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The Ball-on-Three-Balls strength test for discs and plates: Extending and 
simplifying stress evaluation 
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A B S T R A C T   

The Ball-on-Three-Balls-test has proven to be an accurate and easy-to-use option for strength testing. However, 
the maximum stress must be calculated based on Finite-Element-Analysis results. For this purpose, a fitted 
function was already provided. This function is based on results which were generated under the assumption of 
punctiform load introduction. Deviations from these conditions occur through an increase in contact-area be
tween the loading ball and the specimen, large specimen deformations, friction, or plastic deformation of the 
balls. These non-linear effects are investigated by Finite-Element-Analysis for a wide range of specimens. It is 
shown that the maximum stress is sensitive to the area of contact between the loading ball and the specimen. 
Furthermore, thin specimens are subject to large deformations, which significantly decrease the maximum stress. 
Therefore, a revised fitted function is derived. For specimens with exceptional geometries, non-linear effects are 
considered with correction factors added to the new fitted function.   

1. Introduction 

Strength testing is probably the most important tool for ceramic ma
terial characterization and material development. It allows the determi
nation of both general mechanical strength and the scatter thereof, which 
then enables the prediction and reduction of component failure [1]. 
Today, a number of mechanical testing methods are widely available and 
well examined. They can be categorized by the type of stress field that the 
specimen is subjected to, which is usually either uniaxial or biaxial. The 
main uniaxial testing methods are 3-or 4-point-bending, tensile and 
compression tests [2,3]. Biaxial testing methods can be classified by the 
symmetry of their stress distribution, being either axisymmetric or not. 
Examples for common methods with axisymmetric stress distributions are 
the Ring-on-Ring-test (RoR), the Ball-on-Ring-test or the 
Ball-with-flat-on-Ring-test [4–6]. Common methods employing 
non-axisymmetric stress distributions are the Ball-on-Three-Balls-test 
(B3B), the Piston-on-Three-Balls-test (P3B), the Ball-on-Ring-of-Balls-test 
and the Three-Balls-on-Three-Balls-test [7–12]. A significant disadvan
tage of axisymmetric tests is that a high degree of flatness of the specimen 
is required in order to guarantee even contact throughout the ring. This 
results in either additional specimen preparation requirements or de
viations from the ideal analytical stress field due to uneven load distri
bution [13,14]. Therefore, tests utilizing a support of three balls have been 

developed since non-planar discs can still be stably supported. The 
Piston-on-Three-Balls-test shows a similar problem, since the surface 
beneath the punch has to be planar to ensure uniform load application – 
the condition that has been assumed to derive the equation for the stress 
calculation. Furthermore, with increasing deformation of the sample, the 
assumption of an extended area of uniform pressure is lost and load 
application shifts towards the outer edge of the piston. This leaves testing 
methods such as the Ball-on-Three-Balls-test as one of the most tolerant to 
non-planar specimens and most flexible in terms of specimen geometry. As 
a result, it is among the most common biaxial testing methods and is 
employed for a variety of materials [15–24]. An extensive study about the 
influence of the most important sources of error has been conducted by 
Börger et al. [25]. Furthermore, the strongly localized area of maximum 
stress allows testing of specific regions of a component to generate 
spatially resolved strength results [26]. A prerequisite for an accurate 
evaluation for all tests that use an analytical stress calculation is to perform 
them under conditions of small deflections and linear elastic material 
behavior, i.e. maintaining a linear stress-deflection relationship. This is 
assured by prescribing that the support radius is smaller than about 6–20 
times the specimen thickness [4,13,20]. Taking into account that 
manufacturing tolerances make support rings smaller than 5 mm in radius 
impractical [13], the lower limit for the thickness of strong specimens is 
approximately 0.5 mm in the RoR-test. The B3B-test, however, can easily 
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be scaled down to much smaller support radii. With the use of standard
ized bearing balls, specimens as small as 2 × 2 × 0.13 mm3 have been 
tested successfully [27–29]. However, the main disadvantage of the 
B3B-test is that no sufficiently accurate analytical description of the full 
stress field is available and numerical analysis has to be employed to 
determine the maximum stress and the effective volume or surface for 
each specimen [30,31]. This then entails new difficulties in making those 
results available. One possibility is to provide fitting functions for the 
factor f, which relates the applied load and the maximum tensile stress, as 
has been done by Börger et al. [30]. Yet, these functions are cumbersome 
to use and only provide a solution for the ideal case of punctiform load 
introduction and small deformations. Deviations from these ideal condi
tions lead to a load dependency of the factor f, as shown for an exemplary 
specimen in Fig. 1, which is not represented in [30]. This may lead to a 
significant overestimation of the specimen’s strength [32]. 

Within this work, a new expression for the ideal case of both discs 
and square plate specimens will be derived by utilizing FEA for linear 
elastic isotropic materials. By modifying the range and variables of the 
underlying data field, a new and simpler fit with similar accuracy to the 
one derived by Börger et al. [30] will be presented. Furthermore, the 
difference between the ideal case and real testing situations, such as an 
increase in contact-area between the loading ball and the specimen, 
large specimen deformations, friction, or plastic deformation of the 
loading ball will be discussed. The effect of large specimen deformations 
will be investigated by utilizing a combined analytical and numerical 
approach. The effect of an increasing contact-area at the loading ball 
will be examined by utilizing FEA. This will yield correction factors 
which describe the load-dependency of the factor f. The performance of 

this new evaluation and its corrections will be assessed by comparison 
with an elaborate FEA model. The practical aspects given by the new 
evaluation and its valid domain of application will be discussed. 

2. Methods 

2.1. Finite-Element-Analysis 

FEA was performed to generate grid points for fitting and to inves
tigate specific effects. All simulations were conducted utilizing the 
commercial FEA-program ANSYS R21.1 (ANSYS Inc., PA 15317, Can
onsburg, USA). Each of the following models was implemented as a 
script written in Ansys-Parametric-Design-Language (APDL). This 
allowed using them in automated parametric studies for a wide range of 
geometries and isotropic material properties, covering several thousand 
unique combinations. 

2.1.1. Simplified models for discs 
To investigate the dependence of the factor f on the testing geometry 

as well as the specimen’s elastic properties, the 3D-model shown in  
Fig. 2a) was utilized. Due to the symmetry of the system and loading 
conditions, the model could be reduced to one sixth of the full disc. In 
Model 1A, the loading ball was represented by a punctiform load applied 
in the center of the disc. The support ball was represented by a puncti
form boundary condition at the support radius Rs. Consequently, this 
model represents the ideal case during testing. The specimen was 
meshed with 178958 SOLID95 elements (20-node brick elements) and 
749574 nodes. The script further facilitates the implementation of 
various types of load application in the center of the specimen. To 
examine the influence of a finite area of contact, a Hertzian contact- 
pressure distribution with varying extent was utilized in Model 1B, as 
depicted in Fig. 2b). 

Fig. 1. FEA-results for the factor f in dependence of the applied load P for an 
exemplary specimen with a radius of 12 mm, a support radius of 10 mm and a 
thickness t of 1 mm. The specimen’s Young’s modulus and Poisson’s ratio are 
70 GPa and 0.22, respectively. 

Fig. 2. a) displays the meshed Model 1A with a punctiform load P applied. b) shows Model 1B, but with a Hertzian contact-pressure distribution p(r) applied.  

Fig. 3. Meshed Model 2 with a punctiform load P applied.  
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2.1.2. Simplified model for square plates 
Model 2 serves the same purpose as Model 1A, but for square plates. 

Due to the reduced symmetry of the system, one half of the plate has to 
be simulated, as displayed in Fig. 3. Both the loading and the support 
balls were represented by a punctiform load (or boundary condition) 
applied in the center of the disc and at the support radius Rs, respec
tively. The specimen was meshed with a minimum of 162216 SOLID95 
elements and 682140 nodes, depending on the specimen’s thickness and 
overhang. 

2.1.3. Complete 3D-Model for discs 
Model 3 serves as a validation for the simplified models. It represents 

a 3D-model of the testing assembly, based on a model first developed by 
Börger et al. [30]. Symmetry conditions allowed a reduction to one sixth 
of the full testing assembly, see Fig. 4. The specimen was meshed with a 
minimum of 40392 SOLID95 elements and 173061 nodes and a 
maximum of 70668 SOLID95 elements and 301375 nodes, depending on 
the specimen’s thickness and overhang. The loading ball was meshed 
with 1750 SOLID95 elements and 8196 nodes, the support ball using 
3500 SOLID95 elements and 15582 nodes. The contact between the 
loading ball and the specimen was meshed with 375 CONTA174 (8-node 
surface elements) and 375 TARGET170 elements (8-node surface ele
ments), the contact between the support ball and the specimen with 490 
CONTA174 and 490 TARGET170 elements. The friction coefficient was 
set to µ = 0.5 and symmetric contact calculations were employed. Since 
this model includes interactions between the specimen and the balls as 
well as load-dependent changes to the testing assembly and is solved 
under non-linear conditions, a better representation of real testing sit
uations is given. A mesh convergence analysis for this and the other 
mentioned models can be found in Appendix A of this work. 

2.2. Analytic solution for the deflection of plates 

Kirstein et al. already developed an analytical solution for the 
deflection of thin centrally loaded plates on symmetric point supports in 
1966 [33]. This solution is valid for a minimum of three supporting 

points up to a theoretical maximum of an infinite number of support 
points, which would represent a ring supported situation. Within the 
context of this paper, their solution will be utilized for the special case of 
m = 3 support points and a central punctiform load. The deflection w at a 
position with radial distance r from the center of a disc with radius R and 
supported on points with distance Ds from the evaluated position is 
given by: 

w = w0 +
3P(1 − v2)

2πEt3

(

r2lnρ − 1
m
∑m

s=1
D2

s ln
Ds

c

)

(1)  
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and 
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s

2πκEt3

[

Am(β) +
(
1 − κ2)Bm(β) − κlnβ −
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]

. (3) 

Here, P denotes the applied load, E the specimen’s Young’s modulus, 
t the specimen’s thickness, Rs the support radius, β the ratio Rs/R, and v 
the Poisson’s ratio of the specimen. Other parameters of the equation 
will not be discussed here, the authors refer to the original work by 
Kirstein et al. [33]. 

2.3. Fitting 

Every fit in this work has been performed in Mathematica 13.1 
(Wolfram Research, IL 61820, Champaign, USA) with the command 
NonlinearModelFit. This command performs a least sum of squared errors 
fit on any given type of ansatz function by adjusting user-specified 
constants within the function. The deviation between the value of the 
fit xi,fit and the fitted data xi,ref for data point i will be referred to as re
sidual error and is determined by 

Residual error [%] = 100⋅
xi,fit − xi,ref

xi,ref
(4) 

For each fit, the maximum positive and negative residual error for 
the complete data field will be given. Furthermore, the mean residual 
error for a fit based on n grid points is given by 

Mean residual error [%] = 100⋅

∑n

i=1
Abs

(
xi,fit − xi,ref

xi,ref

)

n
. (5)  

3. Simplifying the stress calculation 

3.1. Discs 

Due to the lack of an accurate analytical solution for the stress field, 
it must be numerically evaluated instead. Börger et al. [30] performed 
Finite-Element-analysis for the special case of contacting support balls. 
If not stated otherwise, this assumption will be maintained throughout 
this work. For this case, the support radius Rs is given by the radius of the 
support balls RSB by 

Rs = RSB
2̅
̅̅
3

√ . (6) 

In general, the maximum tensile stress σmax in the center of a bent 
plate scales with the applied load P and the inverse square of the 
thickness of the plate t: 

σmax = f
P
t2 (7) 

The factor f is a dimensionless function which takes the material 

Fig. 4. Meshed model of the specimen and the loading/support balls, Model 3.  
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properties and the involved geometry into account. Within their work, 
they reduced the factor f for the B3B-test to being dependent on the 
specimen’s thickness t, the specimen’s radius R, the support radius Rs 
and the Poisson’s ratio v. Furthermore, the results of a parametric study 
were made available by providing a fitted function for f: 

fBörger

(
t
R
,
Rs

R
, v
)

= c0 +
c1 + c2

t
R + c3

(
t
R

)2
+ c4

(
t
R

)3

1 + c5
t
R

(

1+ c6
Rs

R

)

(8) 

This function covers the range of 0.55 ≤ Rs/R ≤ 0.9, 0.05 ≤ t/R 
≤ 0.6 and 0.2 ≤ v ≤ 0.3. This range was later extended to 0.1 ≤ v ≤ 0.4 
by Danzer et al. [32]. The value of fBörger determined with this fit has an 
error ≤ ± 1% with respect to the numerical solution. This accuracy is 
made possible by providing a set of constants c0-c6 for different Poisson’s 
ratios in an increment of 0.05; a total of 49 constants. If the tested 
material has a Poisson’s ratio not tabulated, linear interpolation must be 
performed. This makes implementation of this equation prone to errors 
and cumbersome. In order to simplify the calculation of the maximum 
stress, a new study on f has now been conducted. Up to now, f was al
ways expressed and evaluated with its arguments relative to R. How
ever, the influence of the support radius Rs on the value of f is 
significantly higher than that of the specimen’s radius R. Therefore, a 
new data field for f based on the now modified parameters t/Rs, R/Rs and 
v was generated by FEA utilizing Model 1, with a total of 1400 data
points. The data field covers 1.05 ≤ R/Rs ≤ 2, 0.05 ≤ t/Rs ≤ 0.6 and 0.1 
≤ v ≤ 0.4. Based on this data, a new empirical fit was developed. Now, 
the factor f can be determined by 

fnew

(
t

Rs
,

R
Rs
, v
)

= exp

[

m1(1+ v)+m2ln
t

Rs
+m3

̅̅̅̅̅̅̅
Rt2

R3
s

4

√ ]

(9)  

with m1-m3 as listed in Table 1 and the limits of valid application as the 
range of the fitted data field. 

An overview of the general deviation from Eq. (9) to the fitted data 
can be found in Table 2. Fig. 5a)-e) provide a more comprehensive 
overview of the fit’s accuracy. In terms of specimen geometry, the lowest 
accuracy/largest deviation is generally found in the peripheral regions. 
Similarly, a low accuracy for exceptionally low and high Poisson’s ratios 
can be observed. However, most technical ceramics exhibit a Poisson’s 
ratio in the range of 0.2 – 0.3 [31], a range well described by the fit. 
Furthermore, typical specimens for the Ball-on-Three-Balls-test exhibit 
geometries as marked in Fig. 5c). Here, a maximum and minimum de
viation as low as + 0.15% and − 0.7%, respectively, are achieved. In 
principle, a small loss in (overall) accuracy as compared to the fit by 
Börger et al. [30] is observed, though only in regions of minimal interest. 
Fig. 5 further gives the possibility to derive highly accurate strength 
results for individual geometries by utilizing the given deviation in 
combination with Eq. (9) to determine the applied stress as originally 
calculated with FEA. 

3.2. Square plates 

Another very common specimen geometry are square plates, which 
can be tested in similar testing fixtures as discs. The factor f for these 
specimens does not deviate much from similarly sized disc-shaped 
specimens, but the difference is large enough to necessitate a separate 
treatment. This is due to the fact that the overhang, i.e. the part of the 
specimen from the outer edge to the support radius, has a small but still 
pronounced effect on the maximum tensile stress. Therefore, instead of 
describing square plates with fit very similar to Eq. (9), the authors 
opted to provide a conversion from square plates to equivalent discs, as 
has been done for other methods [4,34]. An equivalent disc is defined by 
its diameter Deff, which is chosen in a way so that the maximum stress is 
the same as in the square plate specimen. All other geometry parame
ters, such as the specimen’s thickness and the support radius, remain 
unchanged. Therefore, only the conversion from the square plate’s edge 
length L to the equivalent diameter is needed. In order to derive this 
conversion, Model 2 was utilized and 1035 datapoints were generated. 
The data field covers 2.165 ≤ L/Rs ≤ 3.899, 0.0449 ≤ t/Rs ≤ 0.736 and 
0.05 ≤ v ≤ 0.45. Based on this data, a conversion from square plates to 
discs was developed. The effective diameter Deff is determined by 

Deff = L
(

1.053 − 0.017
tL
R2

s

)

. (10) 

An overview of the deviation for the factor f, derived with the con
version to equivalent discs and Eq. (9), to the FEA-data for square plates 
can be found in Table 2. 

It should be noted that this conversion is only valid in the range 2.17 
≤ L/Rs ≤ 3.9, 0.1 ≤ t/ Rs ≤ 0.6 and 0.1 ≤ v ≤ 0.4. 

4. Improving accuracy for high-load testing situations 

So far, all simulations have been conducted with Models 1A and 2 
described in Sections 2.1.1 and 2.1.2. As previously stated, this model 
represents the ideal case during testing with both punctiform load 
introduction and support conditions. It is evident that this will not 
represent reality in a number of practical cases and that some errors are 
to be expected. Errors due to geometric deviations of various aspects of 
the testing setup have already been discussed by Börger et al. and 
deemed negligible [25]. Therefore, the aforementioned errors mostly 
arise because no interactions between the loading or support balls and 
the specimen are represented in the model. First, an increase in load 
results in deformation of the loading ball and the specimen in the area of 
contact, whereby the assumption of punctiform load introduction loses 
its validity. Instead, a finite area of contact and load introduction is 
established. Second, large deflection of the specimen may occur under 
certain conditions, causing it to roll off the support balls. This results in a 
shift of contact position towards the center of the support circle, altering 
the applied bending moment and with it the maximum tensile stress. 
Third, friction between the loading ball and the specimen can have a 
significant influence on the maximum tensile stress of the specimen. It 
induces shear stresses under the area of contact, which act through the 
specimen thickness and thus reduce the maximum tensile stress. 

Due to these interactions being included, Model 3, as described in 
Section 2.1.3, is significantly better suited to provide an accurate rep
resentation of reality. This then provokes the idea of using this model in 
a similar way to the previous section and incorporate all the mentioned 
effects into the evaluation at once. The main drawback of this model is 
its high processing time due to its use of contact calculations despite a 
decrease in the overall number of elements. In general, the evaluation 
takes about 70–80 times longer than for Model 1A. In order to represent 
the mentioned effects in the calculation of maximum stress, a higher 
number of parameters would be needed. First, the load-dependence has 
to be considered, which is influenced by the elastic constants of both the 
specimen and the support or loading balls. This would result in the 

Table 1 
Constants m1-m3 utilized in Eq. (9).  

m1 m2 m3 

0.697 -0.118 -0.728  

Table 2 
Accuracy parameters describing the deviation of Eq. (9) to the data field for discs 
and Eq. (10) used in Eq. (9) to the data field for square plates.  

Accuracy parameter Discs Square plates 

Maximum residual error [%] + 1.4 + 1.6 
Minimum residual error [%] -1.9 -1.6 
Mean residual error [%] + 0.52 + 0.63  
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Fig. 5. Overview of the relative error of fnew to the fitted data points.  
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addition of up to four new parameters. To properly capture each de
pendency, each relevant parameter would have to be varied within its 
relevant range in at least 10 steps. Putting all those considerations 
together, a new parameter field with a size well within millions of data 
points would be necessary. In combination with the high processing 
time, a study like this would require immense computing power. 
Developing an accurate fit for such a data field would be another chal
lenge by itself. 

Therefore, a different method has to be considered. Within this work, 
a separation approach will be utilized. By taking an individual look at 
each major effect, a better understanding of its consequences can be 
achieved. Ideally, the deviations from the ideal solution fnew caused by 
them can be described separately with correction factors ki. Combining 
these expressions multiplicatively, as shown in Eq. (11), will yield a 
corrected factor fcorr. If each ki is a somewhat manageable functional 
expression with sufficiently similar results to FEA, this method will 
provide a valuable alternative evaluation, but within a much shorter 
time. 

fcorr = fnew

∏

i
ki (11) 

In the upcoming sections, a closer look at the change in load appli
cation and the specimen’s deflection will be taken and functional ex
pressions to describe their influence on the factor f will be provided. 

4.1. Contact at the loading ball 

As mentioned in the previous section, an increase in load establishes 
a finite area of contact between the loading ball and the specimen. This 
causes a change in load introduction from the ideal punctiform load to a 
distributed load over a circular contact area at the center of the spec
imen. The size of this area will be quantified by its radius, which will be 
referred to as the contact radius Rc. In principle, an increase in contact 
radius reduces the bending moment and with it the stress applied on the 
specimen. This change in stress has been investigated by FEA with Model 
1B described in Section 2.1.1. Instead of a punctiform load, a Hertzian 
pressure distribution for the contact between a sphere and a flat surface 
has been applied. With this model, a parametric study of approximately 
6000 simulations on the influence of the contact radius Rc on the 
maximum stress (i.e. the factor f) has been conducted. More specifically, 
the contact radius Rc was varied for a wide range of specimen geome
tries, such as the specimen’s thickness t, the specimen’s radius R and the 
support radius Rs. Additionally, the influence of the applied load P, the 
specimen’s Young’s modulus E and Poisson’s ration v was investigated 
as well. In conclusion, only the contact radius, specimen’s thickness and 
support radius have a distinct influence on the maximum stress. The 
other parameters mentioned have an influence on the contact radius, but 

not on the maximum stress directly. This allowed to reduce the number 
of relevant parameters to just three. By using dimensionless relative 
parameters, e.g. the relative contact radius Rc /Rs and relative thickness 
t/Rs, the number of parameters could be further reduced to two. Based 
on these findings, a reduced data field with 525 data points to describe 
the change in maximum stress, i.e. the factor f, was generated. The in
fluence of these two parameters on f is shown in Fig. 6. 

By fitting this data field, a functional expression for the change of f 
due to the change in contact area can be provided. The correction k1 can 
be given as 

k1(a/Rs, t/Rs, v,E,ELB, vLB,P) = h1 + h2 ln( Rc/Rs⋅t/Rs) + h3
(Rc/Rs)

h4

(t/Rs)
h5

(12)  

where 

Rc =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

3PRLB

4

(
1 − v2

E
+

1 − vLB
2

ELB

)
3

√

(13) 

with Rc describing the contact radius based on the Hertzian solution. 
ELB and vLB are the Youngs’s modulus and Poisson’s ratio of the loading 
ball, respectively. RLB denotes the radius of the loading ball. The fitting 
constants h1-h5 are listed in Table 3. An overview of the deviation of Eq. 
(12) to the fitted data can be found in Table 4. 

4.2. Deflection of the specimen 

A different problem is raised through the interaction of the specimen 
and the support balls. With increasing specimen deflection, the point of 
contact progressively shifts inwards. This reduces the applied bending 
moment due to decreasing leverage. Since the bending moment is 
directly proportional to the maximum stress and therefore the factor f, a 
functional expression for the change in bending moment is equal to the 
searched correction k2. This effect is especially pronounced when ma
terials with high strength (> 1000 MPa) and low Young’s modulus (<
100 GPa), such as high-strength glass, are tested. In order to predict the 
extent of this effect, the change in leverage, i.e. the shift in contact po
sition at the support balls, has to be known. By considering the geometry 
of the problem, trigonometry can be utilized to express the shift in 
contact xshift from the slope scon of the specimen with 

xshift = RSBsinarctanscon, (14)  

where RSB is the radius of the support ball. A schematic of the geometric 
relations is shown in Fig. 7. 

Therefore, the problem can be reduced to the determination of the 
slope of the specimen’s deflection curve at the point of contact. Ideally, 
this information can be directly deduced from an analytical expression. 
Favorably, Kirstein et al. [33] derived an analytical description for the 
deflection of point-loaded plates on an arbitrary number of equally 
spaced point supports, as explained in Section 2.2. If we differentiate a 

Fig. 6. The factor f in dependence of the relative contact radius and the 
specimen’s relative thickness as predicted by FEA. Values at Rc/Rs = 0 are those 
which correspond to the point-load situation, and which are described by 
Eq. (7). 

Table 3 
Constants h1-h5 utilized in Eq. (12).  

h1 h2 h3 h4 h5 

1.0052 0.00063 -0.5928 1.6756 1.3523  

Table 4 
Accuracy parameters describing the deviation of Eq. (12) and Eq. (15) to their 
respective fitted data fields.  

Accuracy parameter k1 sred (k2) 

Maximum residual error [%] + 1.0 + 6.4 
Minimum residual error [%] -0.50 -13 
Mean residual error [%] 0.16 3.7  
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function describing the deflection of a specimen, a function describing 
its slope is obtained. However, due to its complexity, this cannot be done 
analytically for the solution by Kirstein et al. Therefore, a numerical 
approach had to be employed. First, the number of variables for the 
numerical evaluation had to be reduced. This was done by factoring out 
P/Et2, which leaves a reduced function for the deflection that is inde
pendent of the applied load and the specimen’s Young’s modulus. 
Therefore, the variables had been narrowed down to R, Rs, v and t. By 
forming dimensionless relative parameters, i.e. the relative radius R/Rs 
and relative thickness t/Rs, the number of parameters could be further 
reduced to three. A parametric study on those three parameters for the 
reduced slope at the point of support was conducted and a data field 
comprising 1330 data points was generated. By fitting, an approxima
tion for the analytical derivation of the equation by Kirstein et al. at this 
position can be given. The fit for the reduced slope sred can therefore be 
expressed as 

sred =
(
1 − v2)R/Rs

t/Rs

(

0.0015 − 1.13
1

(R/Rs)
2

)

. (15) 

A summary of the deviation of Eq. (15) to the fitted data can be found 
in Table 4. The high relative deviation stems from the deviation for low 
absolute values of the reduced slope. Here, a small deviation in absolute 
value causes a large relative deviation due to the reference value being 
very small. This large error would therefore only come into play when 
very small deflections are involved, a case where an application of this 
fit or correction is neither necessary nor recommended. Combining the 
reduced slope with the load- and material-specific term previously 
factored out yields the actual slope scon at the contact point between the 
specimen and the support ball 

scon =
P

Et2

[
(
1 − v2)R/Rs

t/Rs

(

0.0015 − 1.13
1

(R/Rs)
2

)]

(16)  

with the variables as denoted in previous equations. Since the slope at 
the point of contact is now known, Eq. (14) can be utilized to predict the 
shift in contact position xshift with 

xshift = RSBsinarctan
P

Et2

[
(
1 − v2)R/Rs

t/Rs

(

0.0015 − 1.13
1

(R/Rs)
2

)]

(17) 

Due to the small value of the argument of the trigonometric func
tions, scon, a small angle approximation (sinarctanx ≈ x) can be per
formed. This then gives 

xshift = RSB
P

Et2

[
(
1 − v2)R/Rs

t/Rs

(

0.0015 − 1.13
1

(R/Rs)
2

)]

(18)  

for xshift. In order to predict the change in bending moment, the relative 
change in leverage has to be calculated. This is done by subtracting xshift 
from the original lever arm, i.e. the support radius Rs, and then dividing 

the result by Rs. Since the slope determined with Eq. (16) is negative, 
xshift is negative as well and has to be added to Rs instead in order to 
correctly portray the change in leverage. This then yields 

k2 =
Rs + xshift

Rs
(19)  

for the change in bending moment k2. Inserting Eq. (17) into Eq. (19), 
utilizing the relationship from Eq. (6) and simplifying the resulting 
expression gives 

k2 = 1+
̅̅̅
3

√

2
P

Et2

[
(
1 − v2)R/Rs

t/Rs

(

0.0015 − 1.13
1

(R/Rs)
2

)]

(20)  

4.3. Friction & plastic deformation of the loading ball 

The influence of friction and plastic deformation has been investi
gated through FEA with a model employing contact calculations. It was 
found that friction between the specimen and the loading ball starts to 
play an increasingly important role if the specimens are thin. For thin 
and highly flexible specimens, i.e. t/Rs= 0.05 and E = 70 GPa, a 
reduction in the maximum tensile stress of about 4% from the friction
less case to the same setup with µ = 0.5 has been observed. This is due to 
the shear stresses caused by friction starting to affect the stress at the 
opposing face, resulting in a reduction of maximum tensile stress. For 
thicker and less flexible specimens, this effect is in the range of about 
1–2%. As will be explained in the upcoming sections, thin and flexible 
specimens are difficult to describe with the models established in this 
work and will have to be treated separately. Since this effect is only 
significant for a small portion of possible specimen geometries, while 
having only a minor influence on the remaining ones, no functional 
expression for the influence of friction will be provided. Additionally, 
friction between the support balls and the specimen is not present if the 
balls are allowed to rotate freely [25]. 

Another possible source of error is plastic deformation of the loading 
ball. The expected effect would be similar to what has been covered in 
Section 4.1. A FE study using an ideal bilinear elastic-plastic material 
model for the loading ball [35], solely for the influence of plastic 
deformation on the contact situation, was conducted. It revealed a 
nearly linear relation between the increase in load and the increase in 
contact radius compared to the pure elastic case. If the material prop
erties of the balls are known, this additional increase can be determined 
and added to the elastic deformation. This would provide a new contact 
radius Rc’ for the usage in k1 and no further changes to the calculation of 
the maximum tensile stress would have to be made. 

4.4. The load-corrected stress evaluation 

Combining the correction factors k1 and k2 with fnew ultimately yields 
the corrected factor fcorr 

Fig. 7. Geometric relations for the contact point shift between the specimen and the support ball.  
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fcorr

(
t

Rs
,

R
Rs
, v,E, vLB,ELB,P

)

= fnewk1k2 (21)  

which now takes additional load- and material-dependent effects into 
account. The following sections will provide an overview of the per
formance and accuracy of this functional expression for fcorr. 

5. Validation and Comparison of fcorr 

Before the comparison of fcorr to FEA results obtained with Model 3, 
some aspects of the behavior of the correction factors k1 and k2 have to 
be discussed. First, thin specimens exhibit the highest relative de
flections and with it the strongest curvature. This especially affects the 
size of the zone of contact between the loading ball and the specimen, 
where the curvature is most pronounced. As discussed in Section 4.1, the 
size of the contact area has a strong effect on the maximum stress. 
However, the correction factor k1 is based on the assumption of Hertzian 
contact between a sphere and a flat surface. This suggests a smaller area 
of contact compared to contact between a sphere and a concave surface. 
Therefore, k1 underestimates the effect of contact for large deflections. 
Second, the geometric assumptions necessary for the equation given by 
Kirstein et al. [33] lose their validity for large deflections. Due to the 
correction factor k2 being deducted from this equation, an error for 

exceptionally thin specimens is expected. A comparison of the slope at 
the point of contact as obtained with FEA and the prediction by Eq. (1) 
for thin specimens with large deflections shows an overestimation by the 
analytical solution. Additionally, Kirstein et al. assume punctiform load 
introduction, while an extended load introduction is closer to real 
testing situations. This reduces the applied bending moment and with it 
the deflection, which is another reason for the overestimation of the 
slope at the point of contact. Therefore, the correction factor k2 gener
ally overestimates the effect of deflection for exceptionally thin 
specimens. 

Model 3 mentioned in Section 2.1.3 was utilized as a base of com
parison and a tool for the validation of Eq. (21). More specifically, the 
load dependency of the factor f was determined with both methods for a 
range of parameters. On one hand, this range includes “typical” speci
mens and testing setups, as one would encounter on a regular basis. On 
the other hand, the edge-cases of possible parameter combinations were 
also examined to work out the limits of Eq. (21)’s applicability. All 
comparisons in this chapter are based on a testing setup that utilizes 
steel balls with a Young’s Modulus of 210 GPa and a Poisson’s ratio of 
0.33. For typical specimens, a relative radius R/Rs of 1.2 and a range of 
relative thicknesses t/Rs from 0.05 to 0.4 were chosen. The material- 
specific parameters are listed in Table 5. Fig. 8a)-c) depict the change 
in f in dependence of the applied load P, predicted by both FEA and Eq. 
(21). The corresponding maximum stress for each curve is approxi
mately 2 GPa. Except for specimens with a relative thickness of 0.05, 
exceptional agreement between the two methods is achieved. The 
maximum relative error for specimens with t/Rs ≥ 0.1 is less than 1%. It 
should be noted that FEA was conducted with non-linear geometric 
behavior considered, which is represented accurately by the functional 
expressions. 

Eight edge-cases were investigated to cover extreme specimen 

Table 5 
Material parameters for "typical" specimens.  

Specimen material R/Rs [-] E [GPa] v [-] 

Glass  1.2  70  0.22 
Zirconia  210  0.25 
Alumina  420  0.2  

Fig. 8. Dependence of f on the applied load P as predicted by FEA and by Eq. (21). The colored markers represent the results of FEA, the continuous black line 
represents fcorr, Eq. (21). The maximum tensile stress for each curve is approximately 2 GPa. The results for glass are shown in a), zirconia in b) and alumina in c). 
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geometries and extreme material properties. As before, the relative 
thickness was varied, but now in the range from 0.05 to 0.5. Two main 
cases were differentiated: An exceptionally small relative radius of 1.05 
(i.e. a small overhang) and large relative radius of 1.525 (i.e. large 
overhang). Within each case, 4 combinations of material parameters 
were evaluated. The specific parameters are listed in Table 6. Fig. 1 of 
the supplementary material depicts the results for cases 1–4, while Fig. 2 
of the supplementary material depicts the results for cases 5–8. Again, 
specimens with a relative thickness of 0.05 exhibit the highest deviation, 
with the exception of case 2 and 8, and will not be included in the 
following observations. For cases 1–4, i.e. specimens with very low 
relative radius, an overall good agreement is observed. The highest 
deviation is displayed in case 3 by the specimen with a relative thickness 
of 0.1. However, the maximum deviation for this specific combination of 
parameters is about 2%, which is well within the desired accuracy. For 
cases 5–8, i.e. specimens with a very high relative radius, a similar sit
uation is found. Cases 6–8 exhibit good agreement, only the specimen 
with a relative thickness of 0.1 in case 7 displays a deviation of about 
1.6%. Case 5 however indicates a problem for highly flexible specimens 
with a low Poisson’s ratio. Here, even the thickest specimen exhibits a 
constant deviation of about 4%. The specimen with a relative thickness 
of 0.1 exhibits an error of up to 5.9%, albeit only for a maximum stress of 
more than 1 GPa. 

As discussed in the beginning of this chapter, both corrections either 
underestimate (k1) or overestimate (k2) their respective influences with 
increasing load. Due to the factors k1 and k2 being utilized in multipli
cative combination, these errors cancel each other out and an accurate 
description can evidently be achieved for most specimens. However, 
they cannot sufficiently describe specimens with a relative thickness 
< 0.01. Considering these aspects, the range of parameters for the 
application for fcorr , i.e. Eq. (21), is given in Table 7. Since fcorr has been 
compared to FEA only up to a maximum tensile stress of 2 GPa, the 
authors do not recommend application for specimens with a higher 
strength. Within the given range, Eq. (21) replaces individual FEA with 
an error typically ≤ ± 2%. 

6. Practical aspects 

The test set-up of the B3B-test was originally designed using three 
contacting balls to provide the support of the specimen on a perfect 
circle and a ball of similar size as loading ball, as depicted in [25,30]. 
Due to the ability of the support balls to rotate at their position during 

the test, friction can be minimized, and an important source of error can 
be eliminated [25]. Furthermore, this set-up facilitates jig-designs with 
exceptionally easy handling. Preferably, ball bearing grade steel balls 
are used, since they are easy to obtain and available in a fine grading of 
radii over a wide range of sizes. The separate description of the in
fluences of two important issues of the B3B test – the contact situation 
through k1 and the deflection effects through k2 - paves the way to an 
analysis of some practical aspects of the test. In the following sections, 
these aspects will be discussed within the validity range of Eq. (21), as 
given in Table 8, for exemplary specimens with radius of R = 6 mm on a 
support radius of Rs = 5 mm. The ideal ball radius for this set-up is RSBi 
= RLBi = 4.33 mm. 

6.1. Support ball size 

In Section 4.2 and in Eqs. (17) and (19), the influence of the speci
men’s deflection on the maximum stress in the specimen is described 
and quantified. It is obvious that this effect is more pronounced if the 
specimen is supported on large balls. The influence of the shift of contact 
on the maximum stress can be reduced if smaller than ideal support balls 
are used. For any test geometry, the correction factor k2 depends linearly 
on the ratio of the support ball radius over support radius, RSB/RS. For 
RSB/RS = 0, k2 = 1, for larger ratios k2 < 1. This trend is illustrated in  
Fig. 9 for thin specimens with a Young’s modulus of E = 70 GPa and 
more typical, thicker specimens with E = 300 GPa at two failure 
stresses. It can be seen that the effect of using smaller support balls is 
very small unless very flexible materials with extremely high strength 
are tested. Using smaller balls will also require a new design of the test 
fixture, which will certainly be more complicated than the one suggested 
earlier [25,30], especially regarding the exact positioning of the support 
balls and their ability to rotate. 

Table 6 
Geometry and material parameters as well as the maximum relative deviation 
from fcorr to FEA for a number of investigated edge cases.  

Designation R/Rs [-] E [GPa] v [-] Max. dev. 

Case 1  1.05  70  0.1 < 2% 
Case 2  0.4 < 2% 
Case 3  420  0.1 2% 
Case 4  0.4 < 2% 
Case 5  1.525  70  0.1 6% 
Case 6  0.4 < 2% 
Case 7  420  0.1 < 2% 
Case 8  0.4 < 2%  

Table 7 
Parameter range for the accurate application of Eq. (21).  

t/Rs [-] R/Rs [-] E [GPa] v [-] σmax [MPa] 

0.1 – 0.5 1.05 – 1.525 70–420 0.1 – 0.4 ≤ 2000 

Note that for the special case of specimens similar to case 5, i.e. highly flexible 
specimens (E ≤ 100 GPa) with a high strength (σF ≥ 1 GPa) and a Poisson’s ratio 
in the range of 0.1–0.15, deviations of up to 6% are expected.  

Table 8 
Summary of the valid parameter ranges for the functional expressions of f.   

t/Rs R/Rs or L/ 
Rs 

E [GPa] v σmax [MPa] 

fnew 0.1 – 0.6 1.05 – 2 – 0.1 – 
0.4 

material specific,Eq. 
23 

fnew, 

square 

0.1–0.6 2.17 - 3.9 – 0.1 – 
0.4 

material specific,Eq. 
23 

fcorr 0.1 – 0.5 1.05– 
1.525 

70–420 0.1 – 
0.4 

≤ 2000  

Fig. 9. Correction factor k2 for exemplary specimens (R = 6 mm, RS = 5 mm) in 
dependence of the radius of the support balls (in fractions of the support 
radius). Through lines represent thin, flexible (glass) specimens (t = 0.5 mm, 
E = 70 GPa), dashed lines represent thicker, more typical ceramic specimens 
(t = 1.5 mm, E = 300 GPa). Two cases are shown: σmax = 500 MPa and 
σmax = 2000 MPa. 
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6.2. Contact of the specimen with the loading ball 

The ideal loading situation in the B3B-test is a punctiform load 
introduction. Of course, this cannot be achieved using a ball to apply the 
load. It has been shown in Section 4.1 how an increase in the size of the 
area of load introduction influences the maximum stress. In practice, the 
desirable situation of keeping the size of this area as small as possible is 
favored by two means: by using a loading ball with a higher Young’s 
modulus (see Eq. (13) or by using a smaller loading ball (i.e. smaller than 
the ideal size which is equal to the contacting support balls). Eqs. (12) 
and (13) can be employed to evaluate the influence of using a hard metal 
loading ball of ideal size with a Young’s modulus of ELB = 600 GPa 
instead of steel balls. This only has a negligible influence of less than 1% 
on the correction factor k1. The effect of using a smaller loading ball is 
slightly more pronounced, with deviations up to 3% for very small balls. 
These numbers were obtained for the condition of a maximum tensile 
stress of 2000 MPa in the specimens. The effect will be even smaller at 
lower stresses. 

Moreover, any contact of a ball with a surface, as at the site of load 
introduction in the B3B-test, bears the risk of the formation of contact 
cracks if a certain critical load Pc is exceeded [36]. Upon increase of the 
load beyond this critical value such cracks may grow, penetrate the 
thickness of the specimens and lead to failure [37]. This is an unwanted 
situation that can be avoided if the load at fracture due to bending, Pf, is 
less than the critical load Pc for the formation of contact cracks, i.e. Pf 
< Pc. 

For common ball sizes used in the B3B test, this situation can be 
analyzed by using Auerbach’s law for the contact between a flat surface 
and a ball. According to Auerbach’s observations [38], the load required 
to produce contact cracks Pc is proportional to the radius of the loading 
ball: PC = A⋅RLB. The constant A (Auerbach constant) has been related to 
the elastic constants of the involved materials and the surface energy γ of 
the cracked material [39,40], and has further been determined experi
mentally for various material (i.e. specimen and ball) combinations 
[41–45]: 

Pc =
3π3

16 ϕa

(
1 − ν2

E
+

1 − v2
LB

ELB

)
2γ E
(1 − ν2)

RLB (22) 

Eq. (22) or experimental values for A can be used to plot curves of 
σ(Pc), using Eq. (7), for a given specimen geometry as a function of the 
specimen’s thickness t. Such curves can be used to find limiting condi
tions for contact cracking during B3B-tests. An example for such curves 
for the exemplary specimen is given in Fig. 10 for various specimen 
materials (glass, alumina, silicon nitride) and a steel loading ball of ideal 

size RLBi. If the expected strength of the specimen is below the line at a 
given thickness, no contact cracks should be generated during the B3B- 
test. For glass, A = 62 N/mm was taken from [41], for alumina, A 
= 590 N/mm from [42] and for silicon nitride, a value of A 
= 1360 N/mm using materials properties given in [46], Eq. (22) ϕa 

= 0.0011 [39] and the relation K2
Ic = 2γE/(1 − ν2) was used. Addition

ally, Fig. 10 depicts the same limit curves for a loading ball made from 
hard-metal and with a radius RLB = 1 mm. 

It is obvious from Eq. (22) how the size and Young’s modulus of the 
loading ball influence the limit curve: the smaller RLB, the smaller is Pc 
and the higher ELB, the smaller is A. Both trends shift the limit curve 
towards lower strength values. These findings discourage the use of 
smaller or stiffer loading balls. However, the use of balls with RLBi and a 
high Young’s modulus may be indicated for cases where high fracture 
loads prevail, and plastic deformation of the loading ball is an issue. 

Several simplifications have been made for the construction of 
Fig. 10. The data for A are related to the contact between a ball and a 
thick, flat specimen that does not deform globally. In the case of the B3B- 
test, the contacted surface is concave and under a general compressive 
equi-biaxial stress. The curvature will increase the contact area in 
comparisons to the flat surface case and thus decrease the overall 
magnitude of the contact stress field. The overall compressive equi- 
biaxial stress state at the loaded surface of the specimen additionally 
hinders contact cracking, since tensile stresses are relevant for this 
phenomenon. The limit curves in the presented map can therefore be 
regarded as conservative estimates. 

6.3. Domains of application 

As is evident from the plots in Fig. 6, the factor f does not deviate a lot 
from fnew, i.e. the values of f on the ordinate axis, for certain conditions. 
These conditions are given by the specimen geometry (relative thickness 
and relative radius), its elastic properties and the applied load. Even 
though fcorr gives the more accurate result for f, it is not necessary to use 
this lengthy expression in all cases. In order to determine which 
expression to use, the impact of the correction factors k1 and k2 has been 
investigated for all valid parameter combinations. A combined correc
tion of k1 and k2 of 2% has been set as the limit for the application of fnew. 
This means that if fcorr/fnew < 0.98, fnew does not sufficiently describe f 
anymore and fcorr has to be utilized instead. For the following graphs and 
statements, a testing fixture utilizing steel balls with a Young’s modulus 
of 210 GPa and a Poisson’s ratio of ν = 0.33 is assumed. This then re
duces the possible parameters to R/Rs, t/Rs, E and v of the specimen as 
well as the applied load P. To display the limits in a way that is not 
dependent on the absolute geometry of the specimen, the applied load 
will be expressed by the maximum applied stress σ (or the measured 
strength) instead. Fig. 11 depicts the 2%-limit in dependence of R/Rs for 
exemplary specimens made from glass, zirconia, and alumina with t/Rs 

Fig. 10. Strength-thickness map for B3B-tests on exemplary specimens (R =
6 mm, RS = 5 mm) of glass, alumina, and silicon nitride. If the measured 
strength of a specimen with a given thickness t is below its respective line, no 
contact cracks are expected. The through lines refer to loading with a steel 
loading ball with the ideal radius RLBi = 4.33 mm, the dashed lines refer to 
loading with hard-metal ball with RLB = 1 mm. 

Fig. 11. 2%-Limit for selected specimens with varying Young’s modulus in 
dependence of R/Rs. 
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= 0.2. The lines in this Figure display the maximum stress that can be 
applied to the material before the deviation between fcorr and fnew is 
≥ 2%. Therefore, if a specimen exhibits a strength below this line, the 
simplified evaluation, i.e. Eq. (9), can be utilized. If the strength is 
higher, then Eq. (21) has to be utilized to accurately determine f. 

Fig. 11 shows that R/Rs does not strongly influence the limit. This 
was found to be true for all other possible configurations of t/Rs, E and v. 
Therefore, the following graphs will depict the limits only in dependence 
of t/Rs, E and v. Fig. 12 displays the application limits for typical ma
terials such as glass, zirconia, and alumina. 

In order to ensure that the parameter R/Rs can safely be omitted, 
each datapoint for a specific configuration (t/Rs, E, v) actually represents 
the lowest value of all R/Rs in its valid range of 1.05–2 for that config
uration. This means that the limits shown always assume the worst case 
in terms of R/Rs, so that no matter what value of R/Rs the tested spec
imen exhibits, the limit shown might actually be lower than 2%, but 
never higher. Fig. 3a)-c) of the supplementary material display the limits 
for more cases, including the special cases discussed in Section 5. An 
alternative route to convey these limits in a more general form is by 
providing a functional expression. By setting the Poisson’s ratio of the 

specimen to a fixed and common value, one function can describe a very 
broad range of materials and geometries. This has been done for v 
= 0.25, which gives 

σlim ≤ − 347 − 497
̅̅̅̅̅̅̅̅̅
t/Rs

√
− 0.062

̅̅̅̅
E

√
+ 68

̅̅̅̅̅̅̅̅̅̅̅̅̅
E⋅t/Rs

4
√

(23)  

to describe the limiting strength σFlim (in MPa) for the application of fnew 
in dependence of t/Rs and E (in MPa). An overview of the accuracy of 
this expression is shown in Fig. 13. Again, R/Rs was chosen in a way so 
that it represents the worst-case scenario. Regarding the Poisson’s ratio, 
v = 0.25 was chosen since it represents a value close to that of many 
technical ceramics [31]. A change to a higher Poisson’s ratio would shift 
the curves slightly upwards, while lowering the Poisson’s ratio would 
shift them slightly downwards. 

Eq. (23) provides a convenient tool to decide which factor, fnew (for 
σF < σlim) or fcorr (for σF > σlim), has to be used to obtain the most accurate 
result for σmax for a given test geometry or which test geometry is suit
able to allow for the use of the simple expression of fnew, Eq. (7). 

Overall, 3 regimes for the evaluation of f can be defined. If the 
strength of the material is below the limits displayed in Fig. 13, then the 
simple functional expression fnew (Eq. (9)) can be utilized. If the strength 
of the material is higher, than the more complex functional expression 
fcorr (Eq. (21)) has to be used. Finally, if the geometry- or material pa
rameters of a specimen are not covered by the given range for fnew or fcorr, 
as summarized in Table 8, then individual FEA has to be conducted to 
determine f. Note that this work has been performed for linear elastic 
isotropic materials. If the tested specimen exhibits anisotropic behavior 
or material nonlinearities (such as plastic deformation of the specimen), 
then neither fnew nor fcorr should be applied. Again, this would then be a 
typical case were individual FEA has to be performed. 

7. Summary  

1) A simplified model of the B3B-test has been utilized to analyze the 
factor f for a wide range of geometric and material parameters and a 
new fitted function fnew, for the evaluation of the B3B-test is 
presented.  

2) A conversion from square plate specimens to discs with an equivalent 
diameter Deff for the calculation of f is given. This allows stress 
evaluation for square plates with the new fitted function fnew from 1).  

3) The influence of the applied load on the factor f was investigated. 
Two major effects have been considered separately. First, the in
crease of contact area between the loading ball and the specimen due 
to high loads and elastic deformation was investigated. Second, the 
shift in contact position between the specimen and the support balls 
due to deflection of the specimen was examined. For each effect, a 
correction factor that describes the deviation in f is presented.  

4) By utilizing these corrections, a range of geometries and material 
properties can be defined, for which the ideal punctiform solution 
fnew gives an error < 2% for the calculated maximum stress. Within 
this range, the simplified evaluation from 1) is sufficient.  

5) Cases, which are not included in 4) can be accurately represented by 
taking the corrections from 3) into account and using fcorr = fnewk1k2. 
Such, the load-dependence of f is given for most practical specimens 
with strengths up to 2 GPa.  

6) Cases, which are not included in 5), have been identified. For these 
cases, the authors recommend referring to individual solutions by 
Finite-Element-Analysis. 

7) Using the correction factors, the effect of modifications of the sug
gested test set-up were discussed. It was shown that the use of small 
support or loading balls or balls with a high Young’s modulus has 
very limited beneficial effects while making the test less practicable. 
A simple estimation was proposed that showed that contact cracking 

Fig. 12. 2%-Limit for selected specimens with various Young’s moduli and 
Poisson’s ratios in dependence of t/Rs. 

Fig. 13. Comparison of the 2% limit, expressed by the functional expression 
(dashed), and the curves derived by fcorr, for v = 0.25. 
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at the loading ball can be avoided by using sufficiently thin 
specimens. 
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Appendix A. – Mesh convergence analysis 

In order to obtain the optimum number of elements and mesh 
configuration for each model, a mesh convergence analysis has been 
performed. Fig. A1a) shows the absolute factor f for Model 1 in depen
dence of the total number of elements for three different thicknesses. 
Fig. A1b) shows the factor f normalized to the value obtained with the 
highest number of elements. The black markers indicate the mesh uti
lized in this work. 

Since the results of the mesh configuration utilized in this work only 
display a maximum relative error of 0.5% to the result obtained by 
approximately tripling the number of elements, it was deemed suffi
ciently accurate. Model 2 utilizes a similar mesh-density in the central 
region of maximum stress and is loaded in the same way, hence why no 
additional mesh convergence analysis was performed for this model. 

Due to the different type of loading, the analysis has also been per
formed for Model 3. As before, Fig. A2a) shows the absolute factor f for 
three different thicknesses, while Fig. A2b) shows the normalized factor 
f. 

As before, the factor f calculated with the mesh utilized in this work 
shows a maximum relative error of about 0.6% to the factor f calculated 
with a model with double the number of elements. For this model, 
special care was taken to primarily increase the number of elements in 
the contacting regions of both the balls and the specimen as well as the 
central tensile loaded regions of the specimen. Due to the iterative na
ture of the contact analysis, larger deviations between different mesh 
densities are expected. As soon as the relevant abort criteria are met, the 
solver is stopped. Since the amount and step size of these iterations 
changes for each mesh density, final solutions may be just below the 
abort criteria or well below it. This allows changes of f in both directions, 
as observed for the thickest specimen in Fig. A2. 

Fig. A1. Results for the factor f (a) absolute values, b) normalized values) in the mesh convergence analysis for the model from Section 2.1.1 for a specimen with R/ 
Rs= 1.33, E = 210 GPa, v= 0.25 and varying thickness. The black markers represent the mesh configuration that was either used directly or slightly modified (in 
dependence of the specimen’s geometry) in this work. 

Fig. A2. Results for the factor f (a) absolute values, b) normalized values) in the mesh convergence analysis for the model from Section 2.1.3 for a specimen with R/ 
Rs= 1.05, E = 70 GPa, v= 0.25 and varying thickness. The black markers represent the mesh configuration that was either used directly or slightly modified (in 
dependence of the specimen’s geometry) in this work. 
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Appendix B. Supporting information 

Supplementary data associated with this article can be found in the 
online version at doi:10.1016/j.jeurceramsoc.2022.09.047. 
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Corrigendum to "The Ball-on-Three-
Balls strength test for discs and plates:  
Extending and simplifying stress 
evaluation" [J. Eur. Ceram. Soc. 43 
(2023) 648–660] 
 

In the published article Figure 9 was represented with an incorrectly scaled axis. The corrected 

figure is: 

 

Figure 9: Correction factor k2 for exemplary specimens (R = 6 mm, RS = 5 mm,  = 0.25) in dependence of the 

radius of the support balls (in fractions of the support radius). Through lines represent thin, flexible (glass) 

specimens (t = 0.5 mm, E = 70 GPa), dashed lines represent thicker, more typical ceramic specimens (t = 1.5 mm, 

E = 300 GPa). Two cases are shown: max = 500 MPa and max = 2000 MPa. 



Supplementary material 
 

A) Special (extreme) cases for comparison to FEA 
 

a) 

 

b) 

 
c) 

 

d) 

 
Figure 1: Dependence of f on the applied load as predicted by FEA and eq. Fehler! Verweisquelle konnte 

nicht gefunden werden.. Figures a), b), c) and d) show the results of specimen 1, 2, 3 and 4, respectively. 

 

 

a) 

 

b) 

 

c) d) 



  
Figure 2: Dependence of f on the applied load predicted by FEA and eq. Fehler! Verweisquelle konnte nicht 

gefunden werden.. Figures a), b), c) and d) show the results of specimen 5, 6, 7 and 8, respectively. 

 

B) 2% limits for fcorr for various materials 
 

a) 

 
b) 

 
 



 

c) 

 
Figure 3: 2%-Limit for extreme cases of combinations of E, v and t/Rs. 
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