect of 

block structure and defects on rock mass strength. GSI data was published by Marinos and 

Hoek (2001). In the case of heterogeneous rock masses, an extension was published by 

Marinos and Hoek in 2001, but it does not play a role in this research. 

 

 

4.3 Validation 

 

 

The main aim of the validation process is to assess the reliability and accuracy of 

theoretical results by comparing them with empirical data. This comparison requires, on the 

one hand, empirical data of known accuracy to serve as a benchmark for evaluating theoretical 

predictions and, on the other hand, a mathematically integrated hypothesis capable of 

generating predictions.  

In the context of this thesis, patterns of asymmetry and shape deviation are expected 

to appear in the stress conditions. Thus, successful validation will be an improvement of the 

prediction results made on the basis of the features adopted in this model, in comparison to 

the basic solution. To compare the results, statistical tools are used in the comparative aspect 

of validation, to quantify the degree of agreement between the theoretical predictions and the 
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empirical data. This statistical analysis provides an objective and quantifiable measure of the 

accuracy of the model.  

The basis for each step of the validation process, from measurement to statistical 

analysis, is discussed in detail in this subsection. 

 

 

4.3.1 Observation methods 

 

 

This subchapter provides a description of differential geodetic observation methods 

to highlight their applicability for subsidence monitoring. This description covers the specific 

details of each observation method, along with their potential sources of error and types of 

measurements. Finally, the observation methods are summarised in Table 5, to illustrate the 

differences between the methods in related aspects such as cost, precision, etc. 

• Levelling measures the height difference between two distinct points. Unlike 

some methods that measure distances or angles, levelling is unique to capturing height 

disparities. This method has, historically, been a classic choice for subsidence measurements 

due to its exceptional accuracy.  

The precision of levelling can be susceptible to cumulative errors. To mitigate this, 

the application of geodetic network optimisation is recommended to enhance estimation 

accuracy (Cross and Thapa, 1979; Yetkin et al., 2009). Grafarend (1974) identified four 

distinct design challenges related to the geodetic network: relative reference systems, network 

configurations, observation weights, and the incorporation of supplementary observations to 

refine an existing network.  

The levelling technique boasts significant precision, often reaching accuracy levels up 

to a millimetre. The approach to solving design issues across different orders typically 

employs an error minimisation method (Díaz-Fernández et. al., 2010; Alizadeh-Khameneh, 

2015). While levelling is precise, it lacks support for ongoing monitoring (Zhang et al., 2019). 

Large-scale projects that require high-frequency measurements can render the method costly. 

Despite its high accuracy, levelling does not offer measurements of distances or angles. 

• Tacheometry, on the other hand, measures horizontal and vertical relative 

positions as angles and distances. In terms of precision, tacheometry can achieve a high degree 

of accuracy, although it may not reach the precision of levelling (Ghilani and Wolf, 2012). 

However, tacheometry has the advantage of being more efficient for large projects, as 

measurements can be made for many points from the same station. Laser scanning uses the 
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same base to produce a point cloud, which increases the density of the measurements, but also 

the cost of the instrument. This method is not usually employed for subsidence measurements. 

• Photogrammetry is another method used to create a 3-dimensional cloud of 

points with a high degree of accuracy. This technique uses images taken from different 

positions to define the coordinates of points.  

The process starts with high-resolution cameras moving over the area of interest and 

taking a series of overlapping images. Once these images have been captured, they are 

processed using specialised software to perform a number of tasks, including matching points 

between images, adjusting the position of the camera and generating a dense cloud of points. 

The end result of this process is a high-resolution model of the terrain, which can take the 

form of a digital surface model or a digital elevation model.  

The accuracy of photogrammetry for a specific case study can reach up to 28 mm (in 

planimetric) and 24 mm (in a vertical direction) by a combination of terrestrial and aerial 

imagery (Petschko et al., 2022). The overall accuracy will depend on the quality and resolution 

of the images, the accuracy of the camera calibration and the quality of the image matching 

and modelling processes. The smaller the pixel sizes, the more detailed models and higher 

quality point matching can be achieved. The speed of the drone can also affect the quality of 

the images, thus impacting the results of the photogrammetry process. Despite its challenges, 

careful photogrammetry can yield highly accurate terrain models (Ghilani and Wolf, 2012). 

However, the minimal height variation during drone photography reduces the precision in 

height estimation. 

• Global Navigation Satellite Systems (GNSS) are used to measure the 

coordinates of a surface point by transmitting signals from satellites orbiting the Earth to 

receivers on the ground. The receiver calculates its distance from each satellite by measuring 

the time it takes for the signal to travel from the satellite to the receiver. Thus, the effectiveness 

of GNSS depends on environmental conditions and lack of interference from obstructions 

(Huang et al., 2023). With signals from at least four satellites, the receiver can determine its 

precise three-dimensional position. However, due to the geometry of the satellite 

configurations, GNSS systems inherently provide better horizontal than vertical accuracy. 

This is why they are not applicable for subsidence measurements but are used for real-time 

landslide monitoring.  

Two key positioning methods of GNSS are used: Real Time Kinematic Positioning 

(RTK) and Precise Point Positioning (PPP).  

RTK provides high-precision positioning, often down to the centimetre level 

(Petschko et al., 2022), by using a reference station or base station established at a known 

location (Eyo et al., 2014). This base station communicates with mobile receivers, also known 
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as rovers, which provide real-time corrections to improve the accuracy of position estimates. 

However, the accuracy of RTK decreases with increasing distance from the base station, which 

limits the measurement area. The cost of setting up and maintaining a reference station and 

high accuracy GNSS receivers makes this method more expensive than PPP.  

PPP is generally less expensive and does not require a reference station. Instead, it 

uses external data, often referred to as 'correction data' or 'external products', which include 

precise satellite orbit and clock data, atmospheric delay models and other factors (Zhang et 

al., 2017). These data are used to correct for various sources of error in GNSS measurements. 

PPP typically has a longer processing time for each point (convergence time). This time is 

used to stabilise and reach full accuracy of measurements. 

• Interferometric Synthetic Aperture Radar (InSAR) is a remote sensing 

technique using satellites, which can measure deformation over large areas with high 

accuracy, by analysing radar images (Crosetto et al., 2016; Bitelli et al., 2015; Zhang et al., 

2023). This involves taking two or more radar images of the same location from a satellite at 

different times. Each pixel in a SAR image contains amplitude and phase information. The 

amplitude represents the strength of the radar reflection from the ground. The phase is related 

to the distance the radar signal travelled from the satellite to the ground and back. The phase 

difference values in the interferogram are initially ‘wrapped’ in the range -π to π radians. This 

wrapped phase is used to calculate the absolute difference in distance between the two SAR 

acquisitions. This difference is used to produce a type of map known as an interferogram, 

which estimates the ground movement (Goldstein and Zebker, 1987). InSAR requires a series 

of SAR images, a satellite in a stable orbit, and precise image co-registration. 

 Advanced InSAR techniques (like SBAS - Small Baseline Subset) and PSI (Persistent 

Scatterer Interferometry) have been developed to address the limitations of conventional 

InSAR. SBAS aims to reduce the atmospheric and temporal decorrelation by using a subset 

of image pairs with small temporal and perpendicular baselines (Bru et al., 2022). On the other 

hand, PSI focuses on the analysis of individual scatterers that remain coherent over longer 

time periods. PSI allows for more accurate deformation measurements in urban or 

infrastructure environments, where there are many stable reflective objects, by analysing these 

persistent scatterers throughout a stack of SAR images (Colesanti et al., 2005). 

Despite these advancements, InSAR still faces challenges. Error sources can include 

atmospheric delays, orbital errors, temporal decorrelation (changes in the ground surface 

between image acquisitions), and noise in the radar signal. Moreover, pixel size impacts the 

quality of InSAR measurements. While a smaller pixel size (higher spatial resolution) allows 

for more detailed ground surface information, it also averages the radar signal over fewer 



56 

 

reflective objects, or ground scatterers, which can increase noise and lead to decorrelation in 

the InSAR measurements (Simons and Rosen, 2015). 

 

Conclusions  

 

In summary, the selection of an appropriate geodetic observation method for 

subsidence monitoring depends on the specific requirements of the project, including 

precision, scale, cost and frequency of observations. Traditional methods such as levelling 

offer high precision, but are limited by the scale and time density of the project's 

measurements. Photogrammetry, using drones and high-resolution imagery, provides detailed 

three-dimensional terrain models at moderate cost, but the accuracy is lower. While InSAR 

allows for continuous monitoring of deformation over large areas, it is more expensive than 

other methods. Therefore, the optimal method depends on the balance between the project 

requirements and the advantages and limitations of each method. 

 

Table 5. An overview of the measurement types and their specifics  

Method 
Measurement 
types 

Precision, mm 
Space 
density 

High error 
sources 

Costs 
as the 

service ∆𝒉 ∆d 

Levelling Relative heights ~1 – + 
Performing and 
network design  

+++ 

Tacheometry Distances, angles ~3-5 ~5 + +++ 

GNSS 
Geographic 
coordinates 

~30 ~5 + 
Atmosphere and 
multipath  

+++ 

Photogrammetry Distances ~50 ~20 +++ 
Image quality 
and incorrect 

matching 

++ 

InSAR 
Vertical and 
horizontal changes 

~1 ~2 +++ 
Atmosphere and 
temporal 

decorrelation 

+ 

 

 

4.3.2 Parameter estimation 

 

 

The ultimate goal of parameter estimation is to find the parameter values that yield a 

solution that is closest to the real data, thus ensuring the fidelity of the model (Nocedal and 

Wright, 2006). 

The L2 or L1 norm is commonly used to quantify the closeness between the estimated 

values and the observed data (Hastie et al., 2009). The L2 norm measures the squared 

difference between the estimated values and the observed data, while the L1 norm represents 
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the absolute difference. These norms serve as objective measures to assess the quality of 

parameter estimates and guide the optimisation process. 

Different methods are used to find the optimal parameters, taking into account factors 

such as the approach chosen, the characteristics of the input data and the number of parameters 

involved. The nature of the problem determines the specific function and parameter set to be 

estimated (González-Rodríguez et al., 2007), as well as the approach used (forward or inverse 

modelling, as shown in Figure 15) and the type of method used (global or local search). 

   

 

Figure 15. Parameter estimations methods. 

 

In forward modelling, the known input parameters are used to predict the output 

response of the system, allowing simulation or prediction. Conversely, inverse modelling 

estimates the unknown input parameters based on observed output responses. This inverse 

approach is particularly useful when the underlying system is complex or when the input 

parameters are difficult to measure directly. 

The estimation of the ratio between the number of observations (n) and the number of 

unknown parameters (u) approaches limits: 

• when n > u, the problem is over-determined and can be resolved by adjusting 

the observation method.  

• when n = u, the problem is uniquely defined and can be solved by finding a 

solution to an equation system.  

• when n < u, the problem is under-identified and the use of a Bayesian 

approach is required. 

In subsidence prediction cases, where there are usually less than 10 parameters and 

more than 100 measurements, the adaptation of the observation method is the appropriate 

approach for parameter estimation.  

 

 

 

 

 

Parameters

Forward problem

Observations

Inverse problem

𝑳 = [ 
𝐿1

…
𝐿𝑛

] 𝑿 = [ 
𝑋1

…
𝑋𝑢

] 
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4.3.3 Global parameter estimation 

 

 

Global parameter estimators are used in the case of multiple local optima. The 

complexity of the task increases exponentially with the number of parameters and their 

possible values. Different algorithms can be used to identify the global optimum: 

• The basic concept of basin hopping is to move the optimisation process away 

from local minima by taking large, random steps in the parameter space. The algorithm 

essentially ‘hops’ from one ‘basin’ to another, hence its name. Each basin corresponds to a 

local minimum in the solution space. After each step, the new local minimum is accepted or 

rejected based on an acceptance criterion, typically the Metropolis criterion from statistical 

mechanics, which accepts worse solutions with a probability that decreases as the new solution 

becomes worse (Wales and Doye, 1977) (Figure 16 (a)). 

• Evolutionary algorithms, such as genetic algorithms, use combinations of 

parameters for evaluation. The combinations that produce the best solutions are selected and 

certain parameters are swapped, leading to the generation of new solutions by crossing over 

from the first generation. To avoid losing superior solutions, the best pair is kept in the new 

generation. Next, a mutation phase is implemented in which a single parameter is randomly 

changed. This generation is taken as the starting point and the algorithm is iterated until the 

desired solution is found or the iteration limit is reached (Slowik and Kwasnicka, 2020) 

(Figure 16 (b)). Simulated annealing is a probabilistic method for finding a globally optimal 

solution. The algorithm decides whether to accept or reject a solution based on the probability 

of that solution, which is defined by an exponential function of the difference between two 

solutions (Kirkpatrick et al., 1983). If the second solution is better, the probability approaches 

one; otherwise, a lower probability is estimated. This is then compared to the exception 

probability of the solution. While this method does not require initial parameters, it does 

require defined parameter bounds. The method is run until a specified number of iterations 

have been completed (Figure 16 (c)). 
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Figure 16. Algorithms for global optima searching.   

 

 

4.3.4 Local parameter estimation 

 

 

Local optimisation focuses on finding optimal solutions in a localised region of 

parameter space. However, the goal is to find the most optimal solution within a defined 

neighbourhood of parameter values, rather than in the global parameter space. This can be 

more computationally efficient in scenarios where the global solution is not of paramount 

importance, or where the local region around the global solution is relatively smooth and well 

Simulated 

Annealing  
Basin           

Hopping  

Evolutionary 

algorithms 

(a) (c) 

(b) 
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behaved. Some important local optimisation algorithms include gradient descent, Newton's 

method and quasi-Newton's method (Figure 17). 

 

 

Figure 17. Algorithms for finding a local optimum.  

 

The description of the algorithm presented in Figure 17 is provided below:    

• The gradient descent algorithm iteratively adjusts the parameters to move along 

the direction of steepest descent, which is defined by the negative gradient. The parameters 

are updated until a stop condition is met, such as when the improvement in function value is 

less than a predefined threshold. The learning rate, which determines the size of each step, 

plays a critical role in the performance of the algorithm (Park and Sandberg, 1991; Nocedal 

and Wright, 2006). 

• Newton's method, also known as the Newton-Raphson method, is an iterative 

optimisation algorithm that uses the concept of quadratic approximation to the objective 

function to find its minimum. It uses both first and second derivative (Hessian) information to 

guide the search for a minimum. The inclusion of second order information allows Newton's 

Method to converge faster than Gradient Descent when near the minimum. However, this 

method can be computationally expensive and is not guaranteed to converge for non-convex 

functions (Ryaben’kii and Tsynkov, 2006). 

 • Quasi-Newton methods, such as the Broyden-Fletcher-Goldfarb-Shanno (BFGS) 

method, are optimisation algorithms that build up an approximation of the Hessian, using 

gradient evaluations. They can converge faster than gradient descent and are less 

Gradient Descent algorithm (a)  Newton's Method (b) Quasi-Newton methods (c) 
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computationally expensive than Newton's Method, as they do not require the computation and 

inversion of the Hessian at each and every iteration. These methods have been successfully 

applied to various optimisation problems (Nocedal and Wright, 2006). 

 

 

4.3.5 Quality measures for result valuation and validation 

 

 

Comparison of the results means that the analysis of the residual distribution provides 

an insight into whether the model has systematically missed any trends. Residuals should 

ideally be independent and identically distributed. Plotting real (observed) against modelled 

(predicted) values provides a visual means to evaluate the model's performance. The points 

should ideally fall along a 45-degree line, indicating perfect prediction. Deviations from this 

line suggest the residuals from the predictions. To ensure that residuals are normally 

distributed, the Quantile-Quantile (QQ) Plot can be used (Makkonen, 2008). This plot 

compares the distribution of the prediction errors to the standard normal distribution. If the 

points in the QQ plot fall along a straight line, it suggests that the errors are normally 

distributed. 

 The numerical evaluation of the results considers some commonly used metrics 

(Wackerly et al., 2008):  

• The MSE is a metric that measures the average squared difference between 

the predicted values and the actual values. It provides a measure of how well the model fits 

the data. MSE is calculated by taking the average of the squared differences between each 

predicted value and its corresponding actual value. A model with a lower MSE is generally 

preferred. The equation for calculating MSE is: 

 
𝑀𝑆𝐸 =  

1

𝑛
 𝛴(𝑑𝑎𝑡𝑎𝑎𝑐𝑡𝑢𝑎𝑙  −  𝑑𝑎𝑡𝑎𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 )

2
 

(29) 

where n is the number of data points, 𝑑𝑎𝑡𝑎𝑎𝑐𝑡𝑢𝑎𝑙   represents the actual values, and 

𝑑𝑎𝑡𝑎𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  represents the predicted values. 

• The MAE is a metric that measures the average absolute difference between 

the predicted values and the actual values. It provides a measure of the average magnitude of 

the errors made by the model. MAE is calculated by taking the average of the absolute 

differences between each predicted value and its corresponding actual value. Like MSE, a 

lower MAE is desirable. The equation for calculating MAE is: 

 
𝑀𝐴𝐸 =  

1

𝑛
 𝛴|𝑑𝑎𝑡𝑎𝑎𝑐𝑡𝑢𝑎𝑙  −  𝑑𝑎𝑡𝑎𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑 | 

(30) 
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where n is the number of data points, 𝑑𝑎𝑡𝑎𝑎𝑐𝑡𝑢𝑎𝑙   represents the actual values, and 

𝑑𝑎𝑡𝑎𝑝𝑟𝑒𝑑𝑖𝑐𝑡𝑒𝑑  represents the predicted values. 

• The STD is a measure of the dispersion or spread of a dataset. It quantifies 

the average amount of variation or deviation from the mean. STD is calculated by taking the 

square root of the average of the squared differences between each data point and the mean of 

the dataset. A lower STD suggests more consistency in the errors, which is generally a good 

thing. The equation for STD is: 

 

𝑆𝑇𝐷 =  √
1

𝑛 − 1
  𝛴(𝑑𝑎𝑡𝑎 −  𝑚𝑒𝑎𝑛)2 (31) 

• The R2 score, also known as the coefficient of determination, is a statistical 

measure that indicates the proportion of the variance in the dependent variable that is 

predictable from the independent variable(s). It is commonly used to evaluate the performance 

of regression models. In simpler terms, the R2 score represents the proportion of the total 

variation in the dependent variable that is explained by the independent variable(s). It ranges 

from 0 to 1, with 1 indicating a perfect fit where the model explains all the variability, and 0 

indicating that the model does not explain any variability. The R2 score is calculated using the 

following equation: 

 
𝑅2 =  1 −  (

𝑆𝑆𝑅

𝑆𝑆𝑇
) (32) 

where SSR (Sum of Squared Residuals) is the sum of the squared differences between the 

predicted values and the actual values, and SST (Total Sum of Squares) is the sum of the 

squared differences between the actual values and the mean of the dependent variable.  

Evaluating the results of these analyses requires considering all the metrics and plots 

together. A model that performs well on one metric but poorly on others might not be the best 

choice. It is essential to consider the nature of the data, as well as the specific requirements of 

the analysis.  

Not only does the accuracy of the model play a role but also its complexity. To 

evaluate that, the Akaike Information Criterion (AIC) and Bayesian Information Criterion 

(BIC) are used (Stoica and Selen, 2004). Both are used for model selection among a finite set 

of models, the model with the lowest AIC or BIC being preferred. 

AIC is an estimator of the relative quality of statistical models for a given set of data. 

Given a collection of models for the data, AIC estimates the quality of each model, relative to 

each of the other models. The lower the AIC value, the better the model. The AIC is generally 

used for model selection, where several competing models are in consideration and is 

calculated as follows: 

 𝐴𝐼𝐶 =   −2 ∙  𝑙𝑜𝑔(𝐿𝑖𝑘𝑒𝑙𝑦ℎ𝑜𝑜𝑑) +  2𝑘  (33) 
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where k is the number of parameters in the model and n is the number of data points. 

BIC is a criterion for model selection among a finite set of models. It is based on the 

likelihood function and is derived from Bayesian probability. The BIC is similar to the AIC 

but includes a stronger penalty for models with more parameters. BIC is calculated as follows: 

 𝐵𝐼𝐶 =  −2 ∙  𝑙𝑜𝑔(𝐿𝑖𝑘𝑒𝑙𝑦ℎ𝑜𝑜𝑑) +  𝑘 ∙  𝑙𝑜𝑔(𝑛) (34)  

where n is the number of observations and k is the number of parameters in the model.  

The primary goal of both AIC and BIC is to penalise complex models, i.e. models 

with more parameters. This is due to the principle of parsimony, which suggests that simpler 

models should be preferred, unless the increased complexity provides a significant 

improvement in fit. 

 

 

  



64 

 

5 Methodology 

 

 

 

Based on the gaps identified in the previous literature review and state of the art 

analysis, this study aims to assess the impact of stress conditions on subsidence profiles. 

Specifically, it aims to understand how stress conditions affect the subsidence profile. 

According to the objectives of this research, the following tasks have to be solved: 

1. Preliminary Estimation and Requirements Setting: Conduct a pre-estimation 

using a simplified model to test the hypothesis and establish experimental 

requirements. 

2. Design of the Main Experiment: 

a. Input Data: Specifying the necessary data to be used in the experiment. 

b. Numerical model and simplifications: Developing a detailed numerical 

model and identifying any required simplifications for the purpose of the 

experiment. 

3. Numerical investigation: Establish the relationship between subsidence parameters 

and rock mass properties.  

4. Developing a new functional model: Identification of the features should be covered 

and implemented in the model. 

5. Validation of results against real data: Validate findings by comparing them with 

real-world data. 

 

This study follows the workflow represented in Figure 18, which outlines each step 

and its corresponding goal in a linear progression. The process begins with the estimation of 

the problem and its foundational aspects, to determine the appropriate tools and strategies for 

the proposed solution (steps 1-3). Subsequently, numerical modelling is designed to ensure 

reliable results from the experiments (steps 4-6). The collected numerical results are then 

analysed using various methods, ranging from visual investigation to statistical interpretation 

(step 7). The identified subsidence patterns are mathematically integrated into a predictive 

model, which is then tested to assess whether these features enhance the model's predictive 

quality compared to baseline models that do not account for these characteristics (step 8).  

Finally, a real-world testing field is selected for the validation phase, which involves 

integrating the model and comparing the results (in the conclusion). 
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Figure 18. Investigation Flowchart. 

 

  

1. Literature review and 
gap identification:

Comprehensive review of 
existing literature to identify 
knowledge gaps in the field 
of subsidence processes.

2. Focused exploration of 
identified gaps: 

Detailed investigation into 
the identified areas of 
knowledge gaps.

3. Formulation of 
hypothesis and experiment 
requirements:

Development of a research 
hypothesis based on the 
identified gaps and setting 
requirements for the 
subsequent experiment.

4. Preliminary numerical 
simulation : 

Conducting a simplified 
numerical simulation to 
generally validate the 
proposed hypothesis.

5. Development of a 
numerical model:

Design and development of a 
comprehensive numerical 
model for detailed 
simulation.

6. Conducting the 
numerical experiment:

Implementation of the 
developed numerical model 
to conduct a more detailed 
experiment.

7. Statistical analysis of 
results: 

Analysis and interpretation 
of the experimental data, 
with a focus on statistical 
representation.

8. Selection of an 
appropriate  subsidence 
prediction method for 
validation: 

Choosing a suitable method 
from existing subsidence 
prediction models to validate 
the experimental results.

9.Validation of results in a 
real field study: 

Application and validation of 
the results in a real-world 
subsidence field to verify the 
predictive power of the 
model.
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6 Numerical investigation 

 

 

 

6.1 Preliminary investigation 

 

 

The aim of this section is to investigate the hypothesis that stress conditions have a 

fundamental effect on subsidence profiles. In the preliminary investigations, the symmetric 

stress conditions are used as the basis for our assessments. The result of this investigation will 

form the cornerstone for future investigations, serving as a basis for exploring theoretical 

implications, setting stress condition limits, justifying its incremental steps and evaluating the 

significance of the expected patterns for subsidence engineering. 

 

 

6.1.1 Method 

 

 

Numerical modelling (implemented via the FLAC 3D software) was selected as the 

primary method for this study, to limit external influences and investigate within a controlled 

environment. Such an approach is requisite, given that the uncertainties associated with real-

world input parameters may exceed the tolerable limits of output error.  

There are inherent limitations associated with numerical simulations that should be 

acknowledged. Investigations relying on numerical experiments must consider the 

approximations within the numerical methods (Helmut, 2008). Even though numerical 

solutions are regarded as highly reliable, the results remain susceptible to the researcher's 

decisions and the simplifications and interpretations embedded in the material model (Gargani 

et al., 2006). These limitations, primarily related to the numerical method itself, are beyond 

the scope of this research, other approximations of induced errors are discussed further. 

 

 

6.1.2 Choice of constitutive model 

 

 

The essence of any constitutive model rests on the interdependence of stress and 

strain. Under standard conditions in rock mechanics, the form of this function can be divided 

into elastic and plastic sections. For initial investigation purposes, classically used in mining 



67 

 

tasks, the Mohr-Coulomb constitutive model is deemed suitable owing to its simplicity and 

time-tested results, notwithstanding its inability to adequately represent the cracking process 

and relative stress distribution (Lekhnitskii, 1981). 

The ‘Mohr-Coulomb Tension’ constitutive model, as incorporated in the FLAC 3D 

software, was selected for this study, due to its proficiency in addressing tensile failure and 

considering the effects of tensile crack closure. 

 

 

6.1.3 Model and input data 

 

 

The choice of the fixed boundary conditions defines the geometrical ratios of the 

model: the relative parameters of depth, width, and height were set at a ratio of ~40:10:1 for 

the hypothetical experiment. The influence of these boundary conditions has been found to be 

negligible (less than 0.1%), as established by increasing the distance to the borders and 

comparing the results (the detail is described in Chapter 4).  

The input parameters for the experiment are shown in Table 6. They are representative 

parameters for a hypothetical sedimentary rock type. Tectonic conditions were implemented 

in the form of a stress ratio 𝜎𝑣 /𝜎ℎ, where 𝜎𝑣  is the vertical stress and 𝜎ℎ  is the horizontal 

stress. To prevent overestimation of the stress contribution to subsidence troughs, due to 

extreme and infrequent values, the stress ratio was limited to 0.43~1.66, with cases evenly 

distributed around the case 1 scenario. 

 

Table 6. Rock mass characteristics 

Characteristic Magnitude  Characteristic Magnitude  

Density 1600 kg/m3 Tension 2000 N/m2 

Bulk 4 ∙ 107 Pa Stiffness-normal 4 ∙ 108 N/m 

Shear 3 ∙ 107 Pa Stiffness-shear 4 ∙ 108 N/m 

Cohesion 1 ∙ 1020 Pa Friction 30 degree 

 

 

6.1.4 Preliminary investigation results 

 

 

The results of modelling subsidence, for the hypothetical case of sedimentary rock 

under different tectonic conditions, are presented in Figure 19. Figures 20 and 21 show the 

relative volume of subsidence, maximum subsidence, influence angle, tilt and exploitation 

coefficient changes due to the applied stress conditions. On the figures, the bars and lines are 
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labelled ‘Case’, with a number related to the stress ratio 
σv

σh
∈

(Case 0.43;  0.71;  1;  1.33;  1.66). In other words, the number after ‘Case’ is the stress ratio 

and the results are presented in relation to Case 1.  

 

Figure 19. Results of preliminary investigation 

 

 

Figure 20. Changes of maximum subsidence and value of subsidence relative to Case 1 

Case 0.43 Case 0.71  Case 1 Case 1.33 Case 1.66

Volume of subsidence, % 87,73% 101,17% 100,00% 98,05% 97,00%

Max of  subsidence,% 94,48% 101,51% 100,00% 97,77% 96,47%

85%

90%

95%

100%
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Figure 21. Changes in deformation and tilt for different stress influences. 

 

The results show that all parameters change due to the variability of ratio 
σv

σh
, up to 8% 

of the maximum subsidence and 12% of the influence angle.  

Generally, an increase in horizontal stress results in a decrease in the radius of the 

subsidence trough, coupled with an increase in the total volume of subsidence. However, an 

unexpected deviation is observed when comparing Cases 0.43 and 0.71. This discrepancy 

prompts a closer examination of the influence angle γ, necessitating a denser distribution of 

stress conditions. 

Less than one percent of the uplifts could be a result of the Mohr-Coulomb constitutive 

model or the boundary conditions. This suggests the need to employ a more advanced model 

and flexible boundary conditions. 

This initial investigation, although limited to a single sample and assuming a 

homogeneous geological structure, still provides valuable insights into how the ratio of 

horizontal to vertical stress affects the situation. The findings underline the importance of 

stress fields in computing subsidence prediction parameters and demonstrate that tectonic 

conditions can significantly alter the subsidence profiles expected. As a result, further 

investigations are warranted, focusing on the effects of non-uniform stress fields as a potential 

cause for asymmetry. These investigations should be based on a more advanced constitutive 

model, a wider range of rock properties and flexible boundary conditions. 

 

 

 

 

 

 

Case 0.43 Case 0.71 Case 1 Case 1.33 Case 1.66

Deformation, % 103,3% 104,9% 100,0% 95,6% 93,0%

Tilt, % 101,8% 102,6% 100,0% 98,0% 96,6%

Angle% 109,0% 102,3% 100,0% 97,8% 94,5%

Exploitation coefficient - a, % 88,2% 102,0% 100,0% 98,0% 96,7%

85%

90%

95%

100%

105%

110%
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6.2 Design of the main experiment: non-uniform stress distribution 

 

 

6.2.1 Constitutive model and input data 

 

 

The Hoek-Brown model has a more complex stress-strain relationship that takes into 

account the properties of the rock mass (Buljak and Ranzi, 2021). As a more advanced model, 

the Mohr-Coulomb model provides a more reliable result at small strains and takes into 

account the disturbance of the rock mass.  

The input parameters for the Hoek-Brown constitutive model consist of the following: 

Density, 𝜌; Young modulus, 𝐸; Poisson’s ratio, 𝑣; Uniaxial strength, 𝜎𝑖 ; and Rock mass 

disturbance parameter, 𝑚𝑏.  

In order to cover different possible combinations of rock type parameters, data were 

taken from different sources. To ensure a wide variety of rock types and their properties, the 

selection included three basic classes: sedimentary, metamorphic and igneous. Sedimentary 

rock types were given priority due to their prevalence at depths down to 1000 m. In total, 31 

different rock properties were used as input data, as shown in Appendix A. These were 

collected from various sources, including: Mendoza-Chavez et al. (2012); Tunnelling Experts 

(2013), ‘Variation of Intact Rock Properties’, accessed in 2021; Britannica (Britannica, n.d.); 

Kim and Jeon (2019); Shimada et al. (2013); Vyazmensky et al. (2010); Wong et al. (2006); 

and Meng et al. (2006). The distributions of the classes and their properties are shown in 

Figure 22. 

Another aspect of the input data are the stress conditions. In this case, the stress 

conditions were applied as boundary conditions and as a distribution of the stress trough rock 

mass model (Figure 23). The boundary conditions are presented as an equavalent stress around 

the model, to avoid influencing the stress environment inside the model. The equavalent 

horizontal stresses are given by Equation 35. 

 σh =  λ ∙ γ ∙ z, (35) 

where  𝜆 =
𝑣

1−𝑣
 : 𝑣 is a Poisson coefficient, z is depth and  γ is the weight of the rock mass. 

The stress distribution is represented in the form of a linear gradient (Equation 36). 

 
𝑆𝑟𝑒𝑠𝑠 𝑔𝑟𝑎𝑑𝑖𝑒𝑛𝑡 =

𝜆 ∙ 𝛾 ∙ 𝑧 ∙ 𝑛

2𝑟
 

(36) 

where 𝑛 presents the stress factor and varies between 1-14, to provide average stress ratios 

from 0.26-3.70, that is justified in the state of the art; 𝑟 is half the wideof the whole model. 

Since the size of the model is constant, such a definition is appropriate.  
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Other strong influences on the results of the numerical modelling are the size of the 

grid and the size of the model. Both definitions have been checked for their influence on the 

results, according to the methodology provided in Chapter 4.  

 

Figure 22. Distribution of the characteristic rock types used in the numerical simulation, 

divided by class. Green signifies igneous rocks, red signifies metamorphic rocks, and blue 

signifies sedimentary rocks.  

 

Figure 23 illustrates the boundary condition, the direction of the stress gradient (as 

mentioned above) and the model proportions used to provide sufficient space to simulate the 

deflection at the periphery of the simulated subsidence trough. The model is based on the left 

and right soft boundary conditions. The size is chosen relative to the void dimension to ensure 

a complete subsidence profile. The reduction in depth is replaced by an equivalent weight at 

the top. The stress gradient is applied directly to the rock mass. The definition of the stress 

sides (input and releasing sides) will be used in the results, as a reference to the subsidence 

trough side of the deflection. 
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Figure 23. Boundary conditions and geometry of numerical experiment. 

 

 

6.2.2 Model simplification 

 

 

The simulation calculates subsidence at the surface, with a convergence of 8 m above 

160 m of rock mass. Figure 24 shows how the subsidence parameters of the influence angle 

and exploitation coefficient change with depth. It shows the point beyond which the 

characteristics of the subsidence profile do not change or change linearly, which is a 

justification for the parameters mentioned. 

The boundary conditions and geometric relationships between the elements are shown 

in Figure 23. In this study, a 2D model with a constant grid size of 1 x 1 m was used for the 

analysis. Preliminary investigations justified the use of this grid size as appropriate for the task 

and are discussed in Chapter 4.  

 

 

Figure 24. Influence of the depth of the prime characteristics on the subsidence prediction 

parameters. 
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6.2.3 Output data 

 

 

The output is a set of points defined by the distance from the symmetry axis of the 

model and the magnitude of the subsidence. The points are spaced 1 m apart. The profiles 

represent the response of different rock masses to different stress factors (defined in the 

previous section, as n in Equation 36). The preliminary investigations showed that five 

subsidence profiles are not enough to explain the cumulative changes in the parameters of the 

subsidence profiles, therefore the stress difference has been reduced. Consequently, larger 

stress factors (14) were applied to each rock mass, to obtain different profiles. The exact 

meaning of the stress ratio depends on the other parameters, according to Equation 36. 

For example, Figure 25 illustrates the subsidence profiles for stress factors from 1 to 

3, for two different rock masses, schist and phyllite. The difference in the responses is visually 

clear. In the case of phyllite, asymmetry occurs at stress factors 2 and 3, while the magnitude 

of subsidence decreases within the symmetry pattern.  However, schist responds in terms of 

symmetrical subsidence, where changes in the maximum subsidence area are visually clear. 

Increasing the stress, similar to the case of phyllite, results in smaller magnitudes of 

subsidence, although other examples (given in the ‘Results’ section) show the opposite 

response to increasing the stress factor. 

 

 

Figure 25. Subsidence profile results with different stress factors, for two examples. 

 

The quantitative evaluation of the profile characteristics was estimated according to 

the following definitions (Figure 26): 

• Maximum subsidence (Smax) and its location (in degrees from model axis). 
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• Skewness is a mathematical concept that refers to the degree of asymmetry of 

a function, defined as the difference between the maximum and minimum values of the 

function divided by the range of the function. A function with a skewness of zero is perfectly 

symmetrical, whereas a function with a large positive or negative skewness is highly 

asymmetrical. 

 
𝑆𝑘𝑒𝑤𝑛𝑒𝑠𝑠 =

𝐸[(𝑋 −  𝜇)3]

𝜎3   
(37) 

where μ is the mean (average) of the distribution, σ is the standard deviation of the distribution, 

E denotes the expected value, and X is a random variable from the distribution 

• The inflection point is a point where the slope of the curve is at a maximum, 

defined as the first derivative of the subsidence with respect to distance and measured in 

degrees from the axis of the cavity. Influence angle (γleft  and γright) is the angle between the 

border of the cave and the border of 1% of the subsidence integral.  

• The descriptive features can estimate the shape of the subsidence and the 

shape of the asymmetry in any context. To avoid the effect of the mathematical inconstant 

solution on the above parameters, the profile sets were smoothed by the mathematical moving 

average method, with a central Gaussian base. In other words: the correction takes into account 

the influence of the surrounding points, according to the normal distribution around the 

corrected point. 

 

 

Figure 26. The subsidence profile parameters of sandstones. 
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6.3 Contribution of asymmetrical stress distribution 

 

 

In this section, the various factors influencing subsidence deviation are explored, as 

revealed by the experiments. This part relates to the poor numerical results and their 

interpretation. By carefully analysing different patterns, the chapter aims to provide a 

comprehensive understanding of how stress conditions contribute to the subsidence profile. 

Each of the following subsections will delve into these aspects, supported by the experimental 

data (presented in Appendix B) and statistical analysis. The implementation of the results in 

an empirical model will be discussed in Chapter 7. 

The analysis starts with the visual intersection of the profiles, to discover the main 

patterns and aspects of influence in detail and based on the statistical interpretation of those 

patterns, which are further discussed in the related sections. The general observations have 

been formulated as follows. 

• There is notable variation in the shapes of symmetric and asymmetric profiles. 

This variation could be due to differences in angular deviation, the shape itself, or a 

combination of both. 

• The subsidence magnitude and the position of its maximum point have a 

complex causation. In major cases, the maximum subsidence point deviates from the centre. 

Additionally, both the variations in subsidence magnitude and the location of maximum 

subsidence do not have a linear relationship with the applied stress. The subsidence magnitude 

can either increase or decrease in response to increasing stress, defying intuitive expectations. 

• Visual asymmetry is frequently observed when the subsidence is below the 

average for a given rock type. Figure 27 illustrates the distribution of subsidence profiles with 

subsidence, either higher or lower than the average for the rock type. The lower subsidence 

magnitude is observed in areas with a stress factor between 2 and 5. The same area also shows 

a higher frequency of asymmetric patterns (indicated by the grey area), with a greater overlap 

of cases with lower or average subsidence magnitudes. 

In summary, these visual findings highlight the significant influence of stress 

conditions on all facets of the subsidence profile. This complex influence alters the magnitude 

and location of maximum subsidence in different ways. Different rock types respond 

differently to these conditions; some exhibit asymmetric profiles and others maintain 

symmetry. These observations are only a basis for further discussion and analysis and will be 

explored in more detail in the following sections. 
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Figure 27. Distribution of relative magnitude and asymmetry in subsidence cases in response 

to stress factors. 

 

 

6.3.1 Discussion of the basic distribution form 

 

 

The shape of the subsidence profile is defined as the position of the inflection point or 

the maximum slope. The choice is based on the clear mathematical identification and 

relationship with the shape of the influence function discussed in the basics (the relationship 

is discovered in detail in Chapter 7). This measure of shape deviation is independent of the 

influence angle and the subsidence magnitude. The distribution of the inflection point position 

is provided in Figure 28. In the distribution, for practical and interpretative reasons, the 

absolute position is replaced by the position relative to the influence radius.  

The result is open to several interpretations. Firstly, how it relates to the distribution 

shape (discussed in Chapters 2 and 4), secondly the difference between the energy input and 

release sides and, finally, its correlation with physical properties. 

 

Discussion in light of the distribution shape 

 

As discussed in the state of the art, in the case where the stress is described as a 

consequence of vertical stress, the subsidence profile has the shape of a Gaussian distribution 

(Lytwiniszyn, 1958; Knothe, 1953). In this particular case, the location of the inflection point 

would be around 0.39 R. The location range is covered by the distributions on the energy 

release side. As this side has a significantly lower additional horizontal stress, on average, it 
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is indirectly evident that the smaller the additional horizontal stress, the closer the shape will 

be to a normal distribution. 

 

 

 

Figure 28. Histogram of inflection point locations. 

 

Discussion in the light of asymmetry 

 

The distribution in Figure 28 shows different shape patterns for the energy input side 

and the release side. The difference between the mean value of these sides (0.15 R and 0.37 

R, respectively) is 60%, while the difference for the influence angles was 38.5 and 39.5 

degrees, respectively (about 2.5%). This can be interpreted to mean that the stress conditions 

have a greater influence on the central part of the subsidence profile than on the periphery.  

 

Correlation with physical properties 

 

The correlation of rock properties and the inflection point were calculated. The highest 

correlation with Poisson's ratio is -0.48, and other properties are around 0.3; the rank 

correlation (Spearman's method) did not show better results.  The correlation matrix can be 

seen in Appendix C.  

In summary, the direction of the stress gradient influences the shape of the settlement 

profile. The stronger the stress, the more the shape deviates from the normal distribution. The 

central part of the subsidence profile is more sensitive to stress conditions than the periphery. 

 

 



78 

 

6.3.2 Discussion of maximum subsidence  

 

 

The maximum subsidence is defined as the point of maximum vertical displacement 

in the subsidence profile, characterised by location and magnitude. However, accurately 

estimating this point numerically is a challenge due to the local variability that arises when 

applying the finite element method (FEM). To address this challenge, a polynomial function 

is fitted to estimate the maximum point within a specified range. The results highlight the main 

aspects: the magnitude of the subsidence and its evaluation with stress and the location of the 

maximum subsidence. 

 

Magnitude of maximum subsidence 

 

The scatter plots of the maximum subsidence and rock mass properties do not show a 

linear dependency (Figure 29). The rank correlation method was applied (Table 7) to identify 

the correlations. The highest rank correlation belongs to the uniaxial strength and disturbance 

coefficient. To investigate the relationship in more depth, a machine learning technique was 

employed to analyse sensitivity of the maximum subsidence to the rock mass properties.   

 

 

Figure 29.  Scatterplot of the maximum subsidence versus rock mass properties with 

Pearson’s correlation coefficient.  

  𝑚𝑏    𝜎𝑖  𝑆𝑡𝑟𝑒𝑠𝑠  𝑓𝑎𝑐𝑡𝑜𝑟 , 𝑛 
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Table 7. Rank correlation of the rock mass properties and maximum subsidence (Spearman 

correlation coefficient).  

Rock mass property 𝒗 𝝆 𝑬 𝝈𝒊 𝒎𝒃 𝒏 

Rank correlation with the 

maximum subsidence 
0.33 0.64 0.62 0.78 0.80 -0.08 

 

For this particular case, the statistical tool known as ‘Random Forest Regression’ was 

used (implemented by the Python library as ‘sklearn’, Pedregosa et al. (2011)). This technique 

uses multiple decision trees to create a model for qualitative prediction, dealing with non-

linear patterns in the data. In this particular context, the technique is applied to define the 

sensitivity of various parameters. 

The sensitivity is calculated by evaluating the reduction in the predictive accuracy of 

the model (created by the random forest regression technique) when parameters are changed. 

In other words, the greater decrease in the model's accuracy, the more sensitive this parameter 

is to the property. To ensure the reliability of the analysis, the MSE parameter must be low.  

The results of the sensitivity analysis are presented in Figure 30. According to the 

analysis, the maximum subsidence mainly depends on the disturbance coefficient (𝑚𝑏) and 

the uniaxial strength (𝜎𝑖 ). The results contribute to the sensitivity analysis and highlight the 

role of those parameters.  

According to the results, the maximum subsidence is largely influenced by the 

disturbance and uniaxial strength properties, while the stress factor appears to have the 

smallest effect. However, the visual investigation showed the high variation of maximum 

subsidence within a rock type for different stress factors. For a deeper understanding of the 

problem, the evaluation of the maximum subsidence due to the stress condition is discussed.  

 

 

Figure 30. The sensitivity of the maximum subsidence relative to the rock mass properties.  
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Evaluation of maximum subsidence with stress factor variety 

 

As already mentioned, the low correlation does not allow an estimate of the direct 

influence of the stress factors on the evaluation of the maximum subsidence. In order to 

understand this pattern, plots of maximum subsidence versus stress factor were visually 

observed to find a similarity. Three preliminary patterns, or clusters, were identified but, for 

the final analysis, those plots were clustered using a mathematical algorithm (K-means 

clustering) to ensure impartiality in the interpretation. The results presented in Figure 31 

contribute the visually identified patterns:   

Cluster 0: in general, maximum subsidence decreases with increasing stress;  

Cluster 1: in general, maximum subsidence increases with increasing stress;  

Cluster 2: has the smallest maximum subsidence in the area of stress factors of 2-5 

and then the magnitude increases.  

The statistical representation of rock mass properties does not show a significant 

difference between cluster 0 and 2. However, cluster 2 has a lower Young’s modulus, 

Poisson’s ratio and uniaxial strength. Related to the other subsidence properties, the cluster 

has a higher mean skewness. The rock type and their clusters are presented in Appendix A. 

 

 

Figure 31. The geometrical representation of the maximum subsidence response to stress 

conditions (a) and related rock mass properties (b).  
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 Position of the maximum subsidence 

 

 The maximum subsidence is typically located on the axis of the geometrically 

weighted centre of convergence. The assumption of an asymmetric shape considers the 

possibility of  maximum subsidence deviation from the central location. Such a hypothesis is 

supported by numerical investigations.  

The numerical experiments show that horizontal stresses can shift the maximum 

subsidence away from the central location. The effect of these stresses is relatively small for 

igneous rocks but, for sedimentary rocks, the maximum subsidence can be shifted 

significantly. On average, under the influence of stress, the location of the maximum 

subsidence shifts from the geometrical center of the void by 1.8 degrees (or 31 m for a depth 

of 500 m) towards the direction of energy release, with a standard deviation of 5.8 degrees 

(Figure 32). 

 

 

Figure 32. Histogram of the maximum subsidence deviation from the central location, in 

degrees.  

 

As shown in Figure 33, the shift in the location of maximum subsidence towards the 

direction of energy dissipation is most likely for stress factors between 2-5 and 10-13. In other 

cases, the distribution is centred around 0. Igneous rocks show a reduced response due to their 

superior strength, while rocks with a lower Young's modulus show a more pronounced 

response. Therefore, the position of the subsidence peak can vary by up to 6 degrees from the 

central position. 
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Figure 33. The maximum subsidence position (in degrees) and its standard deviation.   

 

 

6.3.3 Discussion of assymetry 

 

 

As mentioned, the skewness of the subsidence profile is used to identify the measure 

of asymmetry. Mathematically, skewness is defined as a measure of the asymmetry of the 

probability distribution of a real-value random variable around its mean. The skewness value 

can be positive, negative, or undefined. If the mean is 0, then the distribution is considered to 

be symmetrical. Negative or positive values of skewness indicate the left or right position of 

the distribution's tail, respectively. 

The challenge in a quantitative investigation is estimating the numerical limit of 

skewness for 'true' asymmetry, particularly when local variation can lead to skewness without 

actual asymmetry. To determine this limit, the profiles were visually marked as either 

symmetrical or asymmetrical (‘True’ or ‘False’ in Figure 34, where the orange part is visual 

asymmetry and blue is visual symmetry) and plotted on a histogram. The histogram effectively 

separates the visually asymmetrical cases from the others and, based on this cut-off, the 

profiles with skewness below -2.13 were accepted as asymmetrical. All of the profiles are 

skewed, which is to be expected, according to the applied stress conditions. 

Analogous to the maximum subsidence analysis, a sensitivity analysis for asymmetry 

was employed. The results are presented in Figure 35. According to the analysis, the skewness 

is more sensitive to certain parameters, namely the uniaxial strength (a correlation coefficient 

with this factor is 0.52), stress factor and density. In essence, changes in these parameters have 

a greater impact on the skewness value, indicating a higher value of sensitivity.  While the 

sensitivity analysis offers important insights into how certain parameters influence skewness, 

there remains a need for a more definitive method to establish the conditions that contribute 

to asymmetry. This makes it usefull to apply other methods. 
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Figure 34. Skewness histogram with identification of visual asymmetry. Orange signifies 

visually asymmetric cases; blue signifies visually symmetric cases. The red frame highlights 

the skewness accepted as being asymmetric.  

 

 

Figure 35. Rock mass parameters importance for profile skewness.  

 

To investigate the specific rock properties and the ranges that influence symmetry and 

asymmetry, the decision tree classifier, that operates on the principle of minimising entropy, 

was employed. This approach is chosen for its effectiveness in handling complex tasks, as it 

mimics human decision-making processes by partitioning the feature space into more 

homogeneous subsets. The principle of minimal entropy is a strategic approach intended to 

reduce uncertainty. In this context, the classifier selects decisions or 'splits' that lead to the 

purest or most homogeneous subsets, thus effectively minimising entropy. The aim is to 

pinpoint the limits to the properties that are significant in identifying asymmetry.  

In contrast to the sensitivity analysis, the decision tree implements a cutoff based on 

specific criteria for the optimal identification of asymmetry. Based on the analysis, the 

following rock properties are estimated for symmetry and asymmetry (Table 8). Given these 

conditions, ranges for other parameters have been identified and are presented in Figure 36. 

𝑣                  𝜌                  𝐸                  𝜎𝑖                 𝑚𝑏       𝑆𝑡𝑟𝑒𝑠𝑠  𝑓𝑎𝑐𝑡𝑜𝑟  
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The results suggest that the favourable conditions for asymmetry are within the range 

of parameters shown in Figure 36. At the same time, only the uniaxial strength shows a 

positive correlation with the degree of asymmetry. With respect to relative density, asymmetry 

only occurs in 2% of cases where the density exceeds 2400. Since other properties do not have 

such a defined cut-off, only high density can be used (for now) to distinguish between 

symmetric and asymmetric patterns in subsidence profiles. 

In the patterns described, particularly the positive correlation with uniaxial strength 

and density cut-off, there is an apparent dependence of the asymmetry pattern on the elastic 

displacement potential of rock. High density rock has less capacity for rock deformation. At 

the same time, lower uniaxial strength reduces the asymmetry due to faster failure; however, 

this factor is usually associated with a lower Young's modulus, which increases the elastic 

deformation part. In conclusion, the asymmetry pattern forms during the elastic deformation 

phase of the rock. Consequently, the longer the elastic phase of deformation persists in the 

stress gradient field, the higher the asymmetry of the subsidence.   

 

Table 8. The properties of rock mass identifying the symmetry and asymmetry of the 

subsidence profile 

 Asymmetry (Figure 36 a) Symmetry (Figure 36 b) 

Properties 𝜎𝑖 ≤ 7.9 ∙ 107 & 𝜌 ≤ 2400 𝜌 > 2400 

Cases 38/45 or 54% of all simulated 
asymmetrical cases  

264/271 or 75% of all simulated symmetrical 
cases. 

 

 

Figure 36. Rock parameters for profiles, (a) asymmetrical; (b) symmetrical. 
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6.3.4 Discussion of influence angle 

 

 

This chapter discusses the influence angle, focusing on its relationship with depth and 

rock properties. The first part describes the dependence of the influence angle on depth using 

numerical quantification. The second part navigates through the complex interplay of rock 

properties to develop a predictive method for the influence angle. The results of these 

investigations and their implications for wider geological understanding are discussed in the 

following sections. 

Influence of the depth  

 

Based on Figure 24 (Chapter 6.2.2), there is a linear dependence of the influence angle 

on depth. To determine whether this factor needs to be included in the prediction function, the 

influence angle, defined as 99% of the integral, is calculated numerically (Figure 37). The plot 

leads to an outcome of further investigation of this dependency for wider rock mass properties 

and conditions.  

 

 

 

Figure 37. Difference between the changes in the influence angle caused by depth: calculated 

and numerically simulated. 

 

Influence angle as a rock mass property function 

 

The scatter plots of the rock mass parameters against the influence angle show the 

high variety of the data. The initial step was a visual inspection to identify the potential 

correlations (Figure 38). For parameters 𝜌, 𝑣, 𝐸, and 𝑛, no significant correlation was detected. 

Parameters 𝑚𝑏 and 𝜎𝑖 , however, show patterns that indicate some kind of relationship. This is 

not necessarily linear; therefore, in the subsequent analysis, rank correlation has been used. 
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To better understand this relationship, different parameter combinations have been tried out 

(Figure 39). The best solution was the product of 𝑚𝑏 ,𝜎𝑖  and v. The improvement of the 

distribution is presented on the scatter plot and the corresponding rank correlation is in Figure 

38. According to the narrowing result v and the highest rank correlation of the product 𝑚𝑏 , 𝜎𝑖 

and v, the combination is used as the basis for further analysis.   

Scatterplot analysis specified an exponential form of dependence (Figure 38). To 

identify the exact equation, a curve fitting based on the principle of residual minimisation was 

used. The additional coefficients under the exponential function were replaced by -2π on the 

basis of similarity. The adjustment led to the solution given by Equation 38.   

 𝛾 = 𝑎 ∙ 𝑒𝑥𝑝 (−2𝜋 
𝑚𝑏 ∙ 𝑣 ∙ 𝜎𝑖

1010 ) +  𝑐 (38) 

 

  

Figure 38. Scatterplots of influence angle versus rock mass properties 

 

 

Figure 39. Narrowing results of the property multiplications.  
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To estimate the parameters ‘a’ and ‘c’, a correlation analysis was employed. As a 

result, these parameters have the highest correlation with stress: 0.93 and 0.73, respectively 

(Figure 40). After linear fitting, the final version (in the form of Equation 39) is proposed to 

identify the angle of influence in degrees.  

𝛾 = (−0.85𝑛 + 28.95) ∙ 𝑒𝑥𝑝 (−2𝜋 
𝑚𝑏 ∙ 𝑣 ∙ 𝜎𝑖

1010 
) + (0.46𝑛 + 17.85),𝑑𝑒𝑔𝑟𝑒𝑒𝑠 (39) 

where n is the stress factor and the numerical coefficient depends on the type of angle 

measured. 

 According to Figure 40 and Equation 39, the stress conditions affect the influence 

angle by up to 12 degrees. The complexity of the equation explains the low correlation with 

the stress factor, despite its high influence.  

 

 

Figure 40. Parameter estimation of the influence angle function, ‘a’ and ‘c’ are coefficients 

from Equation 38. 

 

 

6.4 Conclusions 

 

 

The analysis shows that there is a non-linear relationship between the profile 

parameters and the rock mass properties, including the stress factor. The variation of 

subsidence due to the stress state has been identified in all aspects, although with different 

effects. The effect of the rock mass properties on the subsidence parameters are described 

below.  
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Inflection point 

 

The shape of the subsidence profile can deviate from the normal distribution. The 

profile deviation occurs in the central part of the subsidence trough, where the influence angle 

defines the common peripheral parts. The experiment identified a significant shape variation 

and estimated that higher horizontal stress results in higher subsidence profile deviations, from 

a normal distribution. The observation suggests the need for an empirical model to cover a 

significant shape deviation. 

Regarding the rock mass properties, the highest, but not significant correlation is 

estimated to be with Poisson’s ratio. However, the influence is too complex to be identified 

by a single factor.  

 

   Maximum subsidence 

 

The response of the maximum subsidence to stress is shown by the deviation of the 

centre point and the magnitude.  

Relatively speaking, the deviation of the centre point was estimated to be between -4 

and +7 degrees, in most cases. The specific relationships were not identified. 

Regarding the maximum magnitude of the subsidence, a sensitivity analysis and the 

rank correlation show the highest dependence on the perturbation coefficient, followed by the 

uniaxial strength. The analysis of subsidence variation due to stress factors indicates that stress 

factors between 2 and 5 resulted in lower subsidence. However, different rock types exhibit 

differing reactions to increasing horizontal stress. In general, three patterns were estimated: 

constant decrease, constant increase and a wave pattern in the beginning, with an extremum 

around a stress factor equal to three and a constant high after a stress factor equal to six. This 

behaviour was interpreted as follows: higher stress first increases resistance to vertical 

displacement, resulting in a decreased subsidence magnitude. However, after reaching a 

certain value, it induces fracturing, causing an increase in subsidence magnitude. This 

interpretation also explains the high positive correlation with the disturbance coefficient. 

 

Asymmetry 

 

The definition of an asymmetrical pattern consists of the skewness of the subsidence 

profile and shows the greatest difference in the central part of the profile.  Skewness is more 

sensitive to the uniaxial strength, stress factor and density.  

The analysis shows that a symmetrical pattern is common in high-density rock (more 

than 2400). This factor describes 75% of the symmetrical cases of the experimental results. In 



89 

 

this range of density, only 2% of cases of asymmetry are identified. While symmetrical cases 

appear in the whole range of stress factors, significant asymmetrical cases accumulate in the 

range from 1 to 4. Identifying asymmetrical cases is more complex. Low uniaxial strength, 

density, and Young's modulus are conducive to asymmetry but do not necessarily limit its 

occurrence.  The asymmetry pattern is interpreted as follows: the longer the elastic phase of 

deformation lasts, the more asymmetrical the subsidence profile becomes. 

 

Influence angle 

 

Influence angle changes are investigated in two directions: the influence of depth and 

the influence of horizontal stress and rock properties.  

Regarding the depth, an increase in influence angle with increasing depth is estimated, 

although the conclusion is made for only one rock type, it is assumed that investigation of 

wider rock mass properties will result in the slope variation.  

An empirical function has been estimated for the influence of rock mass properties. 

The function has an exponential form and depends on the product of the disturbance 

coefficient, the uniaxial strength and Poisson’s ratio. The constants of the equation show a 

high correlation with the stress factor. Integration of the stress improves the solution. Based 

on the function of the influence angle, the role of the stress factor was estimated to be up to 

25% or 12 degrees. 

In conclusion, the hypothesis of asymmetry and shape deviation as a consequence of 

stress conditions is proven, although the exact conditions leading to asymmetry have not been 

estimated. In order to better understand the process, the sensitivity of the parameters to the 

rock mass properties has been generalised in Table 9. The generalisation shows that, despite 

the changes derived from the stress factor, the response depends on the combination of 

different factors that cannot be studied separately. 

 

Table 9. Subsidence parameter sensitivity to rock mass properties.  

 Influence 
angle 

Inflection 
point 

Subsidence 
magnitude 

Skewness 

Density, 𝝆 + + ++ +++ 

Poisson’s ratio, 𝒗 + ++ + + 

Young’s modulus, E + + ++ ++ 

Disturbance coefficient, 𝒎𝒃 +++ + +++ + 

Uniaxial strength, 𝝈𝒊 +++ + +++ +++ 

Stress factor ++ +++ + ++ 
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7 Adaptation of an empirical model to the discovered features 

 

 

 

The numerical investigation highlighted the potential for the improvement of 

subsidence prediction methods through the consideration of shape change and asymmetry. To 

address these aspects, the models of Eickermeier (2005), which considers shape deviation, and 

Quasnitza (1988), which considers asymmetry, were used and, subsequently, adjusted to the 

problem discussed in the fundamentals. 

 

 

7.1 Subsidence asymmetry 

 

 

As mentioned above, Quasnitza (1988) proposed a solution to account for bilateral 

asymmetry (also known as bivariate asymmetry, referring to the lack of symmetry between 

the two sides of a structure) by considering the influence angle as a function of direction.  

However, this solution only covers one particular case of direction-dependent asymmetry and 

does not ensure a balance between subsidence volume and volume shrinkage through correct 

integration (as discussed in Chapters 2 and 4). 

The influence function describes the spatial distribution of subsidence and how it 

varies with relative distance from a cavern. The relative distance is controlled by the influence 

radius R, which is defined in Equation 40. 

where 𝑧 is the depth of the cavern and 𝛾 is an influence angle. 

For simplification, this thesis utilises the term ‘influence radius’ instead of influence 

angle. In practice, however, the influence angle is usually estimated because the depth of 

mining may vary. To introduce asymmetry, the influence function should be direction-

dependent. The direction is defined as the angle φ in Equation 41, which is the horizontal 

angle between vector r and the north direction on the X-Y axis. 

To express the asymmetry of the subsidence trough, a continuous function should be 

implemented in R, which depends on 𝜑 and is defined between 0 and 2π, to describe a closed 

contour. In the symmetric case, 𝑅(𝜑) is described as a constant with a constant value. For 

each specific asymmetric case, it is important to satisfy the volume balance requirement 

𝑅 = 𝑧 𝑐𝑜𝑡  (𝛾)   (40) 

𝜑 = 𝑎𝑟𝑐𝑐𝑡𝑔(
∆𝑦

∆𝑥
)   (41) 
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between the convergence volume and the subsidence volume. The volume under the influence 

of the function integral, presented in Equation 42, must be solved.  

∫ ∫ 𝑒𝑥𝑝 (−𝜋
𝑟 2

𝑅(𝜑)2
)𝑟 𝑑𝑟 𝑑𝜑

∞

0

2𝜋

0

=  ∫
𝑅(𝜑)2

2𝜋

2𝜋

0

𝑑𝜑 =
1

2𝜋
∫ 𝑅(𝜑)2

2𝜋

0

𝑑𝜑  (42) 

This equation does not limit the expression of the function R(φ) to any function that 

provides a variable choice of asymmetry shape; the integration of the solution into the basic 

empirical model solution (Equation 42) provides a general solution for an asymmetrical case 

(Equation 43). The solution is appropriate for any type of asymmetry, ensuring the 

aforementioned volume balance. 

This solution can be reduced to the Sroka and Schober (1982) solution, in the case 

where 𝑅(𝜑) is constant. Some examples to demonstrate the flexibility of the solution are 

presented below.  

 

Examples 

 

The value of 𝑅(𝜑) can be defined by any equation meeting the above-mentioned 

requirements. Examples of such functions are provided in Equations 44 and 45, and are 

illustrated in Figures 41 and 42. These examples use trigonometric and polynomic functions.  

where R is an average mean of the influence radius, estimated by the influence angle in several 

directions; and Δφ is an angle from the North direction, to state the direction of asymmetry, 

in the example Δφ equals 0.  

In both cases (using either a trigonometric function or a polynomial function), it is 

important to estimate the influence angle, in order to obtain the property of influence radius 

in different directions: 

• For the trigonometric function, the influence angle should be estimated 

either in two directions of asymmetry: Δφ and Δφ+1/2 π or, if they are unknown (usually) in 

three directions. Alternatively, the difference in direction should be concluded beforehand.  In 

this case, R represents an average of 𝑧 ∙ 𝑐𝑡𝑔(𝛾) in the two directions. In other words, for this 

trigonometrical case, there are two main directions of profile, one that describes asymmetry 

(Figure 41 with a direction of 90 degrees) and one perpendicular to that one (in the 0 direction), 

without an asymmetrical pattern.  

𝑆(𝑟, 𝜑) =
𝛥𝑉

1
2𝜋

∫ 𝑅(𝜑)2
2𝜋

0 𝑑𝜑 
 ∙ 𝑒𝑥𝑝 (−

𝜋𝑟 2

𝑅(𝜑)2
)  (43) 

𝑅(𝜑) =  (1 + 𝐵 𝑠𝑖𝑛(𝜑) + 𝛥𝜑) ∙ 𝑅 (44) 

𝑅(𝜑) = −A 𝑅 ∙  𝜑4 + B 𝑅 ∙ 𝜑3 + C 𝑅 ∙ 𝜑2 + D 𝑅 ∙ 𝜑 + 𝑅  (45) 
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• For the polynomial function, the influence angle should be estimated in five 

different directions, in order to estimate the polynomial function. The value of R, in this case, 

is the same as in the sin function case, i.e. an average of 𝑧 ∙ 𝑐𝑡𝑔(𝛾). In this case, the influence 

radius must be estimated in general directions and, for the case in Figure 41, its direction of 

inflection points. For this particular case, it must be estimated in five directions to estimate 

the polynomial of the 4th order.  

To calibrate the new function according to Equation 43, Equations 44 and 45 must be 

solved. An analytical solution is provided in Equations 46 and 47, respectively. Both models 

are presented in Figure 42. 

 

 

Figure 41. Definition of 𝑅(𝜑) as a function and discrete relative to the mean value.   

𝑆(𝑟,𝜑) =
𝛥𝑉

1
2𝜋 ∫ (𝑅 +  𝑅𝐵𝑠𝑖𝑛(𝜑))

22𝜋

0
𝑑𝜑

 ∙ 𝑒𝑥𝑝 (−
𝜋𝑟2

𝑅(𝜑)2
) = 

=
𝛥𝑉

1
2 𝑅2(2 + 𝐵2)

  ∙ 𝑒𝑥𝑝 (−
𝜋𝑟2

𝑅(𝜑) 2
)  

(46) 

𝑆(𝑟,𝜑) = ⋯ =
𝛥𝑉

1
2𝜋∫ (−A 𝑅 ∙  𝜑4 + B 𝑅 ∙ 𝜑3 + C 𝑅 ∙ 𝜑 2 + D 𝑅 ∙ 𝜑 + 𝑅) 2 2𝜋

0
𝑑𝜑

 ∙ 

∙ 𝑒𝑥𝑝 (−
𝜋𝑟2

(𝑅(𝜑))
2)  

 

(47) 
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The demonstration of the aforementioned definition of 𝑅(𝜑) in Equation 46 (Figure 

41) is provided in Figure 42a. The demonstration of the aforementioned definition for 𝑅(𝜑) 

in Equation 47 (Figure 41) is provided in Figure 42b.  

In practice, the value of R is estimated from subsidence measurements. Pre-estimation 

of the shape of the trough as a simple figure with one asymmetrical direction, such as a sine 

function or an ellipsoid, can be applied in cases of anisotropic, uniformly distributed horizontal 

stress, simple anisotropies, geological structures, significant changes in the landscape, etc.  

 

Figure 42. Subsidence trough with asymmetry on an example of the radius distribution 

demonstrated in Figure 41. 

 

 

7.2 Subsidence shape flexibility 

 

 

As mentioned in Chapter 4, the solution proposed by Eickermeier (2005) introduces 

a parameter δ which changes the shape of the distribution. However, this solution only satisfies 

the volume balance in a certain range of shape variation. To overcome this limitation, another 

methodology is proposed based on this idea.  

In order to control the shape of the subsidence profile, Sroka and Schober’s (1982) 

influence function exp(−𝜋 (
𝑟

𝑅
)

2
)  is adopted into Equation 48. To ensure the volume balance 

of this influence function, the function should be integrated (analogous to Chapter 7.1), but an 

analytical integral of such a function does not exist. 
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𝑓𝛿(𝑟) = exp (−𝜋 (

𝑟

𝑅
)

𝛿

) (48) 

where 𝛿 is called the shape parameter and is introduced to calibrate the position of the 

inflection point discussed in Chapter 6, ‘Numerical investigation’. 

  

Step 1. Solution of volume balance problem 

 

A numerical method is used to solve this problem. The ratio of the numerical 

estimated volume under influence functions exp(−𝜋 (
𝑟

𝑅
)

2
) and the adopted influence 

function (Equation 48) is independent from R and has an exponential dependency from 𝛿 

(Figure 43). This means that integration can be replaced with a geometrically defined function 

of correction coefficient: 𝑐𝛿  ( 𝛿) (Equation 49, Figure 43).  

 
𝑐𝛿 =  

𝜋 ∫ (𝑓2(𝑟))2𝑟 𝑑𝑟
𝑅

−𝑅

𝜋 ∫ (𝑓𝛿(𝑟))2𝑟 𝑑𝑟
𝑅

−𝑅

 (49) 

The absolute difference of the volumes defined by the disk method is -8,23 e-14 with 

R = 500, and the difference decreases with an increase in the influence radius. 

 

 

Figure 43. Definition of the shape according to the relative position of the maximum slope 

and the correction coefficient. The blue line shows how to use the diagram.  

 

Consequently, instead of iterative numerical integration for each individual case, the 

new function can be weighted by the Sroka and Schober (1982) solution (Equation 50). The 

empirical solution of the shape parameter 𝛿 and the volume correction coefficient 𝑐𝛿 is shown 
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in the diagram (Figure 43). This introduced coefficient has been integrated into the equation 

for the subsidence prediction model (Equation 48). However, this presentation requires a 

numerical solution, which is not preferred. 

 

Step 2. Transforming the solution to an analytical form 

 

 In order to represent the solution analytically, 𝑐𝛿 was plotted against 𝛿 and fitted 

using an exponential function (Equation 51) with an error of 10-11. The result is demonstrated 

in Figure 44, against the numerical solution.  

 𝑐𝛿 =  2.316556800348546 ∙  𝑒−𝛿 + 0.6937466336515017 (51) 

   

 

 

Figure 44. Fitting the correction coefficient function. 

 

Step 3. Empirical solution 

 

 The combination of these steps leads to a general model adapted to the shape 

deviations, which has an empirical solution that does not depend on influence radius (Equation 

52), the solution is not applicable when influence radius is a planimetric function. The solution 

can be reduced to a classical Sroka and Schober (1982) solution by setting 𝛿 = 2. The solution 

is presented graphically (Figure 45) to show the changes in the subsidence profile and the 

location of the inflection point due to the shape parameter. 

 
𝑆(𝑟) =

2.3165568 ∙ 𝑒−𝛿 + 0.6937466

𝑅2 exp(−𝜋 (
𝑟

𝑅
)

𝛿

) (52) 

 
𝑆𝛿(𝑟) =

∆𝑉𝑐𝛿

𝑅2
exp (−𝜋(

𝑟

𝑅
)

𝛿

) (50) 

𝛿 

𝑐 𝛿
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In conclusion, this solution (Equation 52) can cover the shape deviation discussed in 

Chapter 6.3. However, this solution does not cover the asymmetric cases and is more 

applicable to a uniformly distributed stress area. 

 

  

 

Figure 45. The Influence Function (Equation 51) demonstrated according to different shape 

parameters.  

 

 

7.3 Unifying solution 

 

 

According to the aforementioned investigation, the asymmetry and shape deviation 

patterns are mathematically combined in a unifying solution (provided by Equation 53).  

This unifying equation can have different implementations.   

1. When 𝛿 = 2 and 𝑅(𝜑) = 𝑐𝑜𝑛𝑠𝑡, the solution related the assumption of 

symmetry and the normal distribution shape of subsidence. The integral under the volume will 

then be R2 and provide a classical Sroka-Schober (1982) solution.  

2. When 𝛿 = 2 and 𝑅(𝜑) ≠ 𝑐𝑜𝑛𝑠𝑡, the solution related the assumption of 

asymmetry and the normal distribution shape of subsidence. In the specific case when 𝑅(𝜑) =

𝑅0(1+ 𝐵𝑠𝑖𝑛(𝜑)) the integral will be 
1

2
𝑅2(2 + 𝐵2), and the solution becomes a corrected 

Quasnitza (1988) solution.  

3. When 𝛿 ≠ 2 and 𝑅(𝜑) = 𝑐𝑜𝑛𝑠𝑡, the solution related the assumption of 

symmetry but varied the subsidence distribution shape from normal, similar to the solution of 

𝑆(𝑟, 𝜑) =
𝑉 ∙ 𝑧(𝑡)

∫ ∫ (𝑒𝑥𝑝 (−𝜋
𝑟 𝛿

𝑅(𝜑)𝛿) )
2

 𝑟 𝑑𝑟 𝑑𝜑
∞

0

2𝜋

0

 ∙ 𝑒𝑥𝑝 (−𝜋 (
 𝑟

𝑅 (𝜑)
)

𝛿

)  
(53) 

Inflection 

points 

r 
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Eikermeier (2005). To solve the integral, the empirical method is suggested in the form of 

1

2.316556 ∙ 𝑒− 𝛿+0.69374
.   

4. When 𝛿 ≠ 2 and 𝑅(𝜑) ≠ 𝑐𝑜𝑛𝑠𝑡, there is a new combination. The solution 

related the assumption of asymmetry and varying the subsidence distribution shape from 

normal. The analytical solution of the integral does not exist and so, in this case, a numerical 

calculation should be applied.  

 

 

7.4 Conclusion and outlook 

 

 

The present adaptation of the empirical prediction model is intended to cover an 

observed pattern of subsidence due to stress conditions. According to the numerical results, 

stress conditions can lead to significant deviations in the subsidence profiles. The deviations 

include the magnitude of the subsidence, the degree of asymmetry, shifts in the position of 

maximum subsidence and changes in the angle of influence. The different patterns are 

sensitive to the different rock mass parameters that can be used to evaluate the potential for 

deviation.   

According to the analysis of the empirical subsidence prediction models and 

numerical investigation, asymmetry and shape deviation would improve the quality of the 

empirical model. Thus, the chapter presents a potential for the development of subsidence 

prediction methodologies by incorporating considerations of shape change and asymmetry. It 

suggests modifications to existing models to take these factors into account, using the ideas 

developed by Eickermeier (2005) and Quasnitza (1988). 

The solution for subsidence asymmetry proposed by Quasnitza (1988) suggests  

considering the influence angle as a function of direction. However, this documented solution 

does not take into account other types of asymmetries (non-bilateral) and does not ensure a 

balance between subsidence volume and volume shrinkage. To address these limitations, a 

new function has been introduced that can account for any type of asymmetry, based on the 

R(φ) distribution, and ensures an appropriate volume balance (Equation 45).  

The basic solution proposed by Eickermeier (2005) introduced a shape parameter δ 

that controls the shape of the function. However, this solution only satisfies the volume 

balance under certain limited conditions. To overcome these limitations, another method for 

volume balance is proposed. A new proposed empirical solution (Equation 51) considers the 

shape parameter (δ) variation in the volume balance and reduces the complexity of the original 

method by one variable (ζ). 
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For a subsidence case where both patterns (asymmetry and shape deviation) are 

expected, a unifying solution is proposed (Equation 52). This solution, depending on the 

parameters used, can take a form of the classical Sroka-Schober (1982) solution, adopted 

Eikermeier (2005) or Quasnitza (1988) solutions, or even cover a combination of them. 

However, the solution for a combined pattern requires a numerical solution of the integral, 

although computational power is not usually a critical issue, nowadays. 

Looking to the future, the results of this study may lead to more accurate and 

comprehensive subsidence predictions. The incorporation of shape deviations and asymmetry 

into these methods, as well as the development of a more flexible approach to subsidence 

shape, represents significant advances in the field. Further investigation could be devoted to 

the form of asymmetry, the angle difference is probably not the best method to incorporate 

asymmetry. This direction of investigation implies dependence of shape parameters from a 

direction, which is a challenging mathematical issue.  
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8 Application to a full scale 

 

 

 

8.1 General information for a salt cavern storage field 

 

 

The new empirical model was applied to an energy storage cavern in a salt dome in 

north-western Europe. The storage field, commissioned in 1971, was designed to create oil 

storage caverns in a salt dome. The Zechstein salt formations in the region provide an optimal 

environment for cavern construction due to their low permeability and ductile nature, which 

facilitate self-sealing and deformation resilience. 

As of 2017, the facility had 75 operational caverns (Storag Etzel, 2022b). By 2022, 

the total number of caverns had increased to 86 (Appendix B) and categorised into three types:   

• 11 brine-filled caverns functioning as buffer volumes with capacities ranging from 

16,000 to 290\000 cubic meters; 

• 25 oil-filled caverns designed for crude oil storage with capacities between 5,000 and 

730,000 cubic meters; 

• 50 gas-filled caverns serving as storage units for natural gas with capacities varying 

from 440,000 to 930,000 cubic meters. 

The operation of such a large-scale underground storage facility is not without its 

challenges. The stress conditions in the region are influenced by gravitational, tectonic, and 

cavern-induced stresses. The latter, triggered by cavern excavation and operation, can 

potentially lead to deformation and subsidence. This is where the importance of accurate 

subsidence prediction comes into play. 

Subsidence, a significant concern for underground storage facilities, is caused by the 

extraction of salt during cavern construction, coupled with the cyclical injection and extraction 

of fluids. This can change the stress state, causing neighbouring rock strata to deform and 

settle. Minimal subsidence has been observed, with the highest rates recorded being less than 

10 mm per year.  

To evaluate and mitigate potential subsidence impacts, comprehensive monitoring and 

modelling efforts, including geodetic surveys, interferometric synthetic aperture radar 

(InSAR) analysis, and annual classical levelling data collection, are employed. These 

initiatives underscore the importance of ongoing research in this area, ensuring the facility's 

long-term stability and operational efficiency. 
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8.2 Estimation of the observed subsidence surface as reference 

 

 

To create a surface of subsidence based on the levelling measurements, Ordinary 

Kriging (OK) was used. OK uses a regular subsidence grid with a resolution of 35 x 35 m and 

takes into account spatial correlation for parameter estimation (the input is levelling data, 

provided in Figure 45, where the coordinates have been changed for privacy reasons 

(STORAG ETZEL, 2022)).  

The OK approach is advantageous over simple interpolation or irregular data because 

it takes into account spatial dependencies, reducing potential bias. OK is particularly suited to 

irregular and sparse spatial distributions of data, such as the subsidence measurements at Etzel, 

providing unbiased predictions and accounting for spatial autocorrelation. By accounting for 

spatial dependencies, OK provides accurate and reliable subsidence predictions, 

outperforming deterministic interpolation methods (Cheng and Lu, 2000; Oliver and Webster, 

2014). 

The workflow for ordinary kriging applied to subsidence estimation includes the 

following steps (Oliver and Webster, 2014): 

1. Data collection. Gather subsidence measurements from levelling (Figure 46), 

STORAG ETZEL (2022);  

2. Exploratory data analysis. Analyse the spatial distribution and characteristics of the 

collected data, identify trends or patterns, and examine the presence of outliers; 

3. Variogram modelling. Calculate the experimental variogram, which quantifies the 

spatial dependence between pairs of data points at different separation distances (lags). Then, 

a theoretical variogram model is fitted to the experimental variogram, ensuring that it satisfies 

the conditions of positive definiteness and stationarity. For the data set of the Etzel Storage, 

the variogram and its model is presented in Figure 47. On the plots it seems that the secondary 

structure appears in the direction of 150 degrees, according to the recommendations the 

variogram adapted to the ‘smallest’ structure;  

4. Ordinary Kriging interpolation. Using the fitted variogram model, estimate 

subsidence values at unsampled locations, by calculating a weighted average of nearby 

observations. The modelled variogram used nug 100,  minimum 1440, median 1680 and 

maximum 1740. Figure 48 shows the subsidence surface for Etzel based on the levelling data 

and aforementioned variogram model.  
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Figure 46. Initial levelling and cavern data, 2017-2022 (Storage Etzel, 2022a) 

 

 

 

Figure 47. Variogram and variogram models with lag distance 200, lag tolerance 100 for 

every 30 degrees, made with the SGeMS programme, based on the levelling data for the years 

2017-2022, provided by the company ‘STORAG ETZEL, Energy Storage Solution’. 
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Figure 48. OK interpolation of subsidence surface from 2017-2022 for the Etzel energy 

storage field, based on the levelling data.  

 

 

8.3 Model implementation  

 

 

The implementation of the models requires both the parameters and the cavern data. 

The relevant cavern data, together with their descriptions, are given in Appendix C. The 

variation in cavern fill types can potentially affect the magnitude of convergence and, 

consequently, subsidence. In addition, the time influence function cannot be replaced by a 

constant because the caverns have different start times. 

To estimate the parameters, observational data and a model are needed. The 

observation data consists of subsidence measurements obtained by levelling between 2017 

and 2022. The use of a consistent measurement method (levelling) allows parameter 

estimation without the need for additional weighting data. 

To validate the assumptions regarding the shape and asymmetry of the subsidence 

distribution, the results obtained from the classical Gaussian model and its extensions covering 

relative assumptions, are compared with the actual data. The unified approach (Equation 52 

in the previous chapter), which includes and extends the approaches of Sroka-Schober (1982), 

Quasnitza (1988) and Eickermeier (2005), was implemented for four specific cases: 
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a. The 𝛿 = 2 and 𝑅(𝜑) = 𝑐𝑜𝑛𝑠𝑡  model, becoming a Sroka-Schober (1982) 

model. The solution related the assumption of symmetry and a normal distribution of 

subsidence;  

b. The 𝛿 = 2 and 𝑅(𝜑) = 𝑅0(1 + 𝐵𝑠𝑖𝑛(𝜑)) model, becoming a corrected 

Quasnitza (1988) solution. The solution related the assumption of asymmetry and a normal 

distribution of subsidence; 

c. The 𝛿 ≠ 2 and 𝑅(𝜑) = 𝑐𝑜𝑛𝑠𝑡  model, becoming a simplified and corrected 

Eickermeier (2005) solution. The solution related the assumption of symmetry but varying the 

subsidence distribution shape from normal; and 

d. The 𝛿 ≠ 2 and 𝑅(𝜑) = 𝑅0(1+ 𝐵𝑠𝑖𝑛(𝜑)) new combination model. The 

solution related the assumption of asymmetry but varying the subsidence distribution shape 

from normal.  

 According to the aforementioned description of a cavern, the time influence function 

z must represent the relationship with time and be influenced by the filling, comprehensively. 

To cover the requirements, a classic time dependency function is used (Equation 4, Chapter 

4). 

 

 

8.3.1 Parameter estimation results 

 

 

The subsidence magnitude at specific coordinates is calculated in Python by 

considering the cumulative impact of multiple caverns. To estimate the required parameters, 

such as 𝑐, cot 𝛽 , 𝜑0 , 𝐵 and  𝛿, the SciPy library's (SciPy Community, 2019) method of 

residuals minimisation was employed.  

For global parameter estimation, the Basin-hopping approach is chosen over other 

methods. The advantage of Basin-hopping lies in its ability to avoid local minima through 

stochastic perturbations, enabling a more comprehensive search across multi-dimensional 

parameter spaces. This contrasts with methods like the Gauss-Newton iterative adjustment, 

which is more prone to getting stuck in local minima or Genetic Algorithms and introduces 

more randomness, requiring a larger number of function evaluations.  

Other parameter estimation methods were also tested for comparison, as discussed in 

Chapter 4.3.3, but they either yielded similar or worse results. Utilising Python's SciPy library 

(SciPy Community, 2019) for this purpose is advantageous because it offers pre-optimised 

algorithms and functions. The parameters for models presented in Table 10 arise from the 

parameter estimation process. The discussion of the parameters is provided below.  
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Table 10.  The parameters for different assumptions. dX and dY represent a dislocation of the 

subsidence maximum from the cavern axis.  

Model: 

𝒄
𝒈

𝒂
𝒔 
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𝒄
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𝝋
𝟎
, 

d
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e
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𝑩
 

𝜹
 

a 
𝜹 = 𝟐 

B = 0 

Classical 

solution 
0.012 

μ≈0.6% 
0 0 33.23 15.5 0.6 0 0.00 2.00 

b 
𝜹 ≠ 𝟐 

B = 0 

Unifying 
shape 

0.013 

μ≈0.65% 
0 0 33.86 16.0 1.7 0 0.00 0.99 

c 
𝜹 = 𝟐 

𝑩 ≠  𝟎 

Unifying 

asymmetry 
0.023 

μ≈1.1% 

0.003 

μ≈0.15% 
0 24.06 15.5 1.7 209 0.54 2.00 

d 
𝜹 ≠ 𝟐 

𝑩 ≠  𝟎 

Unifying 
solution 

0.036 

μ≈1.7% 

0.005 

μ≈0.25% 
0 30.85 18.3 0.2 209 0.54 1.50 

 

Convergence related parameters. The estimated parameters show that a gas cavern 

has a higher convergence rate, which makes sense due to the higher compaction of gas relative 

to oil and brine; this confirms the conclusions of other authors in the field (Tajduś et al., 

2021b). The convergence of brine, estimated as 0, seems unrealistic. The value for oil caverns 

looks underestimated, which could be partly explained by their location: most of them are 

surrounded by gas caverns and have higher convergence and, in general, longer exploitation 

periods (the location of caverns, their volume and exploitation time can be seen in Appendix 

D and E). The problem with overestimating one parameter and underestimating another can 

be seen as a potential for the development of parameter estimation algorithms; however, for 

this particular research, the topic is out of scope. 

Dislocation of maximum subsidence from cavern axis. For all solutions, the 

maximum subsidence displacement is in the northern direction, mainly around 15 degrees. 

This value was estimated as the critical deviation value in the numerical investigation.   

Asymmetry coefficient B and its direction. According to the estimated parameters, 

there is a strong asymmetry in the north-west direction. 

Shape deviation showed quite different results for solutions b and d. Since parameter 

B is high for solution d and c, it can be assumed that the shape parameter (δ) estimated for the 

unifying shape has been overestimated to cover the asymmetry pattern. However, the 

development of parameter estimation is not an aim of this thesis; therefore, this topic is not 

discussed in detail. 

 

 

 



105 

 

8.4 Statistical validation of models 

 

 

In order to compare and evaluate the performance of different models, several 

evaluation metrics were used. These include the Mean Squared Error (MSE), the Mean 

Absolute Error (MAE), the Standard Deviation (STD), the R2 value, the distribution of the 

residuals and QQ-plots. 

According to the statistical data presented in Table 11, both the integration of shape 

and asymmetry improves the results of the model. The BIC and AIC have been combined 

because they represent, more or less, the same parameter, balancing complexity and quality. 

 

Table 11. The statistical values of the model solutions compared with levelling data. 

Model MSE  MAE  R2 STD 
Median 

Deviation 
AIC / 
BIC 

Classical solution (a) 133 7.4 0.968 11.36 4.88 
5665 
5693 

Unifying shape (b) 116 6.1 0.972 10.79 3.05 
5567 

5599 

Unifying asymmetry (c) 105 6.4 0.975 10.15 4.15 
5495 
5532 

Unifying solution (d) 91 5.5 0.978 9.46 3.28 
5394 
5435 

 

According to the table evaluation, the best model is represented by the unifying 

solution, which improves the classical solution by all criteria. The introduction of shape 

deviation based on MSE improves the solution by 12%, asymmetry by 21% and both together 

by 31%. The difference in R2, AIC and BIC is not significant. 

To identify the nature of the error, the QQ plot is used to analyse whether the residuals 

are normally distributed. The plot shows the quantiles from the theoretical distribution on the 

x-axis and the quantiles from the data set on the y-axis. The more the data set lies on the red 

line, the more it is normally distributed. On the other hand, a curved, skewed or S-shaped 

pattern of data would suggest that the data is not normally distributed. It could indicate 

skewness in the data or the presence of outliers. The deviation from the line indicates the 

existence of  outliers, which has a significance for the pattern of the subsidence model, which 

is not covered.  
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Figure 49. Statistical representation of the residuals for the classical solution (a), described in 

Table 10. 

 

The statistical plots for the classical solution shown in Figure 49 represent the classical 

solution (a) Table 10 implementation. The solution represents a normal distribution, which 

shows skewness, meaning that the residuals are not normally distributed. The comparison with 

other models is discussed below. 
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Figure 50. Statistical representation of the residuals for unifying shape solution (b), described 

in Table 10. 

 

In the solution with shape adaptation, as shown in Figures 49 (a) and 50 (a), an 

increase in the frequency of residuals around 0 is observed, increasing from 0.72 to 0.86; this 

is the number of points where the residuals are around 0. In part (c) of Figures 49 and 50, 

skewness is evident in both cases but the integration of shape adaptation seems to mitigate this 

skewness according to the curvature magnitudes, as suggested by the QQ plot. A more linear 

character is also evident in the plot of predicted versus measured values, especially around 0, 

and at the maximum magnitude of subsidence, when compared to the classical solution. In 

conclusion, the shape fitting improves the quality of the prediction but the asymmetry is still 

presents on QQ plots. 
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Figure 51. Statistical representation of the residuals unifying asymmetry solution (c), 

described in Table 10. 

 

In the solution with asymmetry, as shown in Figure 51, the incorporation of 

asymmetry in the subsidence prediction model appears to narrow the histogram towards 0, 

compared to the classical solution (Figure 49), and reduce its skewness, compared to the 

classical solution and the unifying shape solution (Figure 50). However, the histogram of the 

residual, in this case, is wider than for the unifying shape solution (Figure 50). This trend 

towards the target value is also evident in the QQ plot and the plot of predicted versus 

measured values. The convergence to the line on the QQ plot implies that the inclusion of 

bilateral asymmetry in the model reduces the skewness of the residuals. The residual part of 

the skewness could either represent outliers or indicate a more complex asymmetrical 
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structure. In conclusion, the assumption of asymmetry by angle of influence covers most of 

the asymmetry, but does not increase the number of points where residuals are around zero.  

 

 

Figure 52. Statistical representation of the residuals for the unifying solution (d), described in 

Table 10. 

 

For the solution with asymmetry and shape patterns shown in Figure 52, the residual 

histogram has the highest frequency (around 0) among the presented solutions (Figures 49-

51. The skewness of the QQ plot is the same as for the asymmetry adopted solution (Figure 

51). Although the unifying solution has the highest number of parameters, it still has lower 

AIC and BIC results (discussed in the basics), which evaluate the balance between complexity 

and quality of the prediction model. 

In order to visualise the differences between the relative caverns, the residuals were 

mapped (Figure 53). These maps were constructed from the differences between the 

subsidence surface (based on levelling data and ordinary Kriging interpolation) and 
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simulations based on different cases of the unified solution. On the map, a negative difference 

means that the estimated subsidence is overestimated (blue) and a positive difference means 

that it is underestimated (red). 

 

 

Figure 53. The residuals maps for different solutions described in Table 10. Black points 

represent the location of caverns. 

 

 The figure shows four residual maps where different patterns were included in the 

unifying solution: 

a. The classical solution is a solution with a normal distribution shape and 

symmetric pattern (Figure 53a, Table 10). The residual distribution shows that the solution 

overestimates the subsidence in the central area where the caverns are located, which can be 

a sign of a shape deviation problem. On the other hand, in the periphery there is an oriole of 

underestimation that is wider in the north-west direction, emphasising the asymmetric pattern 

of subsidence.  
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b. The unifying shape solution is a solution with a non-normal distribution shape 

of subsidence and symmetric pattern (Figure 53b, Table 10). The model has a better solution 

in the central part but an underestimation in the north-west direction. The residuals are smaller, 

on average, resulting in a smaller MSE. The better results, compared to the classical solution, 

are evident in the shape deviation pattern. 

c. The unifying asymmetry solution with normal distribution shape but bilateral 

asymmetry pattern is shown in Figure 53c (Table 10). The peripheral part of the cavern field 

in the solution is mainly present in the area of ± 5 mm. The central area has no significant 

improvements, compared to the classical solution, and looks a bit worse compared to the shape 

unifying solution. According to the statistical evaluation, the application of this solution for 

this particular case is, in general, better than shape adaptation or a classical solution. 

d. The unifying solution with a non-normal distribution of subsidence profile 

and bilateral subsidence asymmetry patterns is shown in Figure 53d (Table 10). Among all of 

the implemented solutions, the unifying solution presents the best statistical and visual 

parameters. Due to the visual observation, most of the asymmetry pattern is covered and the 

central part also has lower absolute residuals. Despite the higher parameters, due to the BIC 

and AIK criteria, it is the best balance between quality and complicity.  

In order to investigate the difference in the solution in detail, normalised subsidence 

profiles were plotted in different directions for the classical and unified solution (in Figure 54, 

this presents a plan with cavern and profile lines; Figure 55 shows profiles in different 

directions). 
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Figure 54. The subsidence prediction in the direction of symmetrical patterns.  

  

Figure 55 shows the profiles of the measured data and those simulated by the classical 

solution (a) and the unifying solution (d) (Table 10) in the different directions (Figure 54). 

The shape deviation adaptation ensures the fitting of the maximum subsidence part with the 

same quality as the peripheral data. According to Figure 55 (from a to d), it is obvious that the 

classical solution balances between fitting the periphery and the central part of the subsidence, 

which is the mathematical limit of the model. The difference in precision between the left and 

right parts are different (a and c), which emphasises the asymmetry pattern that is not covered 

in the classical model. At the same time, the residuals for the unifying solution are more 

symmetrical. The central part the asymmetry is less valuable due to the magnitude but it can 

also be detected in Figure 55c and 55d.  

Overall, the classical solution is able to cover either the periphery or the central parts 

of subsidence profile but tries to find a balance between the two, whereas, the new solution 

captures better the global shape of the subsidence profile. 
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Figure 55. The subsidence profiles and residuals for classical and unifying solutions in 

different directions.  

 

 

8.5 Conclusions 

 

 

In accordance with the results obtained from the numerical experiment, it was found 

that stress conditions have the potential to induce asymmetry and shape deviation. In order to 

validate these findings, a classical Gaussian model, together with its adaptation for asymmetry 

and shape, was implemented in the field of salt caverns in order to estimate the subsidence 

over five years. The key to validation was to determine whether the inclusion of asymmetry 
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and shape deviation in the subsidence model could improve the accuracy of subsidence 

predictions. The degree of improvement was estimated based on a comprehensive statistical 

analysis that included the use of classical SME, MAE, and R2 parameters and residual 

distribution analysis. 

The validation process has confirmed the initial findings by estimating that the 

inclusion of asymmetry and shape deviation in the subsidence prediction model, particularly 

in areas of high horizontal stress, can significantly improve the predictive capabilities of the 

model. This fact indirectly validates the results of the numerical experiments. However, since 

asymmetry and shape deviation exist in parallel with the subsidence process, the most 

effective approach is to incorporate both elements into a unified model. This approach ensures 

that the interaction between these two factors is adequately accounted for, thereby improving 

the predictive accuracy of the model. Unfortunately, an analytical solution to such a complex 

integral does not currently exist and can only be estimated numerically. This presents a 

challenge to the development of a unified model, but also opens up opportunities for future 

research and the application of empirical methods.  
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9 Conclusion  

 

 

 

This thesis investigates the prediction of mine subsidence under tectonic influence. 

According to the classical understanding of subsidence, the subsidence trough is symmetrical 

and described as a normal distribution of the underground void. However, observations in 

areas of tectonic influence have shown a deviation from this picture. In these areas, subsidence 

with peripheral uplift occurs in an asymmetric and/or non-normal distribution. Using 

numerical investigations, this research comprehensively analysed subsidence profile deviation 

and developed an empirical model, which was able to cover it. The model is tested on a real 

case of subsidence and showed better results, compared to the classical method.  

In the state of the art, the research gaps were identified, in relation to the connection 

between the studied anomalies and stress conditions and the coverage of the anomalies with 

the empirical subsidence prediction method. The research covered the gaps with the 

comprehensive analysis of a numerical experiment and an empirical model of the subsidence 

prediction method. With respect to the gaps, the thesis presents findings relating to:  

• Coupling of rock properties with subsidence profile parameters to improve an 

understanding of the subsidence trough formation process. 

• Development of a new influence function for the empirical subsidence 

prediction method covering different cases, such as normal distribution influence function, 

shape deviation and asymmetry. 

In order to improve the accuracy of subsidence prediction methods by incorporating 

the effects of horizontal stress, while ensuring the plasticity of the empirical methods, research 

has been carried out to develop the main objectives ‘step-by-step’. 

The thesis started by developing a comprehensive understanding of the state of the art 

(the first objective). Different subsidence prediction methods were described, focusing on 

numerical modelling, which is commonly used for such case studies, and empirical models, 

which are more practical but limited to predicting global patterns. In empirical models, 

subsidence profiles are usually presented as a symmetrical distribution (a normal distribution 

in Germany and Poland). However, subsidence observations show deviations from this 

assumption, so-called ‘anomalies’. The literature review showed that the presence of these 

anomalies, such as uplift, asymmetry and shape deviation, correlates with the presence of 

stress-related patterns. Different strategies for empirical models were developed, e.g. based 

on cell division, the sum of the different influence functions and the influence angle function 

from a geographical direction. 
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In conclusion, the lack of a comprehensive investigation of stress conditions on 

subsidence profiles, as well as a unifying solution to cover different anomaly types in one 

function, was identified. To cover the gaps, the following plan was proposed: 

a. Employing a numerical experiment to provide an understanding of the subsidence 

patterns resulting from different stress conditions; 

b. Developing the model that covers the patterns; 

c. Comparing the residuals of new, and older models, implemented on a full-size 

subsidence field.  

In order to implement the plan, a basic structure was set up under Objective 2. This 

objective had several components. It began with the introduction of empirical models for 

predicting subsidence. While these models share a common basic structure, they address 

different patterns. Notable models include Sroka and Schober's (1982) basic model, 

Quasnitza's (1998) asymmetry model, and Eickemeier's (2005) shape deviation model. The 

design of the numerical experiment was then discussed in detail. The insights gained from the 

results of the experiment were crucial in identifying key patterns. These patterns were then 

used to build a new comprehensive prediction model. 

For data evaluation, observational studies are essential. Both levelling and InSAR data 

are suitable for this research. However, the state of the art referenced the absolute difference 

between these two types of data. As a result, levelling data was chosen for this investigation. 

These data allowed us to define the model parameters, which then lead to a comprehensive 

review of parameter estimation methods. In addition, statistical tools and methods were 

examined to compare different model implementations. The culmination of this research is 

the presentation of the final results. 

The modelling and processing of the numerical experimental results (Objective 4) 

provided a deeper understanding of the main relationships between rock mass properties and 

subsidence profile parameters. 

Firstly, the numerical investigation confirmed the assumption that subsidence 

asymmetry and shape deviation can occur due to stress conditions. However, the effect is 

different depending on the rock mass properties. The overall influence of stress state is 

complex and difficult to fit an empirical function to. However, statistical tools were used to 

estimate some of the causal relationships. 

If the stress is uniformly distributed, the shape deviations are symmetrical, including 

the angle of influence and the maximum magnitude of the subsidence, while the non-

uniformly distributed stress causes asymmetry. According to the investigation, the shape can 

deviate from the normal distribution, in terms of the position of the inflection point, with the 

inflection point moving towards the centre, in the case of compressive stress, and away from 
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it in the other case. However, the analysis also showed that the position of the inflection point 

not only depends on the stress conditions but, also, on the transformation of the deformation 

from a vertical to a horizontal direction and vice versa. In this sense, the different position of 

the inflection points leads to an asymmetry, which is measured as the skewness of the 

subsidence profile.  

Asymmetry showed the greatest influence of uniaxial strength, density and stress 

factor. However, deeper analysis has shown that asymmetric shape formation occurs in the 

elastic phase of deformation. A longer elastic phase not only induces asymmetry but also has 

a relatively large influence on the maximum subsidence. During the elastic phase, the excess 

horizontal stress deforms the rock mass by increasing the resistance to vertical displacement, 

while the cracking process otherwise contributes to vertical displacement. Further increases 

in horizontal stress reform and deform the rock mass, narrowing the cracks which, in turn 

increases the above resistance. This interpretation explains the peaks in the subsidence 

prediction plots versus applied stress. 

 A particular success was the estimation of the contribution of stress to the definition 

of the influence angle. It was shown that stress can be a reason for a 12-degree deviation in 

the magnitude of the influence angle. The estimated function is in good agreement with 

numerical experiments, but needs to be extended to include depth effects and verified in a real 

subsidence case.  

 In conclusion, the influence of the form of asymmetry and shape deviation of the 

subsidence profile was confirmed and lead to the development of the empirical subsidence 

prediction method, which is able to cover them (Objective 5). A unifying solution, based on 

the different ideas and their combinations, was applied to cover the patterns of asymmetry and 

shape deviation estimated by numerical investigation. In particular, the ideas of Eickemeier 

(2005) - for shape deviation, Quasnitza (1988) - for asymmetry, and Sroka and Schober (1982) 

as a basis, were combined and extended. 

To validate the new solution (Objective 6), the ETZEL energy storage field of a salt 

cavern was selected. The levelling data were used to estimate parameters for different assumed 

patterns: normal distribution, shape deviation, asymmetry and a combination of patterns. The 

predicted subsidence trough was calculated for all solutions. According to the statistical 

analysis, which includes the complicity and accuracy of the model, it was estimated that, in 

this particular case, the solution gives a better result. Based on the equally weighted 

combination of different statistical parameters, the unifying solution gives a 24% better 

statistical result than the representation of the subsidence profile as a normal distribution. 

 

  



118 

 

9.1 Limitations  

 

 

The experimental part of the study was based on the results of numerical modelling, 

which assumed a degree of simplification by simulating real conditions and rock behaviour, 

leading to the numerical constraints. Relying on the numerical models potentially leaves gaps 

in the actual field data, as the approach cannot assess whether the data are representative. 

Despite the variety of rock masses considered, it is not clear which result is more 

representative of real rock mass behaviour and which is purely numerical in nature. 

Furthermore, the additional simplification applies to homogeneous rock masses, leaving the 

question of inhomogeneous rock mass behaviour unanswered. The research investigates the 

stress conditions, despite the geological structures or the groundwater which can modify them, 

although neither has been considered in this research. Furthermore, in the models presented, 

the stress distribution is characterised as a gradient, a representation which may vary in real 

cases. All of this affects the numerical experimental results. Augmenting the validation 

process with more field studies could address these gaps. 

With regard to the proposed subsidence prediction model, although innovative, it 

introduces a degree of complexity due to the numerical estimation of the integral in some 

cases. However, with modern technological capabilities, these challenges appear to be 

manageable. The most resource-intensive phase is parameter estimation, especially when 

dealing with large data sets.  However, a more serious limitation has been identified in this 

regard. In the prediction method, different parameters have different meanings, while 

parameter estimators only rely on their mathematical definition. Thus, the importance of one 

factor may be masked by the effects of another. This limitation can lead to a lack of 

understanding of the subsidence process and to the estimation of parameters that are unlikely 

to be reliable. 

 

 

9.2 Outlook 

 

 

This work presented a first step towards investigating the stress conditions that 

influence the subsidence profile. While the work presented a way to cover the numerically 

confirmed stress contribution, there are other issues that can be investigated further.  

 In the first place, the perspective belongs to the understanding of the subsidence 

process itself. In spite of the comprehensive analysis presented here, the causal relationship 
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can be better investigated through additional experiments, e.g. studying subsidence as a 

dynamic process, looking at the contribution of stress relief conditions in more detail. More 

detailed investigation of the cracking process and its influence on the magnitude and ratio of 

subsidence is also suggested. 

 While this work deals with the combination of influences of different rock mass 

parameters, a significant contribution to the understanding of subsidence trough formation 

could be a more specific, concentrated investigation, e.g. analysing the contribution of each 

factor separately and then using this knowledge to unpick the influence of the rock parameters 

on the subsidence profile parameters. As discussed earlier, the investigation of the changes in 

the angle of influence due to mining depth could contribute to the field of subsidence 

engineering. 

 As mentioned above, the stress condition is considered in terms of stress ratio and is 

either uniformly distributed or implemented as a gradient; the investigation of other forms of 

stress distribution, to understand whether the difference in subsidence troughs with stress 

gradients is significant, could not only be an extension of the thesis, but would also help us to 

understand the response of the subsidence trough to the stress difference. 

 With regard to the subsidence parameters themselves, it is important to have an 

appropriate influence function. In the state of the art, different methods are provided, which 

could also be developed for the discovered features. The work is limited to the polar coordinate 

influence function but the 3-dimensional cell-based solution may be more applicable or 

provide better results. The integration and comparison of different assumptions could extend 

this research.  

 As always, any solution would benefit from wider validation and comparison with 

other solutions on real subsidence cases. A neural network algorithm could be used to better 

understand the causation between observable stress sources (as described in the state of the 

art) and subsidence parameter deviation. Work in this direction will lead to the more 

mathematical topic of the development of parameter estimation techniques, in order to provide 

reasonable parameters. 

Despite the limitations and outlook provided, the thesis presents a comprehensive 

study of the contribution of stress to the subsidence prediction model, resulting in a significant 

improvement in prediction accuracy. The implemented model has been successfully applied 

and validated, demonstrating its potential for universal applicability. Furthermore, the stress 

distribution sources provided allow the identification of areas that would benefit from model 

extension without the need for extensive geomechanical investigations. By covering 

symmetrical solutions, the proposed model provides valuable practicality. 
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In summary, this thesis makes a significant contribution to the understanding of 

subsidence prediction under tectonic influences. While acknowledging the identified 

limitations, the research opens up promising avenues for future investigation and advancement 

in subsidence prediction methodology. 
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Appendix A: Rock mass parameters 
 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑
 

𝑬,𝑷𝒂 𝒗 𝝈𝒊,𝑷𝒂 𝒎𝒃 Cluster 

IG
N

E
O

U
S

 
Andesite 2600 4.00E+10 0.28 1.38E+08 13 1 

Basalt 3000 6.00E+10 0.23 8.66E+08 13 2 

Diabase 2920 8.65E+10 0.24 2.97E+08 8 2 

Diorite 2900 6.50E+10 0.27 2.25E+08 13 0 

Dolerite 2900 6.50E+10 0.25 8.66E+08 8 2 

Gabbro 3100 7.00E+10 0.18 2.17E+08 14 2 

Granite 2655 5.00E+10 0.21 1.76E+08 16 0 

Norite 3000 8.36E+10 0.21 2.25E+08 10 2 

Rhyolite 2600 4.20E+10 0.20 5.77E+08 8 0 

Slate 2690 7.76E+10 0.25 1.74E+08 8 2 

M
E

T
A

M
O

R
P

H
IC

 
 

Gneiss 2795 5.50E+10 0.25 1.67E+08 14 2 

Marble 2685 5.00E+10 0.28 1.40E+08 5 2 

Marl 2200 6.36E+09 0.22 1.23E+08 4 0 

Phyllite 2450 5.50E+10 0.26 1.33E+08 6 0 

Quartzite 2640 7.00E+10 0.20 2.21E+08 10 0 

Schist 2595 3.25E+10 0.17 7.75E+07 5 2 

S
E

D
IM

E
N

T
A

R
Y

 

Claystone 2115 5.25E+10 0.33 8.00E+06 2 2 

Conglomerate (1) 2615 5.00E+10 0.25 1.27E+08 11 0 

Conglomerate (2) 2600 4.00E+10 0.10 4.00E+07 6 2 

Dolomite 2200 3.00E+10 0.23 2.30E+08 5 2 

Limestone 2415 4.50E+10 0.22 1.57E+08 4 2 

Mudstones (1) 2270 3.75E+10 0.15 1.88E+08 4 2 

Sandstone (1) 2185 2.55E+10 0.26 1.20E+08 9 0 

Sandstone (2) 2185 2.55E+10 0.10 1.20E+08 9 0 

Sandstone (3) 2050 3.00E+10 0.14 9.60E+07 10 2 

Sandstone (4) 2185 4.00E+10 0.26 1.20E+08 9 0 

Sandstone (5) 2185 2.55E+10 0.10 1.20E+08 2 0 

Shale (1) 2535 1.75E+10 0.17 2.10E+07 4 2 

Shale (2) 2300 2.00E+10 0.10 2.50E+07 6 1 

Siltstone 2000 1.65E+10 0.22 6.35E+07 4 2 

Tuff 2605 4.50E+10 0.19 6.10E+06 7 2 



 
 

Appendix B: Experiment results: Subsidence profiles 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑
 

𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Andesite 2600 4.00E+10 0.28 1.38E+08 13 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Basalt 3000 6.00E+10 0.23 8.66E+08 13 

 



144 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Diabase 2920 8.65E+10 0.24 2.97E+08 8 

 



145 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Diorite 2900 6.50E+10 0.27 2.25E+08 13 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Dolerite 2900 6.50E+10 0.25 8.66E+08 8 

 



147 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Gabbro 3100 7.00E+10 0.18 2.17E+08 14 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Granite 2655 5.00E+10 0.21 1.76E+08 16 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Norite 3000 8.36E+10 0.21 2.25E+08 10 

 



150 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Rhyolite 2600 4.20E+10 0.2 5.77E+08 8 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Slate 2690 7.76E+10 0.25 1.74E+08 8 

 



152 

 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Gneiss 2795 5.50E+10 0.25 1.67E+08 14 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Marble 2685 5.00E+10 0.28 1.40E+08 5 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Marl 2200 6.36E+09 0.22 1.23E+08 4 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Phyllite 2450 5.50E+10 0.26 1.33E+08 6 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Quartzite 2640 7.00E+10 0.2 2.21E+08 10 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Schist 2595 3.25E+10 0.17 7.75E+07 5 

 



158 

 

Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Claystone 2115 5.25E+10 0.33 8.00E+06 2 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Conglomerate (1) 2615 5.00E+10 0.25 1.27E+08 11 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝑬, 𝑷𝒂 𝒗 𝝈𝒊, 𝑷𝒂 𝒎𝒃 

Conglomerate (2) 2600 4.00E+10 0.10 4.00E+07 6 
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Rock type 
𝝆,

𝒌𝒈

𝒎𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Dolomite 2200 3.00E+10 0.23 2.30E+08 5 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Limestone 2415 4.50E+10 0.22 1.57E+08 4 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Mudstones 2270 3.75E+10 0.15 1.88E+08 4 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Sandstone (1) 2185 2.55E+10 0.26 1.20E+08 9 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Sandstone (2)/2_Sandstonee 2185 2.55E+10 0.10 1.20E+08 9 

 



166 

 

Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Sandstone (3)/ Sandstone 1 2050 3.00E+10 0.14 9.60E+07 10 

 



167 

 

Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Sandstone (4)/ 12,3 2185 4.00E+10 0.26 1.20E+08 9 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Sandstone (5)/ 12,4 2185 2.55E+10 0.10 1.20E+08 2 
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Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Shale (1) 2535 1.75E+10 0.17 2.10E+07 4 

 

 



170 

 

Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Shale (2) 2300 2.00E+10 0.10 2.50E+07 6 

 



171 

 

Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Siltstone 2000 1.65E+10 0.22 6.35E+07 4 

 



172 

 

Rock type 
𝛒,

𝐤𝐠

𝐦𝟑 
𝐄, 𝐏𝐚 𝐯 𝛔𝐢,𝐏𝐚 𝐦𝐛 

Tuff 2605 4.50E+10 0.19 6.10E+06 7 
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Appendix C: Correlation and rank correlation between rock properties and subsidence profile parameters  

 

ρ E v 𝜎𝑖  mb Stress 

factor 

Smax Inflection 

point 

(input) 

Inflection 

point 

(release) 

Skewness Plateau 

angle 

(input) 

Plateau 

angle 

(release) 

Influence 

angle 

(Input) 

Influence 

angle 

(release) 
 

ρ 1.00 0.77 0.19 0.50 0.57 -0.02 0.35 -0.03 -0.10 0.38 -0.04 0.14 0.29 -0.35 

N
o
rm

a
l 
co

rr
el

a
ti

o
n

 c
o
ef

fi
ci

en
t 

(b
y
 P

ea
rs

o
n

 m
et

h
o
d
) 

E 0.80 1.00 0.40 0.39 0.46 -0.01 0.50 0.00 -0.24 0.12 -0.01 0.08 0.42 -0.41 

v 0.17 0.41 1.00 0.19 0.15 -0.03 0.28 0.26 -0.37 -0.13 0.07 -0.01 0.43 -0.36 

𝜎𝑖  0.63 0.61 0.25 1.00 0.31 0.00 0.41 -0.12 -0.02 0.52 0.03 0.09 0.47 -0.49 

mb 0.56 0.50 0.15 0.43 1.00 -0.03 0.60 0.01 -0.17 0.23 0.10 0.02 0.42 -0.43 

Stress factor -0.02 -0.01 -0.04 -0.01 -0.03 1.00 -0.06 0.05 -0.01 0.01 -0.01 0.02 0.22 -0.12 

Smax 0.58 0.56 0.32 0.70 0.75 -0.09 1.00 -0.06 -0.08 -0.02 0.17 0.14 0.41 -0.32 

Inflection 

point (input) 
-0.03 0.01 0.26 -0.07 0.01 0.03 0.09 1.00 -0.18 -0.31 0.15 -0.10 0.10 -0.14 

Inflection 

point (release) 
-0.09 -0.26 -0.39 -0.07 -0.12 -0.05 -0.10 -0.17 1.00 0.12 0.06 0.04 -0.35 0.31 

Skewness 0.26 0.07 -0.24 0.31 0.19 0.02 0.28 -0.27 0.10 1.00 -0.06 0.16 0.31 -0.45 

Plateau angle 
(input) 

-0.12 -0.09 0.03 -0.12 -0.03 -0.02 -0.02 0.16 0.02 -0.14 1.00 0.04 0.06 -0.06 

Plateau angle 

(release) 
0.18 0.22 0.25 0.26 0.15 -0.04 0.19 -0.01 -0.16 -0.03 -0.33 1.00 0.05 -0.08 

Influence 

angle (input) 
0.32 0.43 0.43 0.55 0.41 0.27 0.57 0.13 -0.37 0.26 -0.11 0.25 1.00 -0.90 

Influence 

angle 

(release) 

-0.35 -0.42 -0.39 -0.51 -0.44 -0.12 -0.64 -0.18 0.35 -0.42 0.13 -0.23 -0.89 1.00 

 

 Rank correlation coefficient (by Spearman method)   



 

 

Appendix D: Caverns map  

 



 

 

Appendix E: Caverns data for 2022.  

 Name X Y 𝐳𝐫 𝐳𝐟 Year Type Volume 

1 102 925566 427317 848 1500 1977 Oil 488736 

2 103 925652 426824 855 1500 1978 Gas 641162 

3 104 925514 427557 855 1500 1978 Oil 668584 

4 105 925426 427783 836 1500 1977 Gas 778815 

5 106 925342 428006 883 1500 1978 Oil 627372 

6 107 925742 426592 878 1500 1978 Gas 880264 

7 108 925595 426351 896 1300 1977 Oil 334567 

8 109 925496 426592 874 1320 1978 Oil 536069 

9 110 925415 426828 870 1500 1978 Oil 258078 

10 111 925360 427134 830 1500 1977 Gas 655733 

11 112 925310 427376 860 1500 1977 Gas 760602 

12 113 925227 427604 826 1500 1978 Oil 718301 

13 114 925173 427827 1019 1680 1977 Gas 679975 

14 115 925363 426248 871 1450 1978 Oil 720447 

15 116 925261 426491 844 1200 1978 Oil 338429 

16 117 925185 426946 818 1470 1976 Gas 725632 

17 118 925125 427172 830 1490 1976 Gas 705033 

18 119 925055 427420 903 1550 1978 Oil 658341 

19 120 924987 427664 1077 1750 1978 Gas 518000 

20 121 924975 427992 1208 1850 1978 Gas 521080 

21 122 925285 426003 905 1500 1978 Gas 511650 

22 123 925048 426560 905 1580 1978 Oil 642188 

23 124 924989 426782 888 1482 1976 Gas 722924 

24 125 924873 427003 838 1200 1977 Oil 385816 

25 126 924877 427250 1015 1650 1977 Gas 497570 

26 127 924799 427490 1169 1759,8 1978 Gas 494870 

27 128 925060 425844 896 1548,8 1978 Gas 509747 

28 129 924931 426050 903 1490 1978 Gas 547130 



176 

 

 Name X Y 𝐳𝐫 𝐳𝐟 Year Type Volume 

29 130 924914 426329 928 1529,4 1978 Gas 520190 

30 131 924863 426595 1065 1699 1977 Gas 543850 

31 132 925218 426718 845 1500 1988 Oil 528687 

32 133 925114 426190 875 1450 1978 Oil 596519 

33 201 924927 425587 975 1449,1 1997 Oil 674774 

34 202 924730 425842 945 1558 2006 Oil 558429 

35 203 924651 426417 1080 1690 2010 Oil 543667 

36 207 924774 425311 1050 1479,7 1997 Oil 596944 

37 208 924621 425514 955 1494 1998 Oil 530005 

38 210 924984 425158 1384 1762,3 1997 Oil 451848 

39 211 924523 425171 1047 1233,4 1996 Oil 313104 

40 214 924520 424875 1156 1393,4 1996 Oil 351844 

41 301 925930 426787 1035 1300 2009 Oil 5464 

42 303 925829 427330 1190 1650 2010 Gas 744721 

43 304 925772 427610 1140 1550 2010 Gas 794785 

44 305 925681 427870 1190 1600 2010 Gas 700632 

45 306 925626 428141 1190 1600 2010 Gas 724972 

46 307 925562 428440 1245 1660 2013 Gas 844905 

47 308 925481 428727 1255 1619,8 2013 Gas 441969 

48 309 926157 426947 1245 1570 2014 Gas 672862 

49 310 926081 427221 1190 1689,6 2011 Gas 751094 

50 311 926040 427518 1190 1600 2011 Gas 768478 

51 312 925986 427788 1190 1600 2010 Gas 633740 

52 313 925884 428055 1190 1600 2010 Gas 743505 

53 314 925829 428330 1245 1660 2012 Gas 830946 

54 315 925776 428644 1245 1660 2012 Gas 831961 

55 316 925709 428949 1255 1675 2012 Gas 746166 

56 319 926266 427687 1100 1520 2010 Gas 591603 

57 320 926201 427967 1190 1600 2010 Gas 766937 
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 Name X Y 𝐳𝐫 𝐳𝐟 Year Type Volume 

58 321 926097 428244 1190 1600 2010 Gas 789937 

59 322 926031 428526 1245 1660 2012 Gas 807856 

60 323 925995 428836 1245 1660 2013 Gas 756302 

61 324 925927 429142 1245 1660 2014 Gas 818962 

62 327 926468 427881 1190 1600 2010 Gas 797836 

63 328 926394 428171 1190 1605,1 2012 Gas 870495 

64 329 926299 428431 1190 1605 2011 Gas 833091 

65 330 926240 428706 1245 1660,8 2012 Gas 769970 

66 331 926204 429037 1245 1660 2013 Gas 797341 

67 332 926144 429331 1245 1660 2014 Gas 730392 

68 334 926666 427687 1245 1660 2013 Gas 925135 

69 335 926657 428091 1200 1600 2012 Brine 287128 

70 336 926597 428358 1050 1273 2014 Oil 541224 

71 337 926518 428628 1245 1665 2011 Gas 774319 

72 338 926457 428911 1245 1660 2013 Gas 854318 

73 339 926406 429237 1265 1680 2012 Brine 119258 

74 340 926358 429511 1230 1560 2012 Brine 36780 

75 344 926792 428564 1010 1410,3 2011 Oil 531615 

76 345 926730 428835 1245 1659,9 2011 Gas 847919 

77 346 926655 429109 1230 1550 2012 Brine 80382 

78 347 926641 429389 1075 1390 2012 Brine 16118 

79 348 926572 429654 1230 1560 2012 Brine 31547 

81 352 926978 428959 1310 1580 2012 Gas 728778 

82 353 926902 429237 1230 1550 2012 Brine 126534 

83 354 926857 429571 1230 1550 2012 Brine 128779 

85 358 927241 428887 1005 1282,8 2012 Brine 110951 

86 359 927175 429155 1230 1550 2012 Gas 731671 

87 360 927099 429433 1230 1550 2012 Brine 128134 

88 365 927383 429363 1010 1250 2012 Brine 79812 

 


