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Kurzfassung 

 

Die Analyse und Weiterentwicklung bruchmechanischer Ansätze für 

Kunststoffe wurde zum Fokus zahlreicher Forschungsarbeiten, sowohl im 

Bereich von theoretischen Ansätzen als auch bei der Entwicklung verbesserter 

Testmethoden. Vom heutigen Standpunkt aus, gibt es jedoch noch immer 

Bereiche in der Bruchmechanik von unverstärkten Kunststoffen, wie die 

elastisch plastische Bruchmechanik und sogenannte „Mixed Mode“ 

Belastungen, die wenig bis gar nicht untersucht wurden. Genau diese 

genannten Bereiche wurden in dieser Arbeit untersucht und weiterentwickelt, 

um sie bei Kunststoffen in Zukunft noch breiter anwenden zu können.  

Im Bereich der elastisch plastischen Bruchmechanik gibt es bereits 

verschiedene Prüfmethoden, welche auch bei Kunststoffen angewendet 

werden. Dennoch stellt sich die Ermittlung von adäquaten bruchmechanischen 

Kennwerten von Polymeren noch immer als schwierig heraus. In dieser Arbeit 

wurde deshalb die Anwendbarkeit verschiedener Testmethoden der elastisch 

plastischen Bruchmechanik in Kombination mit unterschiedlichen Methoden 

zur Minimierung der Messdatenstreuung für Kunststoffe überprüft. Basierend 

auf diesen Ergebnissen wurde die Geometrieabhängigkeit von elastisch 

plastischen Bruchparametern anhand einer Testmethode der „European 

Structural Integrity Society (ESIS TC 4)“ untersucht. Die ermittelten 

Initiierungsparameter zeigten eine Abhängigkeit von der Probekörpergröße, 

während keine Geometrieabhängigkeit der Risswachstumskurve festgestellt 

wurde. Zusätzlich wurden verschiedene Initiierungsparameter der 

untersuchten Geometrien mit physikalischen Vorgängen während des 

Rissinitiierung korreliert. Die gewonnenen Erkenntnisse sollen in Zukunft als 

Grundlage für die Simulation komplexer Bauteile herangezogen werden.  

Um ein größeres Verständnis für das Mixed Mode Materialverhalten von 

unverstärkten Kunststoffen zu schaffen, wurden in dieser Arbeit verschiedene 

Probekörpergeometrien und auch Testmethoden untersucht. So wurden 

Mixed Mode I/III Ermüdungsmessungen mit reiner Mode I Belastung 

verglichen. Es wurde eine verringerte Lebensdauer durch Mixed Mode I/III 
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Belastung im Vergleich zu reiner Mode I Last festgestellt. Um die 

Vorhersagefähigkeit von Lebensdauermodellen zu erhöhen wurde ein 

äquivalenter Bruchparameter errechnet (equivalent stress intensity parameter 

Keq), welcher beide Riss Modi (Mode I und Mode III) miteinbezieht. 

Messeinflüsse wie Reibung und Verschleiß steigerten im Versuch die 

Prüfkörpertemperatur und konnten auch in einer anschließenden optischen 

Untersuchung detektiert werden. Zusätzlich wurden quasi-statische 

Messungen in Mode I und Mode III an dünnwandigen Proben durchgeführt. 

Durch die Erkenntnisse im Bereich „Mixed Mode“ Risswachstum von 

unverstärkten Kunststoffen ist es möglich, diese Belastungsart während der 

Bauteilauslegung zu berücksichtigen und somit die Berechnung von 

Lebensdauern zu verbessern. Die gefundenen Einflussfaktoren können in 

Zukunft bei diesen Belastungsfällen von Anfang an berücksichtigt werden. 

Zusätzlich dienen die gefundenen experimentellen Ansätze als Startpunkt für 

weitere Untersuchungen im Mode II Bereich. 
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Abstract 

 

The proper characterization of occurring fracture mechanisms in polymers, the 

design of sufficient testing methods, and its theoretical aspects are gaining 

more and more in importance. However, there are still less investigated areas 

of research within polymer fracture mechanics, such as elastic plastic fracture 

mechanics (EPFM) and mixed mode fracture of bulk polymers. In order to 

increase the knowledge in these areas, a detailed scientific study was 

conducted in the present work.  

In the past, a lot of effort was put into the assessment of testing procedures in 

the area of EPFM, in order to characterize ductile polymers with large plastic 

deformations. However, with the procedures available for polymers it can still 

be challenging to evaluate reproducible fracture parameters. Therefore, 

several testing methods of EPFM were applied in combination with scatter 

reduction procedures in this thesis to evaluate the fracture behaviour of 

polymers. Additionally, the evaluation of size-independent fracture parameters 

was evaluated by the application of a testing scheme developed by the 

European Structural Integrity Society (ESIS TC 4). The determined fracture 

initiation parameters showed size dependent values, whereby, the calculated 

crack growth resistance curve (J-R curve) displayed one overlapping curve 

without any sign of size dependency. Furthermore, the crack initiation 

parameters were correlated with occurring fracture processes for the different 

specimen sizes. In the future, the conducted measurements on different 

specimen sizes can be used in combination with numerical simulations for 

component design with more complex geometries.  

In the case of mixed mode loading, several specimen configurations and 

testing procedures were developed within this study to characterize bulk 

polymeric materials. Mixed mode I/III fatigue fracture tests were conducted and 

compared to pure mode I fatigue results. A significant life-time reduction was 

observed for mixed mode I/III loaded samples in comparison to pure mode I 

loading. The results led to the development of an equivalent stress intensity 
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factor range Keq, which takes both loading cases into account. The 

introduction of Keq is especially beneficial, to assess different mixed mode 

problems using one fracture mechanical parameter. During mixed mode 

loading the crack flanks can stay close, which may result in wear abrasion and 

friction. This was also detected in the current work, by an increasing surface 

temperature during the mode I/III fatigue tests. For the investigation of quasi-

static mixed mode conditions, measurements of pure mode I and pure mode 

III were conducted on thin-walled specimens. The obtained results of this study 

can be used to improve life-time estimation of mixed mode loaded applications. 

Additionally, the observed experimental test approaches can act as starting 

point for further measurements of mode II loaded cracks. 

 



 

 

 

 

 

 

Symbols 

Designation Unit Description 

a [mm] Crack length 

a0 [mm] Initial crack length 

Ael [J] Elastic part of the area under the 

load displacement curve 

Apl [J] Plastic part of the area under the 

load displacement curve 

B [mm] Specimen thickness 

b [mm] Remaining ligament length 

C0 [mm/N] Initial elastic compliance 

dJR/da [kJ/m3] Slope of the J-R curve 

da/dN [mm/-] Crack growth rate 

E [MPa] Young’s Modulus 

G [J/m2] Energy release rate 

G(b/W) [-] Geometry function 

H(upl/W) [N] Material deformation function 

J-Integral [kJ/m2] J-Integral 

Jtip [kJ/m2] J-Integral close to the crack tip 

Jfar [kJ/m2] J-Integral far from the crack tip 

JIC [kJ/m2] Initiation toughness value 

JI,lim [kJ/m2] Initiation toughness value 



 
Symbols 

X 

 

J0.2 [kJ/m2] J-Integral at 0.2 mm crack 

advancement 

Jbl [kJ/m2] Intersection of J-R curve with the 

blunting line  

K [MPam0.5] Stress intensity factor 

K [MPam0.5] Stress intensity factor range 

KI [MPam0.5] Stress intensity factor range in 

mode I 

KII [MPam0.5] Stress intensity factor range in 

mode II 

KIII [MPam0.5] Stress intensity factor range in 

mode III 

Keq [MPam0.5] Equivalent stress intensity factor 

range 

KIC [MPam0.5] Critical stress intensity factor in 

mode I 

KI,th [MPam0.5] Threshold stress intensity factor in 

mode I  

P [N] Applied load 

Sij [-] Load separation parameter 

Ssb [-] Load separation parameter (blunt 

notched bN and sharp notched sN 

specimen) 

T [MPa] Traction vector 

Tapp [-] Applied tearing modulus 

TR [-] Tearing modulus 

u [mm] Displacement  

upl [mm] Plastic displacement 

W [mm] Specimen width 



 
Symbols 

 

XI 

 

w [J/m3] Strain energy density 

ij [-] Strain tensor 

a [mm] Crack advancement 

el [-] Geometry dependent factor (elastic 

part) 

pl [-] Geometry dependent factor (plastic 

part) 

 [N/m2] Shear modulus 

ij [MPa] Stress tensor 

y [MPa] Yield stress 

 

 

 



 

 

 

 

 

 

Contents 

Outline and summary ................................................................................... 1 

1. Motivation and background ................................................................ 2 

2. Structure of the thesis ......................................................................... 5 

3. Elastic plastic fracture mechanics ..................................................... 9 

3.1. The J-Integral – Theory and preconditions ...................................... 9 

3.2. Evaluation of the J-R curve ........................................................... 13 

3.3. Evaluation of the J-R curve for polymers ...................................... 16 

3.4. Effect of specimen size on the J-R curve evaluation for polymers 24 

4. Mixed mode fracture of polymers ..................................................... 27 

4.1. Mixed mode crack growth ............................................................. 27 

4.2. Mixed mode specimen configurations ........................................... 30 

4.3. Fatigue fracture of polymers extended to mixed mode loading ..... 33 

4.4. Crack path development in mixed mode fatigue crack growth ...... 38 

5. Summary and Conclusions ............................................................... 43 

6. Outlook ............................................................................................... 47 

Appendix  .................................................................................................. 49 

List of additional publications within the framework of this thesis ....... 50 

Conference contributions .......................................................................... 51 

Supervised thesis ....................................................................................... 52 

References .................................................................................................. 53 

 



 

 
 

 

 

 

 

 

 

 

 

  

 

Outline and summary 

 



 

2 
 

 

 

 

 

1. Motivation and background 

 

In recent years, society has put an increased focus on the environmental 

challenges rooted in using polymer (plastic) goods in all kinds of applications. 

However, plastics have become indispensable in our everyday life. Starting 

from easy food packaging to keep our daily meal fresh, to a substantial portion 

of modern construction materials of our homes, plastics are at the base of 

many technological advantages. Modern transportation with lightweight bikes 

and electric cars as well as communication via smartphones would be straight 

up impossible without polymeric products. Since plastic products are such an 

integral element in our modern life, significant efforts have to be made to 

reduce their ecological impact across the entire life cycle. One has to start with 

improving the production of polymers from fossil fuels, and reducing its 

contribution to overall CO2 emission further, even though the manufacturing 

footprint of polymers is small compared to other materials such as glass or 

steel [1]. On the other hand, end-of life options and recycling opportunities 

have to be explored [2,3]. Thus, impact of plastics through their lifecycle has 

to be understood, new sustainable plastics have to be developed, a closed 

loop recycling is recommended, and it is necessary to understand and control 

plastic degradation [3].  

However, one additional approach to reduce the environmental impact of 

plastic products is to design in a way that ensures longevity and easy recovery 

at the end-of-life. Therefore, the design and production of more complex long-

life structural components is mandatory. Simultaneously, safety without 

catastrophic failure during application has to be guaranteed before product 

release, which can be especially challenging for complex, optimized 

structures. In order to meet the requirements for long-life polymer products, it 

is necessary to consider restrictions arising from the chosen material class 

accurately and understand the material behaviour and possible failure 

mechanisms. During the construction and design process of a component, 

several aspects have to be considered e.g. the mechanical behaviour, the 

thermal resistances or the influence of aging and media. Based on the 
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described relationships, the focus of this thesis was put on the fracture 

mechanical properties of the material. 

Fracture mechanical aspects in component design are especially important, 

even though they are often still not considered precisely. Small defects, plastic 

deformation or cracks due to the manufacturing process of the chosen material 

cannot be avoided. Hence, it is necessary to be aware of the likelihood of 

failures. When dealing with polymers, there are further restrictions for 

component design arising from the material itself, such as the viscoelastic 

material behaviour and the change of mechanical properties with temperature, 

which have to be addressed. Based on the described situation, it is necessary 

to increase the knowledge of material failure mechanisms, take uncertainties 

into account, and, as a result, ensure a safe component operation [4,5].  

To determine the material resistance against crack growth, several methods 

and standards are available nowadays. However, the choice of the method is 

based on considerations on the expected fracture characteristics of a given 

material [5]. The basic theory of all fracture mechanical approaches is linear 

elastic fracture mechanics (LEFM). Hence, it is especially important to 

understand its fundamental assumptions. The stress intensity factor K and the 

energy release rate G are toughness parameters from LEFM. For both 

toughness parameters K and G, quantitative relationships were developed for 

all three loading cases of the crack tip: mode I, mode II and mode III.  

The application of fracture mechanics to polymers has gained lots of interest 

in recent years and increased the knowledge significantly to understand crack 

propagation in polymeric materials. To name some examples, the Technical 

Committee 4, “Polymers, Polymer Composites and Adhesives”, of the 

European Structural integrity Society (ESIS TC4) summarized the fundamental 

relationships of polymer fracture mechanics in [6]. This elementary work was 

extended and applied to various types of polymers, e.g. thermoplastic 

materials, elastomers or fibre reinforced composites [7–14]. The described 

procedures are an important step towards the design and construction of 

engineering components made of polymers. However, in order to directly 

transfer the fracture-parameters form the laboratory to the application further 

steps are required.  

Application of fracture mechanics 

For the design of engineering structures, three essential criterions have to be 

considered:  
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i. the applied stress,  

ii. defects in the material and defect sizes and  

iii. fracture toughness of the chosen material.  

Fracture parameters can provide information about the resistance against 

crack initiation or growth and are determined experimentally, as discussed in 

the following section. The crack driving force is given by the external stress 

and the size of flaws and defects. Generally, a crack starts to grow when the 

driving force exceeds the crack growth resistance. Once crack growth has 

initiated, it is often the origin of complete component failure and break down of 

the system. Extensive knowledge is already available on applied fracture 

mechanics in polymers, e.g. for determining the life-time of polymer pipes 

[13,15–20], or for the evaluation of cylindrical elements made of polymers [21].  

However, the aforementioned fracture mechanical tools are accompanied by 

many restrictions and are not valid for every loading case and every type of 

polymer. For example, methods based on LEFM are not applicable to 

polymers showing strong non-linear material behaviour and large plastic 

deformations. In the described situation, methods from elastic plastic fracture 

mechanics (EPFM) are required. Furthermore, most of the fracture mechanical 

experiments are only designed for mode I testing, even though shear crack 

opening (mode II and mode III) is required for a complete understanding of 

engineering applications. In three-dimensional components, which contain 

internal flaws, inhomogeneities, pores or holes, significant amounts of shear 

forces can be present directly at the crack tip. Based on the described 

situation, the aim of this thesis is to investigate two specific topics in more 

detail:  

i. the elastic plastic fracture mechanics, EPFM, of polymers and 

ii. mixed mode loading of polymeric bulk materials. 

The following chapters provide an overview of the most important issues 

regarding these two topics. 

 

 



 

 
 

 

 

 

 

2. Structure of the thesis 

 

To increase the knowledge in polymer fracture mechanics, it is essential to 

extend the available fracture-mechanical methods towards elastic plastic 

fracture mechanics and mixed mode fracture analysis, as indicated in the 

introduction. In the next section, a brief description of the research conducted 

in this work shall be given.  

EPFM was already investigated intensively for various types of polymers in the 

last decades. Thus, a collection of procedures and testing methods is already 

available. However, appropriate protocols for the evaluation of the crack 

initiation and crack growth behaviour, reaching acceptable reproducibility and 

repeatability, are still missing [22]. Therefore, it is important to understand the 

available procedures, methods, and arising challenges of determining the 

crack resistance curve (J-R curve). Furthermore, the influence of different 

specimen sizes and subsequent constraint issues on the fracture response of 

the material should be investigated.  

In the topic of mixed mode fracture mechanics of polymers, many analyses 

dealing with laminates and fibre composites are documented in literature [23–

25]. For bulk polymeric materials comparably little data is available [26,27]. 

Therefore, it is of great interest to develop adequate specimen geometries and 

testing methods for bulk polymers within this work.  

To enhance the methods and models available in elastic plastic fracture 

mechanics for polymers, as well as mixed mode fracture, the following key 

objectives were defined as the goal of this thesis: 

 

EPFM of polymers 

a. Extensive review of EPFM and the used methods and 

procedures to characterize polymeric materials 

b. Applicability of EPFM to various types of polymers 
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i. Characterization of a crack growth resistance curve via 

different experimental procedures  

ii. Determination of the fracture behaviour close to the glass 

transition temperature of three different polypropylene 

types  

iii. Screening of data reduction methods to diminish 

scattering 

c. Examining the influence of specimen size on fracture mechanical 

parameters 

i. Influence of specimen size on initiation and crack growth 

parameters  

ii. Determination of constraint differences within specimen 

geometries 

Mixed mode fracture of polymers 

a. Extensive review of mixed mode fracture analysis and the used 

specimen configurations and methods to characterize bulk 

polymeric materials 

b. Development of adequate specimen geometries for mixed 

mode I/III fatigue testing 

i. Development of specimen geometries and testing 

procedures to characterize mode I/III fatigue fracture 

ii. Fracture mechanical analysis of mixed mode I/III loading 

iii. Evaluation of an equivalent stress intensity factor for life-

time estimation 

c. Understanding the influence of mixed mode fatigue loading on 

the fracture surface appearance 

i. Analysis of the influence of friction and abrasion on the 

resulting fracture surface of mode I/III specimens 

ii. Determination of mixed mode mechanisms (e.g. factory 

roof formations) 

d. Validation of mixed mode behaviour of different polymers 

e. Development of adequate specimen geometries for monotonic 

mode III testing 



 
 

 
7 
 

f. Investigation of specimen geometries for monotonic mode I and 

mode III testing 

i. Examination of pure monotonic mode I loading of thin 

walled polymer bulk specimens extended to different 

fracture parameter 

ii. Examination of pure monotonic mode III loading of thin 

walled polymer bulk specimens  

 

Based on the outlined objectives of this work, the following structure was 

chosen to display the scientific progress and research in the area of polymer 

fracture mechanics. The thesis is divided into three parts: 

 

i. Preamble 

ii. Outline and summary 

iii. List of publications 

 

The preamble contains the mandatory sections of the thesis (e.g. abstract) as 

well as contents such as affidavit, acknowledgement and the table of content.   

In the second part, the motivation and some background related topics of this 

thesis are presented. This leads to the objectives and the definition of the two 

investigated topics of polymer fracture mechanics within this thesis. The first 

topic deals with elastic plastic fracture mechanics (EPFM) of polymers and the 

second topic is focused mixed mode fracture analysis extended to 

unreinforced polymers. Both parts provide an overview about the most 

important theoretical aspects and results of the publications, which are marked 

at the respective place. Furthermore, a summary of the main results is outlined 

in this section and leads to the conclusions and outlook.  

In the last part, a collection of publications, with information on the scientific 

journals where they are published or intended to be published, is added to 

illustrate the progress in the area of polymer fracture mechanics:  

Publication 1: Comparison of J-integral methods for the 

characterization of tough polypropylene grades close to the glass 

transition temperature 

 

Publication 2: J-testing of polymers via the load separation 

criterion based ESIS TC4 procedure: Effect of the specimen size 
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Publication 3: Size induced constraint effects on crack initiation 

and propagation parameters in ductile polymers 

 

Publication 4: Mixed Mode I/III fatigue fracture characterization 

of Polyoxymethylene 

 

Publication 5: Fatigue characterization of polyethylene under 

mixed mode I/III conditions 

 

Publication 6: Fracture of thin-walled Polyoxymethylene bulk 

specimens in modes I and III 
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3. Elastic plastic fracture mechanics 

 

For polymers, LEFM is only applicable under certain restrictions, since 

polymers tend to non-linearity, highly ductile material behaviour and large 

amounts of plastic deformation in front of the crack tip. For some types of 

polymers, it is nearly impossible to characterize the crack growth behaviour 

with methods based on LEFM. Thus, methods of EPFM have to be utilized to 

characterise the crack growth behaviour of polymers. An overview of the 

theoretical background and the state of the art in EPFM of polymers is given 

in this chapter. Furthermore, a short summary of both, developed methods and 

findings, are presented.  

3.1. The J-Integral – Theory and preconditions 

A common parameter in EPFM is the J-Integral and the characterization of a 

crack-resistance curve (J-R curve, J-Integral depending on the crack 

advancement a) to evaluate non-linear crack growth behaviour of a material 

[5,10,28–30]. The J-Integral was first proposed by Rice [31], and is defined as 

the difference between the external and the internal work, within an arbitrary 

area around the notch tip surrounded by a curve (contour Γ) for two 

dimensional problems (Figure 1), and is given by 

J =  ∫ (w dy −  T 
du

dx
 ds)

 

Γ

 (1) 
 

where w is the strain energy density, T the traction vector, u the displacement 

vector and ds the length increment along the contour.  

The strain energy density w is defined by following relationship 

w =  ∫ σij dεij

εij

0

 (2) 
 

where ij is the stress tensor and ij the strain tensor.  
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Figure 1. Loaded two-dimensional notch tip surrounded by a contour Γ to 
calculate the J-Integral, according to [31]. 

The traction vector is defined as the stress vector at a given point nij along the 

contour:  

T =  σij nij . (3) 
 

The J-Integral summarizes the thermodynamic crack driving force (e.g. the 

energy released per unit crack extension) and the nonlinear elastic crack tip 

deformation of the material [31,32].  

Figure 2. Different contours surrounding a two-dimensional crack tip to prove 
the path independency of the J-Integral (contour A-C and F-D). 

 

 



 
 

11 

 
 

A typical characteristic of the J-Integral is its path-independency [31,33]. 

Hence the integration path (contour Γ in Figure 1) is not important as long as 

the whole crack tip is included, as shown in Figure 2. In a homogeneous body, 

the path independency can also be written in terms of 

Jtip =  Jfar (4) 
 

where Jtip is the J-Integral close to the crack tip and Jfar is the J-Integral on a 

far-field contour. The evaluation of Jtip is often hardly feasible in experiments. 

However, Jfar can be determined in a straight forward fashion as the total 

energy release during crack extension in a body [34].  

The general assumptions for the application of the J-Integral are based on Rice 

[31], and are only valid by treating elastic plastic deformations as if they were 

nonlinear elastic (the difference between nonlinear elastic and a nonlinear 

elastic plastic material is depicted in Figure 3).  

 

Figure 3. Representative stress-strain curve of a nonlinear elastic material 
and an elastic-plastic material, according to [5]. 

The major difference between a nonlinear elastic and an elastic-plastic 

deformation response is noticeable in the unloading process: a nonlinear 

elastic material follows the same stress strain curve during loading and 

unloading, whereas, the elastic-plastic material displays irreversible 

deformation. Thus, plastic deformation and unloading processes are limiting 

the applicability of the J-Integral. Rice proved the applicability of the J-Integral 

to non-linear material behaviour [31]. Hutchison [35], Rice, and Rosengren [33] 

showed independently of each other the possibility of using the J-Integral to 

also describe crack tip conditions in a non-linear material. However, as long 
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as no unloading occurs, elastic plastic material behaviour can also be 

represented via the J-Integral [5].  

There are some further restrictions regarding the application of the J-

Integral [28]: 

i. the deformation in the third direction has to be neglected (minimum 

specimen thickness in relation to the yield zone), 

ii. the material temperature has to be constant during testing (otherwise 

the path independency is no longer valid) and 

iii. no kinetic effects may occur.  

In order to apply the J-Integral as an experimental fracture parameter, several 

forms were developed and are summarized chronologically in [36]. The J-

Integral enjoyed great success in the characterization of nonlinear materials, 

which is discussed extensively in literature [5,28,31,36–38]. Some of the most 

important steps towards the development of the J-Integral as a fracture 

parameter should be named separately: The first experiments for the 

characterization of an initiation value (JIC) where published by Begley and 

Landes [38]. Their early work deals with the application of the J-Integral to 

geometrically similar specimens with different crack lengths. This procedure is 

strongly restricted, limiting its widespread application. However, it was the 

starting point for further investigations and testing series in EPFM. 

A more general form of the J-Integral was proposed by Sumpter and Turner in 

[39]. This form denotes the J-Integral as the sum of an elastic and a plastic 

part as follows 

J =  Jel  +  Jpl  =  
ηel Ael

b B
+ 

ηpl Apl

b B
 (5) 

 

where el and pl are the elastic and plastic geometry factors (depending on 

the notch length over width ratio a/W), Ael is the elastic area under the load 

displacement curve, Apl is the plastic area under the load displacement curve, 

b is the remaining ligament length (W-a) and B the specimen thickness. In 

general, the evaluation of the elastic part of the J-Integral, Jel, is straightforward 

and is defined as (according to LEFM) [36]  

Jel =  
KI

2

E′
 (6) 

 

where KI is the stress intensity factor and E’ = E, the Young’s Modulus of plane 

stress and of plane strain E’ = E/(1-2). Hence, the evaluation of pl is central 

to this J-Integral estimation, which is extensively discussed in literature [36]. 

The most accurate way to characterize the pl factor is via numerical 
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simulations. However, the following definitions led to sufficiently accurate 

results in the full range of crack sizes for SE(B) specimens [36]: 

ηpl = {
                                                  2,     

a

W
> 0.282

0.32 + 12 (
a

W
) − 49.5 (

a

W
)

2

+  99.8 (
a

W
)

3

,
a

W
≤ 0.282

 (7) 

 

Splitting the J-Integral into an elastic and a plastic part led to the first 

application of the often used multispecimen method, where several identical 

specimens are loaded to different amounts of displacement and the resulting 

crack advancement is measured afterwards by a complete break of the 

specimen [36,40].  

3.2. Evaluation of the J-R curve 

The typical failure mechanisms of components made of a tough material 

(elastic plastic material behaviour) are triggered by exceeding a specific J-

Integral value. The fracture process can result in a stepwise failure due to crack 

growth, which is accompanied by large plastic deformations in front of the 

crack tip [5]. The typical R-curve (crack growth resistance curve), where the J-

Integral increases with increasing crack advancement a, is characteristic for 

the aforementioned material behaviour [41]. The fracture behaviour can no 

longer be described by a single parameter, since the crack growth parameter 

varies with the value of a. A typical J-R curve (J-Integral depending on the 

crack length a) is shown in Figure 4.  

At the origin of the J-R curve, the material behaviour is governed by the 

blunting process. Crack tip blunting is a typical deformation mechanism at the 

beginning of an experiment, where the sharp notch deforms to a round notch 

due to high stress concentrations close to the crack tip [42,43]. Figure 5 

presents an example of the ongoing deformation process during the blunting 

phase on the fracture surface of a random polypropylene copolymer (PP-R). 

Directly after the initial notch (marked as the crack tip) the characteristic 

blunting phase is detected, where polymer fibrils are stretched and deformed 

in crack growth direction before the crack growth initiates (publication 1 [44]). 

 



 
Elastic plastic fracture mechanics 

14 
 

 

 

Figure 4. The J-Integral increases with growing crack advancement a 
representing the crack growth resistance curve (J-R-curve) and its typical 
initial states, the crack tip blunting and the crack initiation according to [5]. 

 

Figure 5. Crack tip blunting on a fracture surface close to the initial notch of a 
random polypropylene copolymer, adapted from [44]. 

Depending on the investigated material, the blunting process is often highly 

challenging to distinguish from actual crack initiation [12]. Theoretically, the 

end of the blunting phase is marked by a local failure, caused by the first real 

crack advancement (crack initiation in Figure 4). In practical investigations, the 

accuracy of crack advancement measurements is limited by the experimental 

methods available, and as a result, a focus was put on developing 
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mathematical relationships to evaluate the blunting-to crack growth 

transition [12]. If all preconditions for the application of the J-Integral are met, 

stable crack growth is visible in strictly monotonously increasing J-R plots. 

Generally, there are several parameters that can be calculated from the J-R 

curve. However, the most common one is the initiation value (JIC).  

Initiation toughness parameter 

For the determination of a crack growth initiation parameter JIC, based on the 

J-R curve, two methods are available: 

i. the evaluation of the value J0.2, which is the J-Integral at 0.2 mm crack 

advancement  

This level of crack advancement ensures visible cracks for evaluation, while 

still providing a viable toughness value.  

ii. the use of the blunting line to determine Jbl.  

Jbl is the intersection of the J-R curve with the blunting line, which is defined 

as  

Jbl = 2 m σy Δa (8) 
 

where the plastic constraint factor m is usually assumed to be equal to 1 and 

y is the uniaxial yield stress determined at a similar speed as the J-R-curve 

[45].  

The crack growth initiation value JIC is defined as the lower value of J0.2 or Jbl 

[5,12,28,46,47]. An example for the evaluation of JIC from the J-R curve is 

presented in Figure 6, where the crack growth behaviour (J-R curve) of 

polypropylene-block-copolymer (PP-B) is depicted (publication 1 [44]).   
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Figure 6. Determination of the crack growth initiation parameter JIC from the 
J-R curve of a polymer – evaluation of the parameter J0.2 at 0.2 mm crack 

advancement and Jbl from the blunting line, adapted from [44]. 

3.3. Evaluation of the J-R curve for polymers 

In the area of EPFM of polymers several forms of J-R curve evaluations are 

available, causing different forms of experimental procedures to be viable, 

depending on the investigated conditions (temperature and testing speed) 

[36,40,48–57]. However, constructing the J-R curve requires the evaluation of 

the J-Integral as a function of the crack advancement a. Here, one of the 

most common methods is the multispecimen method [5,28,36]. For polymers 

in particular, there are still some open questions regarding the validity of this 

method, which require detailed analyses.  

Multispecimen method 

A testing procedure for the application of the multispecimen method on 

polymers was developed by the ESIS TC4 [28] and the ASTM [58]. The 

procedure requests the testing of several identical specimens, up to different 

amounts of crack advancement a. The a generated in the experiment is 

evaluated after the test via an optical analysis after breaking the specimen 
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apart in an individual procedure. To evaluate the J-Integral, the load-

displacement plot is required and in combination with a, one tested specimen 

leads to one data point in the crack resistance curve (Figure 7).  

 
 

Figure 7. Calculated data points from the multispecimen approach to 
evaluate the crack resistance curve (J-R curve), with the initiation value JIC 

and the limit points amin and amax according to [5]. 

To break a specimen for a measurement after testing, several techniques 

exist, such as cryo-fracturing, impact tests or fatigue cycling of specimens. For 

polymers, the cryo-fracturing is used most of the time, since it primarily causes 

brittle fracture. Brittle fracture patterns are especially important because they 

can be distinguished from the ductile fracture surface more clearly.  

Additionally, for a valid J-R curve, some restrictions are defined in [28], which 

lead to a minimum necessary value of amin (0.05 mm) and a maximum value 

of amax: 

Δamax = 0.1 (W − a0) (9) 
 

where W is the specimen width and a0 the initial crack length of the specimen. 

Furthermore, there are at least 7 data points required within the valid area of 

a for a representative J-R curve. Finally, valid data of the crack resistance 

curve is fitted via a power law fit [28] 

𝑱 = 𝑨 𝜟𝒂𝑵 (10) 
 

where A and N are fitting parameters. When the fitting parameter N is smaller 

than or equal to 1, the calculated J-R curve can be seen as valid. The 

described multispecimen method has been widely used for the fracture 

mechanical characterization of polymers [50,59–64].  
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Challenges concerning the crack length determination of polymers 

In the case of polymers, several established methods for the determination of 

∆a are not applicable. For example, the potential drop method, the partial 

unloading or heat tinting procedure cannot be used, which makes the 

characterization of an exact value challenging. Furthermore, the accurate 

definition of the crack front and crack advancement is influenced by large 

plastic deformations in front of the crack tip, the used method for breaking the 

specimen and subjective interpretation by the operator [28]. A representative 

fracture surface, which can be used to illustrate the difficulties during 

determination of a is shown in Figure 8 (publication 1 [44]). 

 

Figure 8. Fracture surface of a tested random polypropylene copolymer 
specimen showing the notch tip, stable crack propagation and the plastic 

zone, adapted from [44]. 

These difficulties make the precise determination of the crack tip and the crack 

advancement a challenging. This is reflected in a high data scattering of the 

corresponding J-R curve (publication 1 [44]).  

Therefore, two correction procedures for calculating the J-R curves from the 

multispecimen method were applied to reduce the present data scattering. 

First, the correction with the Δ𝑎 – time plot was used, to ensure steady state 

crack propagation in the tests, which is a precondition for the use of the J-

Integral. The second correction procedure was based on the load separation 

method. This correction procedure excluded data points from the J-R curve 

obtained by means of the multispecimen method, which either did not fulfil the 

power law fitting precondition, or showed a strongly deviating curve shape. 
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Doing so, it was possible to reduce the data scattering and exclude 

measurements with vastly different fracture behaviour (publication 1 [44]). 

To conclude, the measurement of a in polymeric materials is quite 

complicated and prone to errors. Hence, the development of alternative 

methods to evaluate the J-R curve of a polymer became an important research 

area in recent years. An example for alternative methods are the so-called 

single specimen methods. These methods are convincing because they only 

require a few specimens and the evaluation of a on the fracture surface is no 

longer necessary. One of these approaches, the load separation method, will 

be described in detail in the next section.  

Single specimen methods  

Beside the multispecimen procedure, there are some single specimen 

methods, which gained more and more interest in recent years for the 

characterization of ductile polymers [10,12,29,46,60,65–71]. Single specimen 

methods require only two specimens for the evaluation of an entire J-R curve. 

Many of these methods are connected by the basic assumption of load-

separability, which acts as a precondition for a specific form of the J-

Integral [72]. The load-separability assumes that the load for the same 

material, geometry and constraint can be written as a product of two 

independent functions in the plastic region [73,74] 

𝑷 = 𝑮 (
𝒃

𝑾
) 𝑯 (

𝒖𝒑𝒍

𝑾
) (11) 

 

where G(b/W) is the geometry function, H(upl/W) is the material deformation 

function, b the ligament length, W the specimen width and upl the plastic 

displacement. The plastic displacement is calculated from the applied 

displacement u  

𝒖𝒑𝒍 = 𝒖 − 𝑷 𝑪𝟎 (12) 
 

where P is the applied load and C0 the initial elastic compliance of the load 

displacement curve. Based on the load separation property, two testing 

methods were developed for polymers: The load separation and the 

normalization method. However, both single specimen methods are currently 

still under development and need further detailed investigation for a successful 

application to characterize the fracture behaviour of polymers.  

Originally the load separation method was intended for the evaluation of the 

geometry factor pl [72]. Afterwards the method was extended to growing crack 

experiments and to evaluate an initiation toughness value without the need of 
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constructing the whole J-R curve [10,22,46,60,69,75–77]. Generally, the load 

separation parameter Sij is defined as 

𝑺𝒊𝒋 =  
𝑷(𝒃𝒊)

𝑷(𝒃𝒋)
|

𝒖𝒑𝒍

 (13) 

 

where P represents the applied load on a specimen with the ligament length 

b. By substituting the load, the parameter Sij can be written as: 

𝑺𝒊𝒋 =  
𝑮 (

𝒃𝒊

𝑾) 𝑯 (
𝒖𝒑𝒍

𝑾 )

𝑮 (
𝒃𝒋

𝑾) 𝑯 (
𝒖𝒑𝒍

𝑾 )

|

𝒖𝒑𝒍

=  
𝑮 (

𝒃𝒊

𝑾)

𝑮 (
𝒃𝒋

𝑾)

|

𝒖𝒑𝒍

 (14) 

 

For stationary crack experiments (testing of a blunt notched (bN) specimen 

with a round notch tip) the geometry function G(b/W) is constant. Hence, also 

the parameter Sij takes a constant value, which can be used to evaluate pl 

and verify the load separation principle. The load separation parameter is also 

defined in a way that enables the characterization of growing cracks. 

Therefore, the parameter Ssb can be estimated from the applied load of a sharp 

notched (sN) specimen Ps and a bN specimen Pb:  

𝑺𝒔𝒃 =  
𝑷𝒔

𝑷𝒃
|

𝒖𝒑𝒍

 (15) 
 

The parameter Ssb represents the crack growth behaviour in the sN specimen 

in comparison to a stationary crack experiment of the bN specimen. Therefore, 

the Ssb parameter is no longer constant over the whole testing range. When 

the crack starts to propagate in the sN specimen, the parameter Ssb will 

decrease with increasing upl, as shown in Figure 9). 

The development of crack growth parameters directly from the Ssb-curve is of 

great interest. An example was proposed by the ESIS TC4, which developed 

a testing approach for the characterization of two additional fracture 

parameters from the Ssb-curve [22]. The usability of the proposed procedure 

was shown in a recent round robin study [66]. The two additional parameters, 

the initiation toughness value JI,lim and the parameter ms, should be used to 

strengthen the results from the multispecimen method. The JI,lim value can be 

determined from the load displacement curve of a sN specimen with the help 

of the Ssb-curve. The point of fracture initiation is evaluated after the maximum 

of the Ssb-curve, at 0.995*Ssb,max (marked in Figure 10). The parameter ms is 

marked in the last region of the normalized load separation curve. A 

representative normalized load separation plot is shown in Figure 10 

(publication 2 [78]). 
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Figure 9. Load separation curve representing the crack initiation process and 
crack growth, adapted from [44].  

Influence of specimen constraint 

Another advantage of the load-separation principle is the possibility to use it in 

the form of the material key curve to evaluate the constraint in a specimen. 

Thickness variations within a specimen or a component can influence the 

constraint levels (triaxiality in front of the crack tip), and subsequently the 

fracture behaviour [5,79,80]. Thus, the characterization of constraint states 

and variations is of great importance. 

The constraint information in a component can be represented by a calibration 

function. A common way to obtain a calibration function is by evaluating the 

material key curve derived from the load separation principle (as shown in Ref. 

[80]). The evaluation of the material key curve is based on the geometry 

function, H(upl/W), evaluated as:  

𝑯 (
𝒖𝒑𝒍

𝑾
) =  

𝑷

𝑮 (
𝒂
𝑾

) 
=  

𝑷

(𝟏 − 
𝒂
𝑾

)
𝟐

 
 (16) 
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Figure 10. Normalized load separation curve for the calculation of the 
initiation toughness value JI,lim and the parameter ms according to [22] 

(adapted from [78]). 
 

The normalized load, PN, can be evaluated as follows: 

𝑷𝑵 =  
𝑷

𝑩 𝑾 (𝟏 −  
𝒂
𝑾)

𝟐

 
 (17) 

 

The material key curve (normalized load, PN depending on the ratio of plastic 

displacement over width, upl/W) provides information about changes in the 

constraint in front of the crack tip. An example for a material key curve 

evaluated from stationary crack experiments on bN specimens with varying 

specimen width W (W = 5 to 50 mm see Figure 11) is presented in Figure 12 

(publication 3).  

Changing constraint levels in the crack initiation phase were found for the 

smallest (W is 5 mm) and the largest (W is 50 mm) specimen size of ABS. 

However, all investigated specimen sizes in between (W ranges from 10 to 

40 mm) displayed a similar constraint for the crack initiation and the crack 

growth phase (publication 3).  
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Figure 11. Up-scaled blunt notched single edge notched in bending 
specimens showing the constant up-scaling ratio, adapted from [78]. 

 

Figure 12. Material key curves obtained for acrylonitrile-butadiene-styrene 
copolymer with up-scaled specimen sizes in order to evaluate constraint 

differences, adapted from publication 3. 
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3.4. Effect of specimen size on the J-R curve evaluation for 

polymers 

To characterize the effect of specimen size on the fracture behaviour, single 

edge notched in bending SE(B) specimens with a maximum up-scaling ratio 

of 10 (Figure 11) were analysed in publication 3. For this scale-up, specimens 

with a width W ranging from 5 to 50 mm were investigated in detail. The crack 

growth behaviour of varying specimen sizes was determined via the 

multispecimen procedure and a combined J-R curve is shown in Figure 13.  

 

Figure 13. Combined J-R curve obtained for acrylonitrile-butadiene-styrene 
copolymer with examined specimen sizes (specimen width W from 5 to 

50 mm), adapted from publication 3. 

The resulting J-R curve obtained for ABS shows one overlapping curve for all 

tested specimen sizes. However, for the smallest and the largest specimen 

size some changes in the fitted J-R curves were detected, which support the 

results of changing constraint levels for these two specimen sizes. 

Nevertheless, a size independent crack resistance curve could be confirmed 

for specimen sizes ranging from W is 10 to 40 mm (publication 2 [78] and 

publication 3).  
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Furthermore, four representative crack initiation parameters were 

characterized:  

 J0.2 (apparent), which is based on the technological evaluation of the J-

R curve [28], displayed slowly increasing initiation values for specimens 

with W is 10 to 40 mm 

 Jbl (apparent), which is also based on the evaluation of the J-R curve 

[28], displayed the lowest initiation values and a similar behaviour as 

J0.2 

 Jini, which is based on the initiation time tini as discussed in [48], 

displayed increasing crack initiation values with increasing specimen 

size, where small deviations were detected for changing constraint 

states 

 JI,lim, which is based on the ESIS TC4 LS method [22], displayed similar 

results as Jini and supports the size-dependent fracture initiation 

behaviour (initiation parameters increase with increasing specimen 

size) 

A comparison of all crack initiation parameters investigated is shown in Figure 

14 (publication 3).  

J0.2 and Jbl have to be seen as apparent values, since the experimental data 

points at low amounts of a were limited. Especially for larger specimen sizes 

Jbl and J0.2 displayed a similar trend with slightly increasing initiation toughness 

values, which can be partly related to missing a-values at very low levels. 

However, Jbl showed the lowest fracture initiation values and is therefore the 

representative initiation toughness value according to the multispecimen 

procedure [28]. The calculated Jini and JI,lim values grow continuously with 

increasing specimen size. The contrary behaviour of these two parameters, 

compared to the former two, give rise to the assumption that these parameters 

mark two different stages during the fracture process. J0.2 and Jbl are marking 

crack initiation, whereby the other two parameters, Jini and JI,lim, are 

representing the onset of stable crack growth. In the case of increasing 

specimen sizes these two events during a fracture process (crack initiation and 

onset of stable crack growth) are not necessarily at the same time, which is 

also shown in Figure 14. This is supported by the principle nature of crack 

initiation, which is typically a continuous process starting with crack tip blunting 

until a complete crack front is developed over the whole specimen thickness 

[12].  
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Figure 14. Comparison of initiation toughness parameters J0.2 
(multispecimen procedure), Jbl (multispecimen procedure), Jini (based on the 
initiation time tini) and JI,limi (ESIS TC 4 draft protocol) for increasing specimen 

sizes, adapted from publication 3. 

The results of the investigations suggest the use of the initiation parameters 

based on the multispecimen procedure (J0.2 and Jbl) for material ranking and 

comparison, whereby, the parameters representing stable crack growth (Jini 

and JI,lim) are necessary for evaluation of geometry aspects and to mark the 

event of a fully developed crack front. Further details about the influence of the 

specimen size on the fracture parameters of polymers are given in 

publication 2 [78] and in publication 3. 
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4. Mixed mode fracture of polymers 

 

Polymer fracture mechanics is a powerful tool to investigate failure 

mechanisms and damage of structural components and technical applications. 

Besides the basic information for engineering components such as material 

strength and stiffness, mode I fatigue fracture experiments have become more 

and more central in avoiding component failure. However, during actual 

application, mixed mode loading can occur and should be included in 

calculations of various engineering components, such as rolling bearing 

elements [21], gears [81], torsionally stressed shafts for transport vehicles [82] 

and rolls with grooves [83].   

4.1. Mixed mode crack growth 

Mixed mode loading is a combined loading of crack opening forces in tensile 

(mode I) and shear loading (in plane - mode II and out of plane - mode III), as 

shown in Figure 15.  

 

Figure 15. Loading modes of the crack tip according to according to [5]. 

While a useful amount of research is available for laminates [24,25,84], it is 

not possible to apply all found relationships to unreinforced bulk polymers. 

Additionally, it is necessary to understand the fundamentals of all three loading 

modes separately, in order to deepen the understanding for the combined 

mixed mode loading situation.  
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As a starting point, the basic mixed mode loading relationships according to 

LEFM are stated. When all three loading modes (mode I, mode II and mode III) 

are present at the crack tip, the energy release rate G is given by [5] 

𝑮 =  
𝑲𝑰

𝟐

𝑬′
+  

𝑲𝑰𝑰
𝟐

𝑬′
+  

𝑲𝑰𝑰𝑰
𝟐

𝟐µ
 (18) 

 

where KI, KII and KIII are the stress intensity factors in each loading mode, E’ 

the Young’s modulus (in plane stress or plane strain state) and  is the shear 

modulus. Based on this relationship, it is possible to combine each loading 

mode present at the crack tip via one representative parameter. However, 

during mixed mode loading an additional parameter is influencing the fracture 

behaviour. A crack in a loaded body is always propagating in the path of least 

resistance and maximum driving force. Hence, the growing crack does not 

always stay in its initial plane during mixed mode loading, as in the case shown 

in Figure 16. This change of direction is quantified by the crack growth angle. 

For example, it is quite common that mixed mode cracks propagate orthogonal 

to the maximum principal stress (i.e. in mode I loading) [5], as shown in Figure 

16. A crack growth deviating from the initial pre-crack plane is also known as 

a mode I branch [85–87], where a crack tries to change its plane of crack 

growth to reach pure mode I.  

 

Figure 16. Mixed mode loaded crack propagates orthogonal to the maximum 
principal stress in mode I, according to [5]. 

Figure 17 shows the switch from mode II or mode III loading to mode I via the 

formation of a mode I branch. The mode I branches differ in direction, 

depending on the actual loading mode (shown in Figure 17 for mode II and 
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mode III). In mode II, the entire crack tip is changing its direction, whereas in 

mode III the twist starts only at one point along the crack front. One of the 

simplest twisting angles in pure mode III is 45°. In this particular loading case 

the mode III amount decreases to zero and only mode I is acting as the crack 

driving force [87]. Additionally, the crack path is strongly influenced by the 

material itself.  

 

Figure 17. Mode I branches in front of a mixed mode I/II and a mixed mode 
I/III loaded crack tip, according to [87]. 

An example for a mode I branch in high density polyethylene is given in Figure 

18, where the crack path twisted directly after the initial notch. The observed 

crack path deflection is typically for mixed mode I/III tested specimens and 

further details regarding the measurements of such phenomena are given in 

publication 5 [88]. 

As mentioned in this short introduction, there are many aspects, which have to 

be considered during mixed mode loading. In publication 4 [89] and 

publication 5 [88], mixed mode loading was mainly investigated in fatigue 

experiments, where in the past a lot of effort has been put into the application 

of fatigue fracture mechanics to model crack growth in various types of 

polymers and composites under pure mode I [7,9,16,18,19,25].  

Subsequently, the next chapter provides a rough overview of the background, 

as well as newly found results regarding the fatigue crack growth behaviour in 

polymers extended to shear mode-loading.  

 



 
Mixed Mode fracture 

30 

 

 

Figure 18. Twisted crack path during a mixed mode I/III experiment – both 
specimens are analysed via crack freezing experiments and a light 

microscope is used in (a) and a scanning electron microscope in (b), adapted 
from [88]. 

4.2. Mixed mode specimen configurations 

Various types of mixed mode specimen configurations were used to test the 

behaviour of bulk materials in the past, as illustrated in Figure 19 [85,90]. The 

least complex experiment type is the plate specimen in tension with an initially 

inclined crack or an inclined edge crack (Figure 19-a and -b). Another 

specimen configuration is shown in Figure 19-c. Here, a disc specimen with an 

inclined crack in the centre is loaded in compression. Shear specimens loaded 

in 3- or 4-point bending configuration were used in early mixed mode 

experiments and are still used in recent studies to show the influence of friction 

and abrasion between crack flanks in mode II and mode III [91,92]. Figure 19-

e shows a circumferentially notched bar loaded with a torsional load [93–95]. 

Nowadays more advanced specimen configurations are used like the all 

fracture mode (AFM) specimen and the newly developed compact tension 

shear rotation (CTSR) specimen [96,97].  

In publication 4 [89] and publication 5 [88] mixed mode I/III fatigue behaviour 

was investigated for two polymers, namely a polyoxymethylene (POM) and 

polyethylene (PE) via a cracked round bar (CRB) as shown in Figure 20. 

Previous research, mainly on metals, displayed good results for a comparison 

of mode I and mode III in one test set-up [98–103]. To determine the pure 

mode I crack growth characteristics, a tensile fatigue load was applied (Figure 

20-a). Mixed mode I/III conditions were achieved by applying both, tensile 
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(mode I) and torsional fatigue loads (mode III) as shown in Figure 20-b. CRB 

specimens have the advantage of a uniform mode III loading, without the 

influence of mode II, due to corner singularities. In contrast, rectangular-

shaped specimens always contain corners, which induce a coupling of mode 

II and mode III [104] (publication 4 and publication 5 [88,89]). 

 

 

Figure 19. Commonly used specimen geometries in early scientific studies of 
mixed mode fracture and mixed mode fatigue fracture (a-e), according to 

[85,90]. 
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Figure 20. Cracked round bar specimen used to characterize pure mode I (a) 
and mixed mode I/III (b) fatigue loading in polymers, adapted from [89]. 

To determine the fracture mechanical properties in pure mode I and III under 

monotonic loading, two experimental setups based on the double cantilever 

beam (DCB) and the out-of-plane double cantilever beam (ODCB) have been 

proposed in publication 6 [105]. An overview of the used experimental setup 

is given in Figure 21. To achieve monotonic mode I loading, the DCB specimen 

is loaded with a tensile force (axial loading). For monotonic mode III loading 

the ODCB specimen is loaded with a constant angle-rate (torsional loading). 

The setup (shown in Figure 21) consists of two orthogonal linear sliders below 

the bottom clamping device to avoid lateral forces. Both presented testing 

setups provided good results for the characterization of pure mode I and mode 

III loading (publication 6 [105]).  

In the present study no results dealing with mode II fracture of polymers are 

presented, due to the more complex specimen configurations and required 

experimental set-ups. However, mode II loading of polymers was also 

investigated within the framework of this thesis, but it is still under investigation 

and the aim of future works (further details in the outlook).  
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Figure 21. Experimental set-up for pure mode I (double cantilever beam) and 
mode III (out-of-plane double cantilever beam) fracture mechanical 

characterization, adapted from [105]. 

4.3. Fatigue fracture of polymers extended to mixed mode 

loading 

Fatigue testing is, due to the applied cyclic loading, the most critical load case 

for life-time estimation of a component. Based on the assumption of small 

scale yielding, as shown in Figure 22, the application of LEFM concepts (e.g. 

the stress intensity factor concept) is possible to model crack advancement in 

order to perform lifetime analysis. The stress intensity factor range K for 

fatigue loading is defined as [104]  

𝜟𝑲 = 𝑲𝒎𝒂𝒙 −  𝑲𝒎𝒊𝒏 (19) 
 

where Kmax and Kmin are the stress intensity factors at the maximum and the 

minimum of the cyclic loading (see Figure 22). 
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Figure 22. Fatigue loaded specimen (loading situation is defined by Kmax and 
Kmin) where the crack tip situation is defined by small scale yielding (the 
plastic zone, the plastic wake and the area of LEFM), according to [5]. 

For polymeric materials, several external and internal effects are influencing 

the fatigue fracture behaviour such as [106]:  

 Testing frequency 
 

 Testing temperature 
 

 Testing environment 
 

 Applied mean stress and load history 
 

 Morphology and molecular properties 

An increasing testing frequency can cause localized heating at the crack tip, 

which can lead to thermally induced changes in the failure behaviour [106]. An 

example for the influence of an increased surface temperature is shown in 

Figure 23, where two mixed mode I/III loaded specimens led to different 

surface temperatures (measured via an IR camera during testing).  
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Figure 23. Influence of increased surface temperature during mixed mode 
I/III loading – increased surface temperature (green image frame) leads to 
lifetime reduction compared to moderate level of surface temperature (red 

image frame), adapted from [89].  

A significant increase in the measured surface temperature during testing 

(shown in Figure 23) led to a significant lifetime reduction. At the surface 

directly next to the crack tip, a temperature of 45°C was measured for the 

green marked specimen (publication 4 [89]). An increased specimen surface 

temperature during testing is especially critical for polymers, since they are 

highly sensitive to temperature changes, as stated above.  

One method to further quantify the crack propagation behaviour of a material 

is to use a fully logarithmic plot, where the crack growth rate da/dN is shown 

as a function of the applied K. However, in certain cases it is not possible to 

measure the crack growth rate during fatigue testing due to the experimental 

testing set-up or the restrictions arising with the specimen configuration. In this 

case, it is common to look at the fatigue fracture curve (stress intensity factor 

range ΔK versus the cycles to failure Nf). This was done to determine the 

difference between pure mode I and mixed mode I/III fatigue loading conditions 

on Polyethylene (shown in Figure 24).  
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By a comparison of applied KI and corresponding failure cycles Nf, the 

additional loading in mode III led to a significant decrease in the measured 

cycles to failure compared to pure mode I fatigue experiments. Via mode III 

loading a similar slope as for the pure mode I quasi-brittle curve was observed 

only shifted to a lower life-time with increasing KIII (publication 5 [88]).  

 

Figure 24. Fatigue fracture behaviour of PE evaluated in pure mode I and 
mixed mode I/III fatigue testing: an increasing mode III amount (caption of 

mixed mode I/III data points is the mean value of KIII) leads to a decrease in 
the cycles to fracture, adapted from [88]. 

For lifetime estimation based on LEFM, it is of high interest to represent both 

loading cases with a single parameter, which simultaneously takes mode I and 

mode III loading into account, like the equivalent stress intensity factor range 

Keq.  

The equivalent stress intensity factor (Keq) represents all three loading cases 

and according to the principle assumptions of LEFM is defined as [5]: 

𝜟𝑲𝒆𝒒 =  √𝜟𝑲𝑰
𝟐 +  𝜟𝑲𝑰𝑰

𝟐 +  
𝟏

𝟏 −  𝝊
 𝜟𝑲𝑰𝑰𝑰

𝟐  (20) 

 



 
 

37 

 

Commonly, individual loading cases are not represented in equal parts in 

application. Thus, various types of equations for Keq have been proposed in 

literature [90,107,108]. An example of Keq is presented in Figure 25, where 

following equation was used to describe the mixed mode behaviour of PE:  

𝜟𝑲𝒆𝒒 =  √𝜟𝑲𝑰
𝟐 +  𝟎. 𝟗 (

𝜟𝑲𝑰𝑰𝑰

𝜟𝑲𝑰
) 𝜟𝑲𝑰𝑰𝑰

𝟐  (21) 

 

In this case the applied ratio of mode III/mode I (KIII/KI) is considered. Using 

this formula, data points of both loading cases coincided well as shown in 

Figure 25.  

 

Figure 25. Calculated equivalent stress intensity factor Keq in pure mode I 
and mixed mode I/III representing the fatigue fracture behaviour of 

Polyethylene, adapted from [88]. 

The application of the adapted ΔKeq equation enables the explicit description 

of the relationship between applied loading and subsequent cycles to failure 

over the whole testing range. Based on the good correlation of the two loading 

cases, the proposed equation is expected to be usable for life-time prediction 

of mixed mode I/III loaded polyethylene components (publication 5 [88]). 
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The discussed fundamentals of mixed mode crack growth and fatigue fracture 

characterization should provide a rough overview for the more complex mixed 

mode fatigue fracture analysis discussed in the next section. 

4.4. Crack path development in mixed mode fatigue crack 

growth  

Mixed mode crack propagation is influenced by two mechanisms: intrinsic and 

extrinsic mechanisms [85,109]. Crack driving forces and the generation of new 

fracture surfaces are summarized as intrinsic mechanisms, including fatigue 

crack propagation. Intrinsic mechanisms are controlled by the applied stress 

and strain field and the cyclic deformation is controlling the crack growth [110]. 

Extrinsic mechanisms influence the deformation in front of the crack tip and 

can act as shielding or anti-shielding effects [110]. Depending on the resulting 

effect the crack driving force can be reduced or increased during testing by 

extrinsic mechanisms. This has a significant impact on the resulting crack 

growth. Hence, it is important to be aware of extrinsic effects during mixed 

mode testing and to take a close look at ongoing processes close to the crack 

tip.  

Generally, extrinsic mechanisms such as crack deflection, wedging, bridging, 

sliding or zone shielding are categorized in following groups: geometric, zone 

and contact shielding or a combination of them, see Figure 26 [109,110]. This 

area of research is well investigated for metals and some examples are given 

for extrinsic crack growth effects in [109,110]. 

As an example, for geometric extrinsic effects, a simple crack deflection can 

be named. Here, the crack deflects form the initial crack plane due to the 

specific stress fields in mixed mode loading. An example for crack deflection 

is shown in Figure 27, where the fracture surface of a mixed mode I/III loaded 

specimen displayed so called “factory roof” formations. Factory roof formations 

are mixed mode facet formations occurring directly after the crack initiation 

phase with a 45° sloping “roof” [93,95,100]. This is the result of cracks, trying 

to propagate in local mode I by twisting the crack plane, and was found in two 

different polymers (POM and PE, for more details see publication 4 and 

publication 5 [88,89]). The observed “factory roof formations” were highly 

sensitive to the applied mode III amount. The influence of increasing mode III 

loading (increased from 1 to 4) can be observed from Figure 27. With 

increasing mode III loading the clear factory roof formations disappear and a 

tangentially deformed texture appears on the fracture surface (publication 5 

[88]).  
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Figure 26. Classes of extrinsic mechanisms during mixed mode loading, 
according to [109,110]. 

Zone shielding effects are commonly observed when plastic deformation 

occurs, or residual stresses are present in front of the crack tip. Contact 

shielding is always combined with a reduction in the monotonic and cyclic 

forces acting at the crack tip. One example is, roughness induced crack 

closure effects, where the friction between the crack flanks influences the 

crack path direction and the crack propagation [111]. In addition, crack bridging 

and sliding crack flanks are categorized as contact shielding. Finally, the 

combination of zone and contact shielding effects can occur, which is also 

listed in Figure 26. Depending on the present extrinsic effect, the crack driving 

force, which is a combination of intrinsic and extrinsic effects, can be increased 

or reduced [109,110]. 
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Figure 27. Scanning electron microscopy images of “factory roof” formations 
on the fracture surface after mixed mode I/III testing – with increasing 

mode III amount (1 to 4) the formations decrease and change to a more 
tangential direction, adapted from [88]. 

Some of the described extrinsic effects were also found in publication 5 [88]. 

The simultaneous occurrence of the described effects led to a reduction of the 

crack driving forces, also in the case of polymers. One example are “factory 

roof” formations detected on the fracture surface of mode I/III fatigue tests, 

which led to crack closure effects (see Figure 28 and publication 5 [88]). 

Crack closure effects are commonly found in metals [85,99–101,110,111]. The 

contact between the fracture surfaces hinders the crack propagation and the 

acting driving force directly on the crack tip is reduced, which can influence the 

measured cycles to failure. 
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Figure 28. Schematic illustration of crack closure effects arising from “factory 
roof” formations in mixed mode I/III fatigue testing of polymers, adapted from 

[88]. 

In Figure 29, microscope images of different effects influencing mixed 

mode I/III fatigue fracture of PE are associated with the stress intensity factor 

level, at which they most commonly occurred. Three zones were identified and 

marked as: (1) crack closure effect, (2) mixed mode I/III crack growth and (3) 

thermally induced failure in Figure 29. For mixed mode I/III data points with low 

amounts of mode III (marked as 1) a slight increase in the measured number 

of cycles to failure was detected. This increase in life-time can be explained by 

the crack closure effect, where the driving force for crack growth is reduced 

due to a closed crack tip. Mixed mode I/III specimens from area (2), appear to 

be no longer influenced by crack closure effects and display a satisfying 

correlation with the resulting Keq of pure mode I data points. Finally, the 

thermally induced failure (marked as 3), which is governed by frictional heating 

through abrasion between the crack flanks and hysteretic heating, is shown on 

the left side of the plot (publication 4 and publication 5 [88,89]). 
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Figure 29. Effects influencing the fatigue fracture behaviour of polyethylene: 
(1) crack closure effect leads to increased number of cycles to failure, (2) 

mixed mode I/III fracture and (3) thermally induced failure, adapted from [88].  

The acquired knowledge in mixed mode I/III fatigue fracture mechanics could 

act as foundation for future lifetime prediction. A relationship of the mixed mode 

fatigue crack growth rate and the applied loading has already been 

proposed [108]. There, the mixed mode loading is summarized as the 

equivalent stress intensity factor range Keq. Hence, the Paris relationship 

[112] is extended by the equivalent stress intensity factor range Keq as 

following [90]  

𝒅𝒂

𝒅𝑵
= 𝑨 𝜟𝑲𝒆𝒒

𝒎  (22) 
 

where da/dN is the crack growth rate and A and m are constants depending 

on the investigated material. The evaluation of the crack growth rate and its 

relationship with the applied load is a major goal in fatigue fracture 

characterization and the basic information for life-time prediction.  
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5. Summary and Conclusions 

 

Fracture mechanical approaches are a powerful tool in the design process of 

reliable and high-performing products. Theories and methods based on 

fracture mechanics are nowadays in use to rank new material classes or to 

model their long-term behaviour. However, when it comes to polymer fracture 

mechanics, essential aspects are still under investigation. The aim of this 

thesis was to expand the knowledge in the area of polymer fracture mechanics 

towards high plastic deformations in front of the crack tip and mixed mode 

loading applications.  

Basic principles of elastic plastic fracture mechanics (EPFM) have already 

been applied to various types of polymers in literature. However, the available 

protocols do not provide satisfying results so far. There is also a lack of 

knowledge and scientific background, when it comes to component design and 

upscaling of EPFM fracture parameters. To address this issue, EPFM of 

polymers was adapted towards the reduction of data scattering in the J-R curve 

and the scaling possibility of fracture parameters (e.g. crack initiation J0.2 or 

blunting value Jbl) in the present thesis. For this reason, the available testing 

procedures for the evaluation of the crack resistance curve (J-R curve, J-

Integral depending on the crack advancement a) - the multispecimen and the 

load separation method - were compared for three types of polypropylene (PP) 

in the vicinity of the glass transition in publication 1. The used multispecimen 

method displayed significant data scattering. Especially, the collected a-data 

scattered significantly. The load separation method, a single specimen method 

requiring only one sharp notched and one blunt notched specimen, also 

displayed significant data scattering within the resulting J-R curves of the 

examined PP types. Therefore, several data reduction procedures were 

examined and showed promising results for the calculation of reliable fracture 

parameters in publication 1: (i) correction with the a-time plot, (ii) evaluation 

of the power-law fit for the load separation curves, (iii) statistical Weibull 

approach, and (iv) application of the normalized load separation method.  
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Before the results of laboratory tests can be used for real-life applications, it is 

necessary to investigate the scaling possibility of the fracture parameters. In 

publication 2, fracture parameters according to an ESIS TC 4 procedure were 

studied on different specimen sizes (geometrically similar specimens with a 

scaling ratio of 10) of acrylonitrile-butadiene-styrene copolymer (ABS). Single 

edge notched bending (SEN(B)) specimens with a specimen width W ranging 

from 5 to 50 mm were used. An initiation crack growth parameter (JI,lim) and a 

parameter describing the crack advancement (ms) were evaluated within this 

study. For both parameters, a specimen size dependency was observed. The 

initiation value JI,lim increased with increasing specimen size, which was in 

agreement with the observed plastic zone size in front of the crack tip. For the 

parameter ms, which represents the crack advancement per unit of plastic 

displacement, a decrease with increasing specimen size was perceived. The 

evaluated specimen size dependency of ms was expected, since this 

parameter is a specimen characteristic. In contrast to the found size 

dependencies for JI,lim and ms, the separately determined J-R curves of all 

specimen sizes overlapped without showing any size dependency.  

To increase the knowledge of up-scaling fracture parameters, a 

comprehensive literature study on the influence of constraint (triaxiality in front 

of the crack tip) was conducted. Based on this review, experimental methods 

for the evaluation of constraint differences and a detailed study of various 

approaches for the calculation of initiation toughness and crack growth 

parameters were compared in publication 3. Specimens made from ABS with 

the same scaling and loading as in the previous study were analysed. For the 

investigations of constraint differences, two experimental approaches 

(material key curve and comparison of specimens with and without side-

grooves) were carried out. Via the material key curve, differences in the 

constraint were determined for the smallest and the largest specimen size. The 

specimen sizes in between (specimen width W from 10 to 40 mm) displayed 

no influence, which was confirmed by the testing of side-grooved specimens. 

In the second part of publication 3, a geometry independent J-R curve was 

observed for specimen sizes ranging from W is 10 to 40 mm. Furthermore, the 

influence of the specimen size on the fracture initiation was investigated. 

Therefore, four different crack initiation parameters were compared: apparent 

J0.2 (from the J-R curve), apparent Jbl (from the J-R curve), Jini (evaluated from 

the crack propagation kinetics) and JI,lim (based on the ESIS TC 4 procedure). 

The observed parameter displayed contrary behaviour. While Jbl and J0.2 are 

nearly constant, Jbl and JI,lim increase with increasing specimen size. This can 

be explained by the used experimental approach, where parameters based on 

the J-R curve (J0.2 and Jbl) are describing the crack initiation, Jini and JI,lim are 
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correlating with the physical crack initiation and mark the point of stable crack 

growth. 

The second part of this thesis was focused on mixed mode fracture of bulk 

polymeric materials. Due to the complexity of mixed mode crack growth, the 

development of adequate specimen configurations and testing procedures 

was realized prior to testing. In the presented thesis, mixed mode I/III fatigue 

testing was analysed for various types of unreinforced polymers with the aim 

of developing possibilities to implement mixed mode behaviour into 

calculations for crack growth kinetics-based life-time evaluations. As a starting 

point, in publication 4, the mode I/III fatigue loading of polyoxymethylene 

(POM) was compared to the well investigated pure mode I loading. In 

comparison to pure mode I loading, the applied mixed mode I/III fatigue load 

led to a significant life-time reduction due to wear and induced heating between 

the closed crack flanks. To address the influence of friction and wear abrasion 

in mixed mode loading, an IR camera was installed to measure the 

temperature increase close to the crack tip. The concept of an equivalent 

stress intensity factor Keq was introduced to combine both loading cases into 

one parameter which can be used for life-time prediction of mixed mode loaded 

cracks.  

The observations of mixed mode loaded POM acted as the starting point for 

further investigations to gain a deeper understanding of crack growth 

mechanisms in mixed mode. A well-investigated polymer (polyethylene, PE) 

with well-known fracture mechanisms was chosen for further analysis under 

mixed mode I/III fatigue loading in publication 5. Similar to the previous study 

on POM, fatigue fracture curves were calculated in two ways. In the first fatigue 

fracture plot, the applied mode I depending on the cycles was shown, where a 

life-time reduction with increasing mode III was observed. In the second fatigue 

fracture curve, the combined parameter Keq was used to include the influence 

of mixed mode I/III loading. With this approach, areas with different dominating 

effects in mixed mode I/III fatigue fracture, such as crack closure, mixed mode 

crack growth, and thermally induced failure could be distinguished. 

Thin-walled polymeric specimens were examined in monotonic mode I and 

mode III loading in publication 6. Two experimental set-ups based on the 

double cantilever beam (DCB) and out-of-plane double cantilever beam 

(ODCB) were used to investigate POM specimens. The used methods provide 

the possibility to evaluate the energy release rate based on the J-Integral for 

pure mode I and mode III loading. In addition, it was possible to convert the 

results into stress intensity factors in both loading cases due to quasi-brittle 

failure of the investigated material. The optical analysis of the fracture surface 
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confirmed the quasi-brittle failure mechanisms, since no signs of plastic 

deformation were found close to the initial crack tip. In the case of mode III 

loading, some twisting and deflection of the crack plane was observed, which 

is typical for this loading case. During these experiments, pop-in fracture was 

observed, which can act limiting in various applications.  

   

 

 

 

 



 

 

 

 

 

 

6. Outlook 

 

The new methods and procedures for fracture mechanical investigations of 

polymers presented in this thesis increase the knowledge regarding plastic 

deformation and mixed mode crack growth. However, in both areas of polymer 

fracture mechanics open questions still have to be addressed.  

To make EPFM applicable for component design of polymers, the relationship 

between crack growth parameters and geometry changes have to be known. 

In the conducted thesis, a size dependency was found for several different 

crack initiation parameters of polymers (J0.2, JI,lim, Jini and JI,lim). Even though, 

the global fracture behaviour (J-R curve) was size independent and displayed 

one overlapping curve. Further investigations of the changing constraint state 

for very small and large specimens are planned. With the help of numerical 

methods, it should also be possible to consider varying specimen geometries 

and to evaluate geometry independent crack growth parameters for elastic-

plastic material behaviour in the future.  

Furthermore, the observed results in the area of EPFM are only representative 

for quasi-static loading conditions and one specific material class. To further 

increase the knowledge towards real life applications, it is necessary to gain 

more information about changing testing conditions and the influence of 

viscoelasticity on fracture parameters from EPFM. Moreover, all investigations 

were made at room temperature and leads to the necessity of further 

experiments at different testing temperatures.  

Beside the mixed mode specimen configurations discussed in this thesis, a 

high number of testing set-ups and specimens are available in the area of 

metals. In the future, these methods and specimen configurations have to be 

verified for additional polymers and compared to the gained mixed mode I/III 

data of the present study.  

The missing loading case of mode II crack tip opening is necessary to fully 

understand mixed mode loading in unreinforced bulk polymers. Therefore, 

reliable specimen configurations and testing procedures have to be developed. 
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This missing loading case can help to complete the calculations based on the 

equivalent stress intensity factor and to improve life-time estimations. 

Furthermore, the investigation of fracture mechanisms in mode II loading can 

lead to a deeper understanding of the influence of friction and wear abrasion 

during mixed mode loading.  
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A B S T R A C T

The fracture mechanical characterization of very tough Polypropylene at room temperature is of
great interest for many technical applications. Precision and validity of obtained values can
significantly be influenced by notching and crack length determination, which has thoroughly
been shown in literature. Additionally, the proximity to the glass transition temperature can
induce further uncertainties.

The aim of this study is to compare different J-integral methods of elastic plastic fracture
mechanics to determine J-R curves for tested materials. Methods consist of the classical multi-
specimen, a single specimen method (load separation) and a statistical approach (Weibull).
Specific data reduction procedures based on physical principles were applied to reduce scattering
and achieve reliable values. In this way, a reliable fracture mechanics characterization of
Polypropylene at room temperature was achieved with a critical verification of the used methods.
Finally, the determined fracture toughness value showed a good agreement with the surface
texture of inspected fracture surfaces.

1. Introduction

The applicability of Polypropylene (PP) in various technical applications is widely accepted. Especially in the case of piping it is
often used due to low manufacturing costs, the possibility of recycling and the extremely tough fracture behaviour. Above all, the
characterization of the crack resistance requires a detailed investigation to guarantee safety during the application. Therefore, the
influence of chemical and morphological parameters (molecular weight, degree of crystallinity or the size and distribution of crys-
talline regions and spherolites [1–6]) on the fracture behaviour of PP has been subject to rigorous study. In particular Polypropylene
is very well investigated at high loading rates and low temperatures [5,7,8], where the crack resistance is not particularly influenced
by any transition region. However, several applications of PP are at or close to room temperature and under moderate to static
loading conditions. As proposed in literature [7,9–15] there is a strong sensitivity of fracture toughness to notching procedures,
geometry dimensions and strain rate for PP at room temperature. Therefore, it is necessary to understand and reliably determine the
fracture behaviour of Polypropylene at moderate loading rates and at room temperature, which is especially vital in critical appli-
cations, such as pressurized vessels or components in long-term use.

For many polymeric materials like Polyoxymethylene, Polyethylene, Polyamides, etc. linear elastic fracture mechanics gives good
and plausible results at room temperature [16–19]. However, the determination of the crack resistance of PP at room temperature
(which inherently is also close to the glass transition region for the investigated types of Polypropylene) cannot be conducted using
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this concept [20]. Instead, methods based on elastic plastic fracture mechanics (EPFM) are applied and so-called “crack resistance
curves” (“J-R curves” - (J-integral depending on the crack length aΔ ) are generated.

1.1. Multi-specimen method (MS method)

The most common approach to determine a crack resistance curve is the multi-specimen method. In this procedure, several
identical specimens are loaded to different amounts of displacement. For each specimen, the required energy is determined and
interpreted as a J-integral value. These values are plotted against the crack growth aΔ thus creating the J-R curve. The procedure for
the multi-specimen method (MS method) is described in the literature [21,22] and can be performed using the following steps:

i. Several pre-cracked specimens are loaded to different amounts of displacement.
ii. Determination of the crack propagation aΔ on the fracture surface after cryo-fracturing.
iii. Evaluation of J0, which does not include the crack propagation during testing, using the following equation:

J ηU
B W a( )0

0
= − (1)

in which η is a geometry dependant factor (2 for single edge notched bending (SENB) specimens), U is the area under the load
displacement curve, B the specimen thickness, W the width and a0 the initial crack length.

iv. Correction of the calculated J0 by the amount of energy needed for crack growth aΔ during testing in order to determine the J-
integral value for a specific amount of aΔ

J J η a
W a

1 (0.75 1)Δ
0

0
= ⎡⎣⎢ − −− ⎤⎦⎥ (2)

v. The crack resistance curve (J-R curve) is constructed by plotting the result of Eq. (2) against the corresponding crack length aΔ .

The experimental procedure for the multi-specimen method is very time consuming in terms of specimen preparation and ad-
ditionally it has a high material consumption. The reliability of this method is strongly influenced by the correct measurement of the
exact crack growth on the fracture surface. Especially for Polypropylene, which is referenced as difficult to characterize by the
European Structural Integrity Society (ESIS), this characterization proves challenging. Therefore, the development of single specimen
methods, where only a single pre-cracked and a single blunt notched specimen is required, are of high interest.

1.2. Load separation method (LS method)

One of the developed single specimen procedures is the so called load separation method. The procedure for the load separation

Nomenclature

a0 initial crack length
ap crack length during testing in the sharp notched

specimen
ab initial crack length of the blunt notched specimen
B specimen thickness
C initial compliance of the specimen
dJ d a/ Δ slope of the crack resistance curve at 0.2 mm crack

propagation
Jbl J-integral at the intersection of blunting line with

the crack resistance curve
JC initiation toughness value
J0 J-integral before crack initiation
J th0, threshold fracture parameter, determined via

Weibull analysis
J0.2 J-integral at 0.2mm crack propagation
ms parameter which describes the slope of region III

in the normalized load separation curve
Pp load in the sharp notched specimen
Pb load in the blunt notched specimen
Rs normalized load separation curve

Spb load separation parameter
Spb plateau, point of crack growth initiation according to load

separation method
Tg glass transition temperature
U area under the load displacement curve
W specimen width
tan(δ) loss factor

aΔ crack propagation
η geometry dependent factor
ν displacement
νpl plastic displacement
νel elastic displacement
bN blunt notched
EPFM elastic plastic fracture mechanics
ESIS European Structural Integrity Society
J-R curve crack resistance curve
LS method load separation method
MS method multi-specimen method
PP polypropylene
PP-B polypropylene-Block-copolymer
PP-R polypropylene-Random-copolymer
sN sharp notched
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method is based on the principle developed by Ernst et al. [23]. The construction of a load separation parameter curve is required to
determine the crack propagation in a sharp notched specimen during testing. If this load separation parameter curve can be es-
tablished it is possible to construct the whole J-R curve (J-integral depending on the crack length aΔ ) with just two specimens. The
main steps of the procedure are described below and can be found in detail in [24]:

i. Loading of a sharp notched specimen sN (sharp crack tip) and a blunt notched specimen bN (round (blunt) crack tip) to a certain
amount of displacement ν, where crack growth in the sharp notched specimen is ensured but no crack growth in the blunt notched
specimen (only plastic deformation or blunting) occurs.

ii. Determination of the plastic displacement νpl during testing for both specimens, by subtracting the elastic displacement as shown
in Eq. (3).

ν ν ν ν PCpl el= − = − (3)

in which ν is the measured displacement and ν el the elastic displacement calculated from the load P and the initial compliance C .

iii. Characterization of the load separation parameter Spb by dividing the measured forces of both specimens at identical plastic
displacements

S
P
P

ν ν,pb
p

b
pl p pl b, ,= =

(4)

in which Pp is the resulting load to the sharp notched specimen and Pb is the applied load to the blunt notched specimen. Using Spb and
νpl the load separation curve as shown in Fig. 1 can be constructed. The load separation curve shows three typical regions. First, the
early region of plastic displacement (region I), also named the “unseparable region” where no load separation is valid. The region
where the load separation parameter reaches a maximum (region II), represents the blunting process in the sharp notched specimen.
Within region II the crack usually starts to propagate. Therefore, the initiation point of crack growth has to be defined in this region.
Finally in region III, where the load separation parameter Spb decreases, the propagation in the sharp notched specimen occurs.

iv. With the load separation curve it is possible to calculate the crack propagation ap during testing using Eq. (5),

a a S S ν ν( ) , ( )p b pb m pb pl pl plateau1/
,= ⩾ (5)

in which ab is the initial crack length of the blunt notched specimen and Spb is taken from the load separation curve in the area of
stable crack growth (Fig. 1, III). To clearly define the start of region III, the initiation point of crack growth Spb plateau, was defined as
the maximum value Spb max, minus 0.1 as it is proposed in literature [26,27]. This initiation point of crack growth Spb plateau, can be used
in substitution of the parameter J0.2 (see Section 3.2.1) to characterize crack growth onset and is much closer related to the actual
physics of the fracture onset process [28]. However, since this method is not yet fully understood it was not used to determine crack
initiation in this study.

v. Finally, the crack length in the sharp notched specimen associated with each point of the load-displacement record is known.
Hence the calculation of the J-integral and construction of J-R curve can be continued as described for the MS method starting at
point iii.

Unfortunately, single specimen methods are influenced by several aspects (sensitivity to the initiation criterion, load separation

Fig. 1. Load separation parameter curve to determine the crack growth initiation point (Spb = constant) and the area of stable crack growth
according to [25].
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property, kind of blunt notched specimen used in specific) [14,26,28,29]. Hence, the fracture behaviour characterized with single
specimen methods is usually used in combination with the multi-specimen method to strengthen the results of the J-R curve.

For Polypropylene the fracture test results at room temperature, which were the main intention for this study, are strongly
influenced by the notch, geometrical dimensions and the strain rate. Small changes can already be sufficient to significantly influence
the results, or even change the local type of failure from brittle to ductile or vice versa. Consequently, results show significant
scattering and it is difficult to clearly characterize the crack resistance of chosen PP-types at room temperature.

The aim of this study is to determine reliable crack resistance curves of Polypropylene near their application temperature (room
temperature). Hence, two additional experimental procedures to reduce scattering by excluding data sets based on physical principles
were applied. Furthermore, a statistical approach in the form of a three-parameter Weibull fit was used to calculate a threshold
fracture parameter J th0, [14].

2. Materials and methods

2.1. Materials

Two different types of pipe grade PP were used for the experiments: polypropylene block-copolymer (PP-B) and polypropylene
random-copolymer (PP-R). The general material data was taken from the data sheets or from previous experiments [30–33]. For the
sake of convenience, several important properties which strongly influence the fracture toughness, such as the molecular weight Mw,
are shown in Table 1.

To investigate the glass transition temperature the dynamic-mechanical properties of the tested materials were measured in
previous studies [30] and are shown in Fig. 2. The glass transition peak temperature of PP-B is around 5–10 °C and −5 to 0 °C for PP-
R. Hence, the experimental conditions at room temperature did not lie within the peak of the glass transition, but in the glass
transition region. This can be seen by the curve shape of the loss factor δtan and the loss modulus E″ (Fig. 2), where both still display
a negative slope around room temperature.

2.2. Experimental procedure

To characterize the fracture behaviour under aforementioned conditions the multi-specimen method (MS method) [21] and a
single specimen method (LS method [26]) were used as described in the introduction. Both methods can be used to generate whole J-
R curves of the materials, which show the necessary energy in terms of J-integral, depending on the amount of produced crack
propagation aΔ . Both MS and LS method were evaluated for the same specimens and in accordance with the proceeding discussed in
chapter 1.

Single edge notched bending specimens (shown in Fig. 3) were used to test the materials in a three point bending configuration.
The specimen geometry was 6.5× 16×70.4 mm for PP-R and 10.2×20.5×95mm for the PP-B specimens. The difference in the
dimensions is owed to availability issues. Generally, all specimens were sidegrooved with a root radius around 0.25mm and a total
reduction in thickness of maximum 0.2B according to [34]. For each material 30 sharp notched specimens (sN) were tested for the MS
method. Additionally to the sharp notched specimens, one blunt notched specimen per material (bN) was produced for the appli-
cation of the LS method (Fig. 3). The bN specimens were machined with a round crack tip with a radius of 2mm. With the bN
specimen, all sN specimens used for the MS method were additionally analysed following the LS method. In general, all specimens
were side-grooved to generate a straight crack front and to suppress the plane stress state at the specimen’s side surfaces.

The notching process has a major influence on the quality of the results, and affects not only the crack growth initiation but also
the whole fracture process. Hence, the experimental notching procedure to generate the sharp crack tip is extremely important to get
representative results for the fracture behaviour of the materials tested [24,35]. Therefore, the notches of the sN specimens were
sharpened using a new razor blade. By sliding the blade along the crack front using a microtome a sharp and uniform crack tip was
achieved. The crack lengths obtained after notching satisfied the requirement 0.55 ≤ a W/0 ≤ 0.65.

The tests were performed under displacement control at a constant crosshead displacement of 1mm/min. As shown in Fig. 3, a
support length of 4 times the specimen width W was used, which is in accordance with the recommendations in [21]. The mechanical
tests were carried out on a Zwick Z010 (Zwick GmbH & Co.KG, Germany) and a contact extensometer for the displacement mea-
surement. For the measurement of the crack growth aΔ on the fracture surface, specimens were cryo-fractured and examined using an
optical microscope. The length of aΔ was taken as the average value of several measurements, equidistantly distributed along the
notch. Fracture surfaces were examined using an optical microscope SZX12 from Olympus (Olympus Life Science Europe GmbH,

Table 1
Material properties of Polypropylene resins used in this study [30].

Property PP-B PP-R

Young’s Modulus (MPa), 23 °C 1300 900
Yield Stress (MPa), 23 °C 28 25
Density (kg/m3), 23 °C 900 905
Glass transition temperature (°C) 5–10 −5 to 0
Molecular weight MW (kg/mol) 605,000 538,000
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Germany) and a scanning electron microscope Vega II from TeScan (Brno, Czech Republic), for closer examination of deformation
and fracture mechanisms.

3. Results and discussion

The results for the two materials investigated in this study (PP-B and PP-R) are presented and discussed in the following. In
accordance with Section 3.2 the discussion of the results will start with the uncorrected J-R curves obtained for the MS method and
the LS method. Afterwards the results obtained for the ms -parameter will be discussed. Subsequently, the influence of the two
correction techniques on the J-R curves will be analysed. Finally, the Weibull analysis will be compared to different parameters
obtained from the (untreated and treated) J-R curves.

3.1. Crack resistance (J-R) curves

For both materials under investigation it was possible to determine a crack resistance curve at room temperature using the
classical MS method and the LS method. Untreated results are shown in Figs. 4 and 5. Specimens which could not be evaluated due to
experimental reasons (e.g. clear determination of crack propagation aΔ not possible, notch quality) were excluded prior to data
treatment.

Fig. 2. Examination of dynamic mechanical properties of the tested materials (PP-B and PP-R) according to [30].

Fig. 3. Set-up and specimen configurations used in this study – three point bending of single edged notched specimens with sharp notch (sN) and
blunt notch (bN) according to [21,36].
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As mentioned before the glass transition region of PP is close to room temperature. Here highly dissipative shear processes
dominate the crack growth of PP [13]. For the materials tested glass transition temperature (Tg) values are around Tg=5 to 10 °C for
PP-B and Tg= -5 to 0 °C for PP-R [30]. Even though the Tg values are below the testing temperature of 23 °C the influence is still
present due to phasing out of the damping peak of the material (observed e.g. in dynamic mechanical analysis (Fig. 2)) which
accompanies Tg. This could be an additional reason why the J-R curve of the MS method shows significant data scattering for both
materials. For a reliable material characterization it is necessary to reduce this scattering.

Another strong source for the data scattering in the J-R curves is the determination of the crack growth aΔ for the MS method. For
the PP materials examined in this study, the determination of the final crack front position was very difficult due to var-
ious deformation and damage mechanisms, which occurred during testing. In order to illustrate this situation Fig. 6 shows re-
presentative fracture surfaces of PP-B and PP-R.

The tested PP-B specimens Fig. 6 show a rather well visible region of stable crack growth and the crack propagation length could
easily be determined via optical microscope for most specimens. Contrary, for PP-R the crack tip and thus the crack propagation
length could not always be determined precisely. Additionally, crack fronts of PP-R were not always straight even though specimens
were side-grooved as suggested in [37]. This is reflected in a higher data scattering of the corresponding J-R curve.

The results of the LS method, with the big advantage of constructing a whole J-R curve with only one sharp notched specimen,
show not always the same tendency as the J-R curve of the MS method. Plotting all J-R curves leads to high scatter, as shown in
Figs. 4 and 5. Compared to experimental aspects as discussed for the MS method above, the LS method is also dependent on additional
theoretical parameters [14,26,28,29], which influence the procedure and results (like the chosen blunt notched specimen, the used
calibration points and the point chosen as crack growth onset (Spb plateau, )). Hence, the use of the LS method to characterize the fracture
behaviour of a complex material such as PP at room temperature without a combined J-R curve from the MS method bears certain
risks when looking at J aΔ− values. To improve results further data analysis is recommended.

Fig. 4. J-integral versus crack length aΔ determined with the multi-specimen method (MS) and the load separation method (LS) for PP-B.

Fig. 5. J-integral versus crack length aΔ determined with the multi-specimen method (MS) and the load separation method (LS) for PP-R.
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3.2. Data analysis

Polypropylene has both, its glass transition temperature and its ductile to brittle transition in the vicinity of the test temperature
(room temperature). Hence, tested Polypropylene showed strong scattering under the mentioned testing conditions. To achieve
desired information regarding fracture toughness nonetheless, the following procedures, which are explained in detail below, were
applied

• Standard procedure for the generation and analysis of the J-R curve using no specific correction

• The ms -parameter as an additional parameter to rank the tested materials

• Correction of the J-R curve using the aΔ -time plot

• Correction of the J-R curve using the load separation method

• Weibull analysis of the J-R curves

3.2.1. Standard procedure for the J-R curve
Both, the MS method as well as the LS method were analysed in accordance with the procedure discussed in Section 1. The J-R

curves constructed of both methods were fitted by a power law in the form of J C aΔ n= , where a requirement of the validity of the J-R
curve is that n≤ 1 [14]. The crack resistance curve provides a further value, the initiation toughness JC , which is used to describe the
early region of crack propagation. This initiation toughness value JC is defined as the lower value of J0.2 (J-integral at 0.2 mm crack
propagation) or a Jbl value (intersection of the blunting line with the J-R curve) [21]. The blunting line is traced according to the
following analytical expression [28]:

J σ aΔ2 y= (6)

in which σy is the yield stress in uniaxial tension and aΔ the crack propagation. This procedure was applied on both methods (MS
method and LS method) to calculate an initiation toughness value JC . Another value that was calculated from the crack resistance
curve was the slope of the curve tangent at aΔ = 0.2mm (dJ d a/ Δ ). According to e.g. Lach et al. [38] this parameter characterizes the
crack propagation. It is often used for materials where crack initiation and propagation can be clearly identified and scatter is low
enough to justify the application of a fitted curve. In the case of high scattering of the data points, which has to be expected for PPat
room temperature, fitting might lead to unreliable data [14].

Fig. 6. Fracture surface of PP-B (1) and PP-R (2) to characterize the crack growth aΔ – both specimens were sidegrooved.
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3.2.2. The ms parameter - an extension of the LS method
In a previous study of Baldi et al. [36] a more sophisticated analysis of the LS method is discussed. They suggest to interpret the

“region III – slope” of the normalized load separation curve (region of steady state stable crack growth) as inherent property of ductile
polymers. This parameter will be termed as “ms – parameter” in the following. In [36] the ms – parameter was used to characterize the
fracture behavior of ductile polymers. It revealed a high reproducibility, which made it interesting for the materials examined in this
work. The normalized load separation curve R ν( )s pl can be calculated according to:

R ν
S ν
S

( )
( )

s pl
pb pl

pb max,
=

(7)

in which the load separation curve S νpl(pb ) is divided and normalized by its maximum value Spb max, . The ms -parameter is defined as
the negative slope in region III of this normalized load separation curve (region III in analogy to the “conventional” load separation
curve shown in Fig. 1):

m dR
dν

R ν ν( )s
s

pl
s pl pl,max= − ⩾

(8)

It indicates the crack advancement produced per unit of plastic displacement. Generally, it can attain values between 0 (only
crack blunting) and values near 1. For the later, linear elastic fracture mechanics can be used to describe the fracture behaviour. In
our study, the ms -parameter was calculated for both materials. It was determined for all specimens analysed with the LS method and
summarized using average and standard deviation.

3.2.3. Correction of the J-R curve using the Δa-time plot
This rather empirical procedure is a correction procedure typically used for the MS method. Hence, it was also used to correct the

J-R curves obtained by the MS method in this study. The procedure is based on the definition of the J-integral. According to the
thermodynamics the J-integral describes the energy field around a moving crack but only in the case of steady state crack propa-
gation. Generally, the fracture process can be understood as a three-phase process (phase I: crack tip blunting/crack initiation; phase
II: non stationary stable crack growth; phase III: steady state stable crack growth). For steady state stable crack growth the crack
propagation rate a ̇ has to be constant after the crack initiation To ensure this, the crack propagation aΔ evaluated for each specimen
tested was plotted as a function of the corresponding total testing time. Subsequently, the data was fitted with a linear fit and strongly
deviating data points, which in fact had a different crack speed a,̇ were removed (Fig. 7). Similar data treatment was done by Lach
et al. [39,40]. The idea of this procedure is to exclude measurements, for which either the fracture behaviour (due to changing
fracture mechanism, geometrical factors such as notching or impurities etc.) is different or the pre-conditions for the application of
the J-integral (steady state stable crack growth) are no longer fulfilled [38,39]. After removal of the excluded data points the MS
method was re-evaluated to generate the corrected J-R curve.

3.2.4. Correction of the J-R curve using the load separation method
The second procedure used to reduce the scattering in the MS method was to combine it with LS method. While the LS method can

be used to establish whole J-R curves, previous study have shown that the absolute values of these curves can vary significantly,
depending on the specimens used. Nevertheless, the slope of these J-R curves was found to be rather constant for the different
specimens, as long as the fracture behaviour remains unchanged [26,36].

Based on these previous findings, J-R curves of every individually tested sample of the MS method were calculated using the LS
method and compared to the J-R curve obtained when using the MS method for the analysis. In case of extreme differences between
the slopes of the J-R curves obtained from LS method and MS method (specimen 2 in Fig. 8)) the data point (specimen) was removed.
Alternatively, if the J-R curve of the LS method did not fulfil the requirements of the power law J C aΔ n= (n ≤ 1, specimen 1 in
Fig. 8) the data point was also removed since it was expected that this specimen failed in a different manner. After removal of the
excluded data points the MS method was re-evaluated to generate the corrected J-R curve.

Fig. 7. Data correction procedure using the aΔ – time plot – data points with significantly different crack propagation rates were removed.
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3.2.5. Weibull analysis of the J-R curves
Additionally to the reduction of scattering using the two correction procedures described above, a statistical model was included

in the data analysis. For this, a statistical approach based on the weakest link model was selected. As discussed in literature [14], this
statistical approach assumes the smallest J-value along the crack front as the critical fracture toughness for crack initiation in the
specimen. In analogy to the literature [9,14,41,42] the J-R curves in this study were analysed with a three-parameter Weibull model
given in the following equation:

F J exp J J
C J

( ) 1 { }th

th

m
0,

0,
= − −⎡⎣⎢ −− ⎤⎦⎥ (9)

Therein F J( ) is the cumulative distribution function, J the evaluated J-integral of individual data sets, J th0, is a threshold
toughness parameter independent of size, C is a scale parameter and m is the shape parameter. Using this approach it is possible to
calculate the minimum threshold toughness value J th0, . J-integrals below this value cause a zero probability of failure inside the
corresponding specimen. To apply this statistical approach on the J-R curves the following procedure was used:

i. The J-integral values determined were arranged form the lowest to the highest value, and assigned with an index number i.
ii. Calculation of the cumulative probabilities using the following equation,

F J P i
N

( ) 0.5
i i≈ = −

(10)

where N is the total number of data points.

iii. The cumulative distribution function was rearranged to obtain the expression of a straight line:

Fig. 8. Data correction procedure for the MS method based on its combination with the LS method – specimens, which did not fulfill the power law
requirements (specimen 1) or which had a slope completely different to the one obtained from the MS method (specimen 2) were removed.

Fig. 9. Weibull-Fit to determine the threshold toughness value J th0, according to [42]. This method is stated for stationary cracks.
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(11)

where m is the slope of the straight line and C is obtained from the ordinate (m C Jln( )th0,− ). Using an iterative approach, J th0, can then
be calculated as the value that best fitted all the experimental data points of the J-R curve (maximum coefficient of correlation (R2)).
In general, J th0, can assume values between 0 and the lowest fracture toughness value Jc min, of the experimental data. The illustration
in Fig. 9, shows the Weibull-Fit with different threshold toughness values J th0, used.

To apply these statistical approach on growing cracks a censoring strategy is usually used as described in literature [41,42].
Hence, specimens with a crack growth larger than 10% of the original remaining ligament were excluded in the regression analysis.

3.3. Evaluation of the parameter ms

This parameter is calculated using the normalized load separation curve Rs, which is based on the LS method. The normalized load
separation curves R ν( )s pl obtained in this study are plotted in Fig. 10. The ms – parameter is evaluated from region III (after the
maximum, refer to Section 3.2.2 for more details) of this curve, which is the region of crack growth in the sN specimen. The ms –
parameter depends on the specimen geometry and the material. It is used to classify the crack propagation process as a function of the
amount of plastic displacement. For materials, which reveal a ms – parameter of nearly 0mm−1 (indicating only crack tip blunting),
the common procedures of elastic plastic fracture mechanics to characterizefracture processes, like the MS method, are likely to fail.
On the other side, materials with an ms-parameter around 1mm−1 are usually suitable to be investigated using linear elastic fracture
mechanics. The general idea of the ms-parameter is to use it as a criterion for the application of the multi-specimen approach [36]. As
shown in Fig. 10, the slope in region III of the normalized load separation curve (which represents the ms-parameter) is rather
uniform for PP-B. For PP-R on the other hand, there is more variation, especially at higher levels of plastic displacement νpl. This
difference is also represented in the ms – parameter values and their corresponding standard deviation in Table 2.

Compared to other materials the determined ms values for PP-B and PP-R are relatively low, which indicates the fracture process
is mainly dominated by blunting [36]. This extremely tough material behaviour should also be reflected in initiation toughness
values. To correlate the ms – parameter with the fracture process, the fracture surfaces of PP-B and PP-R are presented in Fig. 11 for
three different specimens. Looking at the fractured specimens, the PP-R surfaces show much more crack-asymmetry than the PP-B
specimens, even though specimens were side-grooved. The latter look more uniform in terms of crack shape and crack front. Based on
these results, the consistency of the region III-slopes of the normalized load separation curve (quantified as the ms – parameter)
appears to be a good indication for the uniformity of the fracture behaviour during testing.

3.4. Effect of J-R curve correction

Two types of corrections were tested for the J-R curves of the MS method (refer to Sections 3.2.3 and 3.2.4 for details): the
correction with the aΔ -time plot and the correction using the LS method. The more established aΔ – time plot correction was used to
ensure steady state stable crack growth in tests, which is a precondition for the application of the J-integral. The corresponding plots
crack propagation aΔ as a function of the testing time t are shown in Fig. 12 for both materials. The data points plotted show a quite
linear trend, which indicates steady state stable crack propagation in almost all specimens. Only one data point for PP-B and three
data points for PP-R were excluded. The resulting J-R curves are the ones showed in Fig. 13. It is obvious that the J-R curves corrected
with this technique still show significant scattering. A general problem with the aΔ – time plot correction is that the criterion for the
exclusion of the data points is quite subjective.

For the second J-R curve correction method, every single specimen of the MS method was used to calculate a J-R curve with the LS

Fig. 10. Normalized load separation parameter Rs as a function of the plastic displacement νpl for several tested specimens of PP-B (left) and PP-R
(right).
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method. Specimens with J-R curves either extremely different to the one obtained from the MS method or which did not meet the
shape requirements of the power law fit (refer to Section 3.2.4 for details) were removed. Subsequently, the J-R curves were re-
calculated with the corrected data set. The corresponding curves are shown in Fig. 14. Generally, the data treatment using the LS
method worked well for the materials tested and it gave similar results to the MS method. Compared to the uncorrected J-R curve, the
slope of the LS method corrected one is slightly higher for both materials. Especially for PP-R, this correction procedure removed
mainly data points far away from the fitted MS curve.

To quantify the results, parameters commonly used, such as Jc and dJ d a/ Δ at a crack growth of 0.2mm were determined [21,38].
They are presented in Table 3 for PP-B and Table 4 for PP-R. For both materials the J0.2 (J-integral at 0.2 mm crack growth) was the
lower value (as presented in Fig. 15) and is used as fracture initiation value.

The tables show that the initiation toughness J0.2 is higher for PP-B than for PP-R (J0.2 = 18.1–19.6 kJ/m2 for PP-B and J0.2

Table 2
ms – parameter with standard deviation for PP-B and PP-R at room temperature.

Material ms – parameter (mm−1) Standard deviation (mm−1)

PP-B 0.032 0.004
PP-R 0.037 0.013

B-PPB-PPB-PP

R-PPR-PPR-PP

Fig. 11. Fracture surface of PP-B and PP-R to present differences in the crack shape and the crack front.

Fig. 12. Crack length aΔ as a function of the testing time t - original and reduced data points of PP-B (left) and PP-R (right).
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Fig. 13. J-integral versus crack length aΔ corrected with the LS method for PP-B (left) and PP-R (right).

Fig. 14. J-integral versus crack length corrected with the LS method for PP-B (left) and PP-R (right).

Table 3
Weibull parameters, initiation toughness J0.2 and slope of the J-R curve at 0.2 mm crack propagation dJ d a/ Δ for PP-B at room temperature.

Method R2 (Weibull) J0,th
(kJ/m2)

J0.2
(kJ/m2)

dJ/dΔa
(kJ/(m2mm))

MS method 0.99 0.0 18.4 52.2
Corrected with Δa-time 0.98 0.0 19.4 52.6
Corrected with LS method 0.98 4.6 18.1 53.1
Arbitrary LS curvea 0.98 8.7 19.6 56.0
Load separation method – average of all specimens 0.94 2.3 – –

a For one specific specimen with a J-R curve similar to that from the MS method, not representative for all specimens.

Table 4
Weibull parameters, initiation toughness J0.2 and slope of the J-R curve at 0.2 mm crack propagation dJ d a/ Δ for PP-R at room temperature.

Method R2

(Weibull)
J0,th
(kJ/m2)

J0.2
(kJ/m2)

dJ/dΔa
(kJ/(m2mm))

MS method 0.93 5.9 13.1 57.0
Corrected with Δa-time 0.94 6.5 12.4 58.0
Corrected with LS method 0.95 6.4 12.6 57.9
Arbitrary LS curvea 0.98 3.7 15.5 40.9
Load separation method – average of all specimens 0.99 2.3 – –

a For one specific specimen with a J-R curve similar to that from the MS method, not representative for all specimens.
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= 12.4–15.5 kJ/m2 for PP-R, depending on the method to generate the J-R curve). At this point it has to be mentioned that the
blunting line for both materials is rather shallow and in the case of PP-R does not even cross the J-R curve. This is a clear indication of
a fracture process which is highly dominated by blunting. Typically for materials with high toughness values and a low yield stress
[43,44]. The slope of the J-R curve was found to be steeper for PP-R. This is reflected in the slope values calculated at 0.2 mm crack
propagation (dJ d a/ Δ ), where PP-R reveals values from 57.0 to 58.0 kJ/(m2mm) compared to PP-B with values between 52.2 and
53.1 kJ/(m2mm), again depending on the method used to calculate the J-R curve. The highly deviating values of 40.9 kJ/(m2mm)
for PP-R and 56.0 kJ/(m2mm) for PP-B are based on the J-R curve of just one single specimen of the LS method. Due to the discussed
scattering of single tests, they cannot be seen as representative. These values were added to illustrate the uncertainty in the results
when using just one single specimen to characterize the fracture behaviour of Polypropylene at room temperature. The results (J0.2
and dJ d a/ Δ ) indicate that PP-B shows a higher crack initiation resistance at aΔ = 0.2mm but PP-R has a higher resistance against
further crack propagation due to the steeper slope.

3.5. Weibull analysis of the J-R curves

In order to statistically analyse determined J-R curves, a Weibull model was used in this study. With this model the threshold
toughness parameter J th0, was calculated as it was done in previous studies [9,14,41,41,42]. Generally, the fracture toughness (J-
value) varies along the crack front in a specimen. For this, the threshold toughness parameter J th0, represents the lowest fracture
resistance along the crack front (weakest-link model) [41,42]. The results for J th0, are summarized in Table 3 (PP-B) and Table 4 (PP-
R). For PP-B this threshold parameter varies between 0 kJ/m2 and 8.7 kJ/m2 (result of arbitrary curve, added for illustration purpose)
As discussed in the theory, J0,th can assume values between 0 and Jc. The determined results differ highly depending on the correction
procedure (see value of LS correction). The exclusion of data points has a major influence on the initiation toughness value.
Therefore, a higher number of tests is necessary to provide a reliable threshold parameter for PP-B at room temperature. This explains
a threshold value of 0 kJ/m2, which is not reasonable from a physical point of view. The J th0, results of PP-R are between 2.3 and

Fig. 15. J-integral versus crack length aΔ for the determination of the initiation toughness value Jc for PP-B (left) and PP-R (right).

Fig. 16. Fracture surfaces of PP-B (left picture) and PP-R (right picture) close to the initial notch.
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6.5 kJ/m2. The value of 2.3 kJ/m2 is the average of all LS method J-R curves (for the single specimen it is 3.7 kJ/m2). The values of
the uncorrected and corrected MS method J-R curves are between 5.9 and 6.5 kJ/m2, respectively. Thus the initiation toughness
values based on the MS method (both uncorrected and corrected) are lower for PP-B than for PP-R, whereas the averaged values
obtained for the LS method are similar.

In order to find a physical explanation for the J th0, values determined SEM pictures with a magnification of 1000 were taken. The
images are shown in Figs. 16 and 17. PP-B has a quite coarse structure near the initial notch. Near the crack tip some blunting
mechanism is observable by small fibrils which are oriented in the crack growth direction. Hence, morphology of crack tip blunting
instead of real crack growth can be assumed near the crack tip. After the first few µm of crack propagation, the amount of plastic
deformation seems to increase. Moreover, an additional effect is visible on the fracture surfaces of PP-B: apparent surface cracks,
which are roughly parallel to the crack front. These cracks are links to further crazes, which were formed during the crack propa-
gation process. The formation of multiple crazes ahead of the crack tip is reported in the literature e.g. for PP-B [30] and iPP [13]. For
illustration purposes the effect is shown in Fig. 18. With increasing distance to the razor blade notch, the spacing between the surface
cracks increases. This is interpreted as decrease of the “multiple crazing” effect. The texture of the fracture surface of PP-R on the
other hand indicates more pronounced plastic deformation near the notch which is related to a blunting process. After the first few
µm of crack growth, the fracture surfaces of PP-R change to a rather smooth appearance, which remains until the end of the test
(Fig. 17).

The surface textures of the fracture surfaces fit quite well to the J-R curves of PP-B and PP-R (Figs. 4 and 5) and the
corresponding results in Table 3 and Table 4. The J th0, values, which are related to crack initiation or very small levels of crack
propagation, are higher for PP-R (ductile behaviour near the notch) than for PP-B (brittle behaviour near the notch). Obviously,
“multiple crazing” of PP-B has no effect yet. Subsequently, the next parameter determined on the crack propagation path is J0.2
(J-integral for 0.2 mm of crack extension). This value was found to be higher for PP-B than for PP-R. This is attributed to a strong
contribution of the “multiple crazing” effect at the beginning of crack propagation in PP-B. Obviously, this effect dissipates more
energy than the plastic deformation in PP-R (Fig. 18). However, the dJ d a/ Δ value at Δa =0.2 mm (slightly higher for PP-R than
for PP-B) and the J-R curve (constant slope for PP-R, varying slope for PP-B) are a strong indication that the effect of “multiple
crazing” in PP-B decreases slightly with continuing crack propagation. On the other hand, for PP-R the fracture surface texture
remains rather unchanged after 50–100 µm (Figs. 16 and 17) which seems to be reflected in the resulting J-R curve (slope in J-R
curve does not change).

Fig. 17. Fracture surfaces of PP-B (left picture) and PP-R (right picture) after significant crack propagation.

Fig. 18. Damage zones observed in front of cyclically loaded crack tips of PP-B and PP-R according to [13,30,45,46].
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4. Conclusion

The crack resistance (J-R) curve of Polypropylene measured at room temperature reveals a significant amount of scattering, due to
the vicinity to the glass transition temperature of this material. This behaviour was also found in the current study. The char-
acterization using only the multi-specimen method only, where the measurement of the crack growth Δa has a major influence on the
results, proved rather difficult. With the load separation method it was possible to calculate a whole J-R curve with one sharp notched
and one blunt notched specimen. However, the J-R curves from the load separation method obtained for the individual specimens
also showed significant scattering for the materials tested.

To reduce the data scattering two correction procedures for the J-R curves from the multi-specimen method were used. First, the
correction with the Δa – time plot was applied, to ensure steady state crack propagation in the tests, which is a precondition for the
use of the J-integral. This experimental procedure excludes data points with different fracture behaviour and crack speeds. The
application of this procedure is rather easy and it should be used every time the multi-specimen method is conducted. A disadvantage
here is the subjectivity of the criterion for the data point exclusion. A discussion of a more objective criterion (confidence intervals)
within the scientific community is suggested. The second correction procedure used was based on the load separation method. Here
all specimens with J-R curves, which either did not fulfil the power law fit precondition or which showed a strongly deviating curve
shape were removed from the data set of the J-R curve obtained via MS method. This correction procedure excluded more data points
than the Δa-time plot procedure for tested materials.

The application of the statistical approach (Weibull analysis) to evaluate a threshold toughness parameter J th0, worked well for
both materials investigated. The resulting J0,th values were compared with SEM images and they could be successfully correlated to
the corresponding fracture surface textures. However, a higher number of specimens is suggested to avoid invalid results (e.g. 0 kJ/
m2) due to statistical results.

Additionally, a still rather unconventional approach, the normalized load separation curve, was analysed for its slope in the crack
propagation region. The so-called ms-parameter was determined to characterize the crack propagation as a function of the amount of
plastic displacement. This parameter was rather constant for all tested samples of PP-B. For PP-R the values of the ms-parameter
showed comparatively high scatter which was related to the high crack asymmetry found for this material.

The crack resistance (J-R) curves determined for PP-R and PP-B at room temperature allow the following conclusions for the
different approaches examined:

I. Both, the multi-specimen method as well as the load separation method lead to high data scattering in the data points.
II. By using the correction procedures discussed in this study, it is possible to reduce the data scattering and exclude measurements

with vastly different fracture behaviour.
III. The statistical Weibull analysis provided an initiation toughness parameter J0,th to describe fracture initiation.
IV. The normalized load separation curves and the corresponding ms-parameter gave information about the uniformity of the crack

growth process.
V. The use of the load separation method to characterize a J-R curve of PP close to the glass transition temperature, without a

combined multi specimen method, is not recommended.

For the two types of Polypropylene investigated some differences were found. The region of stable crack growth was clearly
visible for PP-B, while for PP-R the crack front could not always be precisely determined. PP-R showed significant crack-asymmetry in
both, the fracture surfaces and the corresponding ms-parameter. Generally, it was possible to describe the fracture behaviour of PP-B
and PP-R with three parameters (the threshold toughness parameter J0,th, the initiation toughness J0.2 and the slope of the J-R curve at
0.2mm crack propagation dJ d a/ Δ ), which describe different regions of the fracture behaviour. It was found that for PP-R the
threshold toughness parameter J th0, is higher, the J0.2 value is smaller and the slope dJ d a/ Δ is steeper compared to the corresponding
values of PP-B. These quantitative fracture parameters were also compared with SEM images of the fracture surfaces of both ma-
terials. A good correlation between these parameters, the J-R curves and the textures on the fracture surfaces was found for both
materials.
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A B S T R A C T   

The Technical Committee 4, “Polymers, Polymer Composites and Adhesives”, of the European Structural 
Integrity Society (ESIS TC4) developed a draft protocol based on the load separation criterion to determine two 
fracture parameters (an initiation parameter, JI,lim, and a crack growth parameter, ms) without the need to 
measure the crack growth (Δa). This is especially beneficial, since the measurement of Δa is prone to errors. The 
developed testing scheme displays promising results, as shown in a round-robin testing exercise. To further push 
this testing scheme, it is necessary to verify the specimen size scaling possibility. Hence, in this work, single edge 
notched in bending (SE(B)) specimens with different sizes, but geometrically similar, were manufactured. ESIS 
TC4 testing scheme was successfully applied to specimens with the different sizes, and data of JI,lim and ms were 
obtained. The observed effect of the specimen size on the aforementioned fracture parameters is presented and 
discussed.   

1. Introduction 

Detailed knowledge of the material specific fracture behaviour is an 
important step towards a successful application of an engineering 
component. However, for polymeric materials exhibiting high amounts 
of plastic deformation and non-linear behaviour, fracture mechanics 
testing approaches able to provide reliable results are still under 
development. Generally, methods from elastic plastic fracture me
chanics (EPFM) are needed for these materials. EPFM introduces the 
parameter “J-Integral” to evaluate the energy required to produce crack 
growth (Δa). Typically, the crack growth resistance curve (J-R curve), 
where the J-Integral is plotted against the crack growth Δa, is deter
mined. Based on the J-R curve, several fracture parameters such as J0.2 
(J-Integral at 0.2 mm crack growth), Jbl (blunting value in the J-R curve) 
and the slope of the J-R curve, dJ/dΔa, (crack growth resistance) can be 
determined. The combination of these parameters describes the fracture 
behaviour of a material and is used as a basic information for component 
design and simulations based on fracture mechanics. 

ESIS TC4 developed a procedure to determine the J-R curve with the 
so called multi-specimen approach [1], where several nominally 

identical specimens are tested in a way to obtain different amounts of 
crack growth, Δa. This procedure is technically equivalent to that 
described by ASTM D6068 [2]. The multi-specimen approach displays a 
high specimen consumption and the results are strongly influenced by 
the uncertainties from the measurement of Δa, as shown in previous 
research [3]. Hence, the reliability of the multi-specimen method can be 
very low and new methods, where the measurement of Δa is no longer 
required, are of high interest. The single-specimen approaches most 
commonly examined, the application of which requires only few speci
mens, are based on the load separation criterion [4], and their appli
cation to polymers was verified in previous studies [5–10]. ESIS TC4 
decided to investigate the possibility to strengthen the results from the 
multi-specimen method [1] with two additional fracture parameters 
determined by means of a load separation criterion-based approach, to 
characterize the fracture initiation process and the crack growth. Based 
on this approach (called TC4 LS-method hereafter) the following pa
rameters are proposed: for the fracture initiation, the initiation tough
ness value JI,lim (fracture resistance parameter) and, to characterize the 
crack growth, the parameter ms (it provides a rough measure of Δa per 
unit of plastic displacement). The reproducibility of the procedure was 
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verified in a round-robin test under the direction of ESIS TC4. In this 
study, the testing scheme was successfully applied to two different 
materials, and encouraging results were obtained. The detailed test 
procedure and the results from the round-robin activity were published 
in literature [11]. 

The influence of scaling specimen sizes on the results of the described 
TC4 LS-method has to be assessed and compared to other methods, to 
further push this new approach dealing with ms and JI,lim. It is known 
from literature [12], that different specimen geometries and sizes lead to 
changes in the constraint level (degree of triaxiality) in front of the crack 
tip, and therefore to different fracture responses at a macroscopic scale 
(experimentally evidenced also for ductile materials [13–16]). This 
aspect is especially important for component design, where the results 
from laboratory tests are used for the development of real-life applica
tions. Hence, the analysis of the ability of a fracture mechanics testing 
approach to highlight specimen size scaling effects is an important step 
in the development of a new method. The aim of this work is to examine 
the applicability of the TC4 LS-method to specimens of different sizes. A 
suitable polymeric material that exhibits a ductile behaviour was iden
tified (an acrylonitrile-butadiene-styrene, ABS, resin in the form of a 
thick plate was chosen) and SE(B) specimens with different sizes but 
geometrically similar, i.e. with the same dimensionless parameters 
characterizing the geometry, were prepared and tested according to the 
TC4 LS-method. In the end, the results will provide more information on 
the influence of the specimen size, on the applicability of the method 
and on the resulting fracture parameters. Furthermore, some improve
ments or changes of the ESIS TC4 protocol will be suggested. 

2. Theory and method 

The TC4 LS-method, for which a specific draft protocol has been 
prepared recently by ESIS TC4 [13], is based on the load separation 
concept proposed by Ernst [4], and derived from Sharobeam and 
Landes’ works published in the early 90’s [14,15] on metals. The load 
separation concept is founded on two independent functions, the ge
ometry function G and the material deformation function H. These two 
functions are able to represent the load P for a defined material, ge
ometry and constraint (during a fracture test on a cracked specimen, in 
the plastic region), as in equation (1): 

P¼G
�

b
W

�

H
�upl

W

�
(1)  

in which G(b/W) is the geometry function, b is the remaining ligament 
length, W the specimen width and a0 the initial notch length; H(upl/W) is 
the material deformation function and upl the plastic displacement 
defined as: 

upl¼ u � P C
�

b
W

�

(2)  

where u is the applied displacement during the experiment, P the load 
and C(b/W) the elastic compliance of the tested specimen. In previous 
research [5,6,10,16,17] the applicability of the load separation concept 
on polymeric materials was verified for both, blunting and crack prop
agation phases. 

The TC4 LS-method is based on the evaluation of the “load separa
tion parameter curve” (Ssb curve). The procedure describes the con
struction of this curve from two quasi-static tests carried out on a sharp 
notched specimen (sN), and a blunt notched specimen (bN). The sepa
ration parameter, Ssb, is defined as in equation (3): 

Ssb¼
Ps

Pb

�
�
�
�
upl

(3)  

where Ps is the load of a sN specimen, Pb the load of a bN specimen. The 
ratio is built at the same plastic displacement upl. Regarding the 

determination of upl (as shown in equation (2)), the protocol suggests to 
use the initial elastic compliance C0 value in place of the actual 
compliance, C(b/W). 

Following the TC4 LS-method, the tested specimens have to be of the 
same dimensions. Finally, the Ssb curve is constructed by plotting the 
load separation parameter Ssb as a function of the plastic displacement 
(shown in Fig. 1a). This curve shows three characteristic regions pre
sented in Fig. 1a: (I) the unseparable region at low values of upl, (II) the 
“plateau” region which represents the blunting process before the crack 
starts to grow and (III) the propagation region, where crack growth 
occurs in the sN specimen. 

According to the TC4 LS-method [13], developed for the SE(B) 
specimen geometry (see Fig. 2a), it is possible to determine a fracture 
initiation parameter, that is called JI,lim. The JI,lim value is determined 
from the load displacement curve of the sN specimen with the help of the 
Ssb-curve, as described in the following equation: 

JI;lim¼
2 Ulim;c

B ðW � a0Þ
(4)  

Ssb;pl ¼ 0:9975 Ssb;max (5)  

where B is the specimen thickness and Ulim,c is the area under the load- 
displacement curve up to the limit point ulim (corrected for indentation 
and machine compliance as described in Ref. [1]), which is corre
sponding to the limit plastic displacement upl,lim on the Ssb-curve (see 
Fig. 1). The procedure for the identification of upl,lim changes according 
to the type of Ssb curve, as described in the TC4 LS-method. First of all, 
the plateau value of the load separation curve, Ssb,pl, is required. In this 
study a broad peak after the unseparable region was found in the 
Ssb-curves, as shown in Fig. 1. This is a typical Ssb-curve of “type 2” 
described in the TC4 LS-method. Hence, the plateau value, Ssb,pl, is 
evaluated after the maximum point in the Ssb-curve Eq 5, Ssb,max, as: 

The limit plastic displacement, upl,lim, is determined with equations 
Eq 6 and 7: 

Ssb;lim¼ 0:9950 Ssb;max (6)  

upl;lim ¼ uplðSsb;limÞ (7) 

Finally, ulim is calculated from upl,lim with the help of equation (2) 
and was taken as the point of fracture initiation. Once the point of 
fracture initiation is known, the Ulim,c value is determined and corrected 
for indentation and machine compliance as proposed in the ESIS TC4 
multi-specimen procedure [1]. The correction curve (evaluated on an 
identical but unnotched sample) is subtracted from the evaluated 
load-displacement curve of the investigated sharp notched specimen. In 
the end, the initiation value JI,lim can be determined as proposed in 
equation (4). 

The second parameter recommended in the TC4 LS-method, is the 
parameter ms, which indicates the crack advancement produced per unit 
of plastic displacement (shown in Fig. 1b). This parameter can be used to 
estimate the crack growth behaviour before applying a whole multi- 
specimen procedure to evaluate the crack growth curve. Hence, the 
parameter ms is a great tool to rank the crack growth behaviour 
exhibited by a specimen in a fracture test. Therefore, the normalized 
load separation parameter, Rs, is defined as shown in equation Eq 8. 

Rs
�
upl
�
¼

Ssb
�
upl
�

Ssb;pl
(8)  

where Ssb is the load separation parameter and Ssb,pl is the plateau value 
as described in the previous section. The parameter ms is evaluated in 
the region III of the normalized load separation curve (Rs depending on 
upl) as the opposite of the slope Eq 9. 

ms¼
dRs

dupl

�
�
�
�
upl>upl;lim

(9) 
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This parameter indicates the crack advancement produced per unit 
of plastic displacement and is dependent on both specimen geometry 
and material. The parameter ms can be used as “ductility index”, where 
with increasing ms the crack advancement Δa per unit of plastic 
displacement upl increases and in the case of pure blunting the param
eter ms is 0. 

3. Experimental 

3.1. Specimen scaling 

In order to prove scaling effects, specimens of different sizes but 
geometrically similar were manufactured. The examined specimen ge
ometry was SE(B) (see Fig. 2a). Both sN and bN specimens were tested. 
The specimen scaling was realized from a width, W, of 5 mm–50 mm. A 
picture of the scaling bN SEN(B) specimens is presented in Fig. 2b. The 
specimen width to thickness ratio, W/B, as well as the length (L) to 
width ratio, L/W, were kept constant for all the sizes. These ratios were 
chosen according to Ref. [1] as 2 and 4.4, respectively. The initial crack 
length (a0) over width, a0/W, ratio was fixed at 0.6 for both sN and bN 
specimens. 

3.2. Material 

The material under investigation in this work was an ABS supplied as 
an extruded plate with a thickness of 50 mm. The length of the plate was 
1200 mm with a width of 500 mm. The high thickness of the plate was 
necessary to realize a high scaling ratio of the manufactured specimens. 
The ABS-plate is commercially available at Faigle Kunststoffe GmbH 
(Austria). 

3.3. Specimen preparation 

SE(B) specimens were manufactured from the plate in a way that the 
fracture process zone (at the crack tip), once the specimen had been 
notched, resulted at a fixed x3-level of the plate (ref. to Fig. 3, where Wp 
indicates the thickness of the plate along the x3-axis direction), that is at 
x3 ¼ Wp/2 (mid-thickness of the plate). This is especially important, 
since some differences were detected in the mechanical behaviour of the 
material from core and external surfaces of the plate, as reported in the 
Appendix. The bars for the preparation of the specimens were obtained 
from the plate via cutting and milling. 

As discussed in literature, the notching procedure has a significant 
influence on the results of fracture mechanical tests [18,19]. Thus the 
chosen notching procedure for the sN specimen was broaching, which 
has shown promising results in literature [20]. A commercial microtome 
was adapted with a razor blade and, by sliding the blade along the notch 
front, a sharp uniform crack tip was obtained. The length of this sharp 
notch was roughly 1 mm. The correct value used for the subsequent 
calculations was verified after testing via optical microscopy. The blunt 
notch was produced as a key-hole. The round hole was drilled. The notch 
tip radius, rtip, was changed according to the specimen size, as listed in 
Table 1. 

3.4. Testing procedures 

Three-point bending tests were conducted on the notched specimens. 
All the tests were performed on a Zwick Universal Testing System (Zwick 
GmbH & Co.KG, Germany), model Z010 and Z250, using load cells with 
different capacities as shown in Table 1. The measurements were done at 
23 �C and with a constant crosshead speed of 1 mm/min. In the SE(B) 
tests, the span, S, was varied in such a way that the span to specimen 
width ratio, S/W, kept a constant value of 4 for the various sizes. The 

Fig. 1. Example of a load separation Ssb curve (a) and of a normalized load separation Rs curve (b). The three regions, the limit point at upl,lim, the plateau value Ssb,pl 
and the parameter ms are displayed. 

Fig. 2. (a) Scheme of blunt notched and sharp notched SE(B) specimen geometry; (b) example of the blunt notched ABS-specimens manufactured with constant 
scaling ratio. 
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diameter of the rollers was chosen depending on the specimen size. 
In order to check the reproducibility of the results obtained by the 

application of the TC4 LS-method, fifteen sN specimen and one single bN 
specimen were tested for each size examined. The ESIS TC4 multi- 
specimen method was also tentatively applied [1] and, to this aim, the 
results from the sN specimens were used. To generate different levels of 
crack growth, for each size, the tests were interrupted at different levels 
of displacement. After testing the specimens were cryo-fractured and the 
crack length Δa was identified on the fracture surface as the average 
value of four measurements distributed equidistantly along the notch. 
To this aim, an optical microscope SZX12 from Olympus (Olympus 
Europa SE & CO. KG, Germany) was used. The optical microscope was 
also used to evaluate the plastic zone radius on the specimen surface. 

For each specimen size examined, specific indentation correction 
tests were carried out on unnotched bars as described in Ref. [1], and the 
results were used to correct the J-integral values. 

4. Results and discussion 

4.1. Application of the ESIS TC4 load separation method 

For the ABS examined here, the validity of the load separation cri
terion is assumed, based on previously published works that confirmed 
the load separation property for several ductile polymers, including ABS 
[5,7,10,16,21]. The TC4 LS-method requires load, P, vs displacement, u, 
curves from sN and bN specimens. Fig. 4 provides an overview of the P-u 
curves obtained from scaling sN specimens. One representative curve is 
shown for each tested size (W ¼ 5, 10, 20, 30, 40 and 50 mm). All 
specimen sizes tested display non-linear P-u traces, and stable fracture 
behaviour was observed. Generally, a low amount of data scattering was 
determined for all the specimen sizes. As expected, with increasing 
specimen size, the load at a given applied displacement rises. A similar 
effect was observed also for the curves from the bN specimens. However, 
crack growth is prevented in the bN specimens by the round crack tip. 
This was verified for every bN specimen after testing by means of optical 
microscopy analyses, and it is a precondition for the application of the 

LS-method. 
On each curve in Fig. 4, the corresponding limit point, which should 

indicate fracture initiation, is also highlighted (at ulim), as determined by 
the application of the TC4 LS-method (details in section 2). According to 
the beam theory (elastic material), in three-point bending tests the level 
of displacement achieved to ensure a given level of strain is proportional 
to the specimen width, W. This is only valid for unnotched specimens 
with different sizes and tested keeping the span to width ratio, S/W, 
fixed. Hence, by supposing that a given minimum level of nominal strain 
should be reached at the crack tip to promote fracture in the notched 
specimens here tested (at ulim), higher amounts of displacement are 
expected for larger specimen sizes to produce crack growth. This is 
qualitatively confirmed by the position of ulim (the bigger the size, the 
higher the displacement at the limit point, ulim) as shown in Fig. 4. 
However, the actual effect of the specimen size on the nominal strain at 
fracture initiation will be discussed in more detail below, in the section 
where JI,lim data are discussed. 

Based on the P-u curves obtained, the load separation parameter, Ssb, 
and the normalized load separation parameter, Rs, were calculated and 
plotted as a function of upl (details for the procedure in section 2). The Rs 
curves constructed for the fifteen different sN specimens of two of the six 
sizes examined are shown in Fig. 5. The smallest (W ¼ 5 mm, Fig. 5a) 
and the largest (W ¼ 50 mm, Fig. 5b) specimen size are presented. 

The curves in Fig. 5 display the characteristic trend expected for a 
load separation parameter curve (see Fig. 1). For both sizes in Fig. 5, a 
relatively low amount of scattering in the Rs curves was observed, and 

Fig. 3. Scheme of the specimen manufacturing from the centre of the ABS-plate.  

Table 1 
Test configuration details and bN specimen notch tip radius for the different 
specimen sizes examined.  

Specimen 
width W 

Span 
S 

Roller 
radius R 

Load cell 
capacity 

Notch tip radius of bN 
specimen rtip 

[mm] [mm] [mm] [kN] [mm] 

5 20 1 1 0.5 
10 40 3 10 1 
20 80 3 10 2 
30 120 5 10 3 
40 160 5 10 4 
50 200 10 10 5  

Fig. 4. Load P – displacement u curves obtained from sharp notched specimens 
of ABS, tested at room temperature at different sizes (width W ¼ 5, 10, 20, 30, 
40 and 50 mm) with the marked position of the limit point, at ulim. 
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similar degrees of scattering were also obtained for the other specimen 
sizes in between (W ¼ 10, 20, 30 and 40 mm). From Fig. 5, it can be 
observed that the specimens with W ¼ 50 mm were exposed to 
remarkably higher amounts of plastic displacement upl compared to the 
smaller specimens with W ¼ 5 mm. A comparison of the determined Rs 
curves of all tested sizes is given in Fig. 6. 

For every size a representative Rs curve was chosen. The specimen 
size effect on the RS curve emerges clearly; more specifically, by 
increasing the specimen size: region I in the Rs-curve expands up to 
higher values of upl; the plateau (region II) becomes longer; the slope of 
the curve in region III, and hence the value of mS, decreases (refer to 
Fig. 1b). In Fig. 7, the RS data of the curves of Fig. 6 have been plotted as 
a function of upl/W. Interestingly, the various curves plotted as in Fig. 7 
practically overlap in the region I, indicating that the level of upl that has 
to be reached in order to complete the development of the plastic pattern 
is controlled only by the specimen size. Similar results were determined 
for the extension of the plateau region (related to crack blunting) as well 
as for the trend of the curve in the region III (related to crack propa
gation), where a more complex dependence on the size is observed. 

An overview about the decrease of the parameter ms with increasing 
specimen size is shown in Fig. 8a. The decrease of ms indicates a 
decrease in the crack growth Δa produced per unit of plastic displace
ment upl for the larger specimens of ABS. This effect is in agreement with 
literature [11]. In the analysis of the size effect observed here on mS, 
which refers to crack growth in the plastic region, it is not possible to separate the contribution of the material from that of the geometry. 

However, a possible explanation for the decreasing ms with increasing 
specimen size here observed could be a simple geometrical effect. The 
results are reported in Fig. 8b as ms multiplied by W (mS⋅W) plotted 
against W. The term mS⋅W shows a linear increase with increasing 
specimen width, and this indicate that, at least in the examined range of 
W, the dependence of mS over the size can be described by a very simple 
expression, which can in principle also be used for the estimation of mS 
for sizes not examined experimentally. This result is of particular in
terest by considering that the mS parameter is being given a key role in 
the fracture characterization of ductile polymers within ESIS TC4 [11]. 

JI,lim values were evaluated at the limit point, i.e. at upl,lim, according 
to the TC4 LS-method, for the various sizes examined. The corre
sponding limit points are marked on the Rs-curves in Figs. 6 and 7, and 
on the loading curves in Fig. 4. JI,lim values are shown in Fig. 8c, as a 
function of W. The initiation value varies with the specimen size and, 
more specifically, the higher the specimen size, the higher the initiation 
fracture resistance is. From Fig. 8c it comes out that the initiation 
parameter JI,lim displays a higher amount of scattering compared to the 
parameter mS. This is based on the determination of upl,lim, where small 
variations end up in high variations of the initiation value [10]. 
Nevertheless, the specimen size dependence observed for the parameter 
JI,lim, which should be an initiation fracture resistance parameter, was 
not expected [12]. JI,lim should have a constant value irrespective of the 
specimen size to be an initiation fracture resistance parameter, provided 

Fig. 5. Rs curves obtained from specimens with width W of 5 mm (a) and 50 mm (b); all fifteen repetitions are reported.  

Fig. 6. Representative Rs-curves (normalized load separation parameter Rs as a 
function of the plastic displacement upl) with limit point upl,lim for the different 
specimen sizes (W ¼ 5, 10, 20, 30, 40 and 50 mm). 

Fig. 7. Representative Rs-curves plotted as a function of the plastic displace
ment over the width, upl,lim/W, with limit point upl,lim/W for the different 
specimen sizes (W ¼ 5, 10, 20, 30, 40 and 50 mm). 
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the size criteria recommended in Ref. [1] for Jc validity are verified (see 
Table 2 for the size criteria check on the specimens tested in the present 
work). Probably, this size effect on JI,lim can be directly related to the 
peculiar nature of fracture initiation in the ABS examined. As underlined 
by Baldi et al. in Ref. [8], fracture initiation in ABS is a progressive 
process characterized by the slow development of the crack front across 
the thickness of the pre-cracked specimen, which can start even during 
the development of the plastic pattern. The absence of a sharp 
blunting-to-fracture initiation process makes the Ssb curve intrinsically 
unable to indicate a variation of crack length in the sN specimen until a 
small but measurable crack growth has occurred. This degree of un
certainty attributed to the ability of the Ssb curve to detect fracture 
initiation during a fracture test on a ductile polymer is expected to 
depend on the polymeric material examined, but also on the specimen 
size used. Therefore, JI,lim has earned the title of “pseudo-initiation” 
fracture resistance parameter (see also [11]). It is reasonable to suppose 
that the blunting-to-fracture transition might depend on the length of 
the crack front, which is the specimen thickness, and, consequently, the 
degree of effectiveness of the Ssb curve to detect that crack has started to 
grow might result size dependent. This idea seems to suggest that the 
procedure used here for the identification of the limit point (according to 

the ESIS TC4 protocol [13]), described in section 2, and based on the use 
of a fixed ratio between Ssb,lim and Ssb,plateau, should be modified. 
Probably a new procedure that takes into account the specific trend of 
the Ssb curve under examination should be considered. These observa
tions will be directly forwarded to ESIS TC4. 

The idea that the gradualness of the fracture initiation process might 
depend on the specimen size seems to be supported by the observation 
that different contributions of plastic deformation can be achieved to 
start crack growth in specimens with different sizes. Fig. 9 shows the 
values of apparent strain at the limit point, εapp,lim, evaluated for the 
different specimen sizes according to this expression: 

Fig. 8. Parameters mS (a), mS⋅W (b) and JI,lim (c) as a function of the specimen width, W.  

Table 2 
Determined values of plastic zone radius ry,llim and the optically determined 
plastic zone radius ry,opt for the investigated specimen sizes.  

Width 
W 

Validity checka 

“B, W-a0 > 20*JI, 
lim/σy" ? 

Plastic zone 
radius from JI, 
lim, ry,lim 

ry, 
lim/ 
(W-a0) 

Optically determined 
plastic zone radius, 
ry,opt 

[mm] [� ] [mm] [%] [mm] 

5 ok 0.34 15.2 0.50 
10 ok 0.58 13.1 1.06 
20 ok 0.79 8.7 1.40 
30 ok 1.19 8.8 2.02 
40 ok 1.39 7.8 2.44 
50 ok 1.51 6.8 2.74  

a Size criteria recommended in Ref. [1] for Jc validity. 

Fig. 9. Apparent strain at limit point εapp,lim (obtained at the total displacement 
of the limit point, ulim) and the plastic part of the apparent strain at the limit 
point εapp,lim,pl (obtained at the plastic displacement of the limit point, upl,lim) 
for every examined specimen size (W ¼ 5, 10, 20, 30, 40 and 50 mm). 
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εapp;lim¼ 0:15⋅
ulim

W
(10)  

where ulim indicates the displacement at the limit point. In addition to 
εapp,lim, calculated from the values of total displacement (ulim), also the 
plastic part of εapp,lim, indicated with εapp,lim,pl, was determined from the 
plastic displacement at the limit point (upl,lim), and the data are plotted 
in Fig. 9. Eq. (10) has been obtained by assuming the specimen as a bar 
(elastic material) with an effective width equal to (W-a0), and consid
ering the geometrical relationships between a0, W and S used in the 
experiments. An “apparent” character is attributed here to the strain 
evaluated through Eq. (10), since this equation neglects completely the 
stress intensification due to the notch, and it applies to elastic materials 
(the limit points obtained for the various sizes belong to the plastic re
gion). The data obtained for W ¼ 5 mm was put aside, because of the 
quite pronounced standard deviation. However, by considering the data 
obtained through Eq. (10) only as indexes for a comparative analysis 
among the various sizes, it can be observed that εapp,lim decreases by 
increasing W. εapp,lim,pl reduces of about 50% from W ¼ 10 mm to W ¼
20 mm, whereas for higher W the size effect on εapp,lim,pl is less pro
nounced. Interestingly, the contribution of εapp,lim,pl in εapp,lim passes 
from the 38% for W ¼ 10 mm, to the 21% for W ¼ 50 mm. 

In the analysis of the size effect observed for JI,lim, also the fact, that 
the level of constraint undergone by the material at the crack tip might 
be different in the specimens of the various sizes, should be taken into 
account. This aspect is at present under analysis, and it is being studied 
by the construction of the material key curves (directly related to the 
material deformation function, H (see Eq. (1)), following [22]. The fact 
that the material is deformed at different nominal strain rates in the 
specimens of the various sizes (with W ¼ 5 mm, the nominal strain rate is 
ten times that of W ¼ 50 mm) can be thought to play only a secondary 
role. 

With respect to the critical points discussed during the evaluation of 
fracture initiation, it was important to investigate the use of JI,lim as a 
fracture initiation value. As discussed above, a fracture initiation 
parameter should be independent of geometry and size (intrinsic to the 
material). Therefore, two further procedures were applied to gain more 
information about the influence of the scaling on the fracture behaviour. 
The first procedure deals with the calculation of the plastic zone radius 
in front of the crack tip based on the JI,lim values and the experimental 
determination of the plastic zone radius on the specimens tested. This 
procedure gives a first impression about the validity of JI,lim as initiation 
value. The second part deals with the determination of a J-R curve 
composed of all geometries based on the multi-specimen procedure. This 
is especially important to check the general comparability of the fracture 
behaviour for all scaling specimens. 

4.2. Initiation check – determination of the plastic zone radius 

A validity check for the J-value at fracture initiation, Jc, is recom
mended in Ref. [1], to verify, a posteriori, whether Jc could be related to 
plane strain loading conditions and excessive plasticity in the ligament is 
avoided. For all the specimen sizes investigated here, this validity check 
to JI,lim data gave a positive outcome (see Table 2), suggesting that plane 
strain conditions along the notch front are ensured. In consideration of 
this, Irwin’s plane strain plastic zone expression was used for the esti
mation of the plastic zone radius at the limit point, ry,lim, which was 
calculated from JI,lim as shown in Eq 11 [12,23]: 

ry;lim¼
1

6π
JI;lim E

σ2
y ð1 � ν2Þ

(11)  

where E is the Young’s Modulus and σy the tensile yield stress of the 
investigated material (see the Appendix), and ν the Poisson’s ratio 
assumed equal to 0.33. The values of ry,lim are reported in Table 2. In 
addition, the ratio of ry,lim over the remaining ligament length (W-a0) is 
given for each specimen size. It emerges that, by increasing the specimen 

size, the extension of the plastic zone at the limit point with respect to 
the remaining ligament length (W - a0) decreases; and this makes the 
possible specimen border-effect, if any are present, less significant. 

Further, for each size, the plastic zone radius was measured optically 
on the lateral external surface of the specimen by means of an optical 
microscope. The results, indicated with ry,opt, are also reported in 
Table 2. Fig. 10 provides an overview of three optical measurements of 
ry,opt directly on the specimen surface. For each size, the specimen with 
the lowest amount of crack growth was selected among the fifteen sN 
tested specimens, in such a way that ry,opt data could be more closely 
related to an ideal fracture initiation. The plastic deformation zone, in 
front of the crack tip, appears as a whitened region whose maximum 
extension along the x2-axis direction (refer to Fig. 3) was taken as ry,opt. 
By comparing ry,lim with ry,opt for each size examined, it emerges that the 
former is smaller than the latter. This can be explained by considering 
the different stress conditions which the two different sets of data (ry,lim 
vs ry,opt) refer to: plane strain and plane stress conditions, for ry,lim and 
ry,opt data, respectively). Interestingly, it can be also observed that ry,opt 
increases by increasing the specimen size, similar to ry,lim. The size 
dependence observed for ry,lim was expected since ry,lim data are directly 
calculated from JI,lim, by contrast the size dependence of ry,opt was un
expected. It is worth noting that, even if a non-zero degree of uncertainty 
should be attributed to the ry,opt data, in consideration of the difficulties 
intrinsically associated to the optical identification of the plastic zone 
(see Fig. 10), a quite pronounced difference between ry,opt for W ¼ 50 
and ry,opt for W ¼ 5 mm is obtained (the former is more than five times 
the latter). This effect seems to suggest that fracture initiation actually 
occurs at different J-values in specimens of different sizes. The possible 
contribution of different degrees of constraint in specimens with 
different sizes cannot be ruled out. The understanding of the size effect 
observed for ry,opt requires further analyses to be carried out. The idea to 
focus on constraint issues is further supported. 

4.3. Application of the multi-specimen method to describe the fracture 
behaviour 

To prove the general comparability of the crack growth behaviour of 
all investigated specimen sizes, the ESIS TC4 multi-specimen method [1] 
was applied and, to this aim, the data obtained from the tests carried out 
on the fifteen different sN specimens were used. The tests for the 
application of the TC4 LS-method are not perfect for the multi-specimen 
procedure, since the levels of crack growth, Δa, produced in the former 
are typically too high. It is worth noting that high Δa levels are necessary 
for the proper evaluation of the parameter ms, whereas the 
multi-specimen method [1] requires small Δa. It is accepted [12] that 
the expression here adopted for the calculation of J-value at the limit 
point (Eq. (4)), which is used also for the determination of J-value at the 
final point of the loading curve in the multi-specimen method, is valid 
only if the corresponding Δa is lower than Δamax ¼ 0.1(W-a0). Practi
cally, no valid data point (i.e. with short Δa) is available for W ¼ 30, 40 
and 50 mm. In consideration of this, for the application of the 
multi-specimen method, the J-values at the final point of the loading 
curve were determined by resorting to a formula proposed in literature 
[4] that accounts for Δa higher than Δamax, and J is determined ac
cording to Eq 12 and 13: 

J¼ J0

�

1 �
0:75 η � 1

B
Δa
�

(12)  

J0¼
η Uc

B ðW � a0Þ
(13)  

where η the geometry dependent calibration factor (2 for SE(B) speci
mens), Uc is the area under the load-displacement curve (corrected for 
indentation and machine compliance as described in Ref. [1]), B the 
specimen thickness, W the specimen width, a0 the initial notch length 
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and Δa the amount of crack growth. The J-R curves for the different sizes 
were tentatively constructed in the knowledge of the restrictions, and 
they are shown in Fig. 11. Interestingly, the J-R curves for the various 
sizes are overlapping and practically draw one single curve. 

The multi-specimen procedure includes a fitting routine for the 
measured data according to a simple power-law equation Eq 14: 

J¼ c Δab (14)  

where c and b are the fitting parameters. For a valid J-R curve, param
eter b has to be smaller than 1 according to Ref. [1]. For each size, the 
evaluated parameter b fulfils this requirement (parameters c and b are 
presented in Table 3). Nevertheless, the shape of the curve composed of 
the data points from the various sizes cannot be described via one single 
power law fitting curve. There seems to be a knee in the curve at a crack 
length, Δa, of around 2 mm (see Fig. 11). The parameter b increases 
regularly for specimen sizes from 5 to 30 mm, and afterwards a decrease 
is observed (for W ¼ 40 and 50 mm, the data points belong to the 
post-knee region, where the curve is less sloped). A steady increase of 
the parameter c is observed from small to big sizes. At the moment there 
is no explanation for this change in the curve shape. This may be also 
connected to constraint issues of the tested specimen geometries, which 
are under investigation. Furthermore, it is worth pointing out, that 
further measurements with lower amounts of produced Δa are necessary 
for the large geometries to make clear suggestions. However, size in
dependent J-R curves were also found for polymeric materials in liter
ature [24]. 

The J-values at 0.2 mm crack growth (here indicated with J0.2,app) 

were determined, and they are listed in Table 3. The subscript app in J0.2, 

app, for “apparent”, is added to remark that these values refer to a region 
of the J-R curve quite far from the experimental data points used for its 
construction (characterized by Δa values well beyond the limit indicated 
in the reference protocol). It can be observed that, by increasing the 
specimen size, the value of J0.2,app increases. This result is in agreement 
with the size effect observed for JI,lim even if, for this latter set of pa
rameters a more marked size effect is observed. 

5. Conclusion 

In this work, the draft protocol based on the load separation criterion 
developed by ESIS TC4 for J-testing of ductile polymers was applied to 
SE(B) specimens of ABS with different sizes (the maximum scaling ratio 
examined was 10). Separation parameter, Ssb, curves were successfully 
obtained for all the specimen sizes. Subsequently evaluated data of JI,lim 
and mS were consistent with expectations based on the indications 
provided by the protocol. 

By increasing the specimen size the value of mS, which gives a rough 
indication of the crack growth, Δa, produced in the plastic region per 
unit of plastic displacement, progressively decreases (mS of the smallest 
size is around 4 times mS of the biggest one). Considering, that mS is a 
specimen characteristic, a specimen size dependence was expected and 
the results show that such a dependence can be described by a simple 
analytical expression. 

By increasing the specimen size, the value of JI,lim, which is presented 
in the protocol as a material pseudo-initiation fracture resistance 
parameter, increases (JI,lim of the biggest size is around 4 times JI,lim of 
the smallest one). Interestingly, the optical measurement of the plastic 
zone at the crack tip seems to confirm the specimen size dependence 
noticed for JI,lim, at least qualitatively. The increase in JI,lim observed 
here, has been tentatively explained by considering the peculiar nature 
of fracture initiation in a ductile polymer, which is a progressive process 
characterized by the slow development of the crack front across the 
thickness of the pre-cracked specimen. 

The data obtained on the pre-cracked specimens for the application 
of the load separation criterion-based approach were used also for the 
construction of the J-R curves for the various specimen sizes. J-R curves 

Fig. 10. Light-microscope pictures of selected ABS specimens (W ¼ 5, 20 and 50 mm) to measure plastic zone radius ry,opt in front of the crack tip on the spec
imen surface. 

Fig. 11. J-R curve (J-Integral depending on the crack length Δa) for the 
different specimen sizes (W ¼ 5, 10, 20, 30, 40 and 50 mm) determined via the 
multi-specimen procedure [1]. 

Table 3 
J-R curve power law fitting parameters c and b and values of J0.2,app for all tested 
sizes.  

Width 
W 

Parameter c (power- 
law fit) 

Parameter b (power- 
law fit) 

Initiation value 
J0.2,app 

[mm] [kJ/(m2mmb)] [� ] [kJ/m2] 

5 8.66 0.41 4.42 
10 10.39 0.45 5.01 
20 11.44 0.44 5.31 
30 11.93 0.47 5.94 
40 12.18 0.41 6.31 
50 14.59 0.29 9.20  
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were constructed following the ESIS TC4 multi-specimen approach, 
slightly modified to take into account the relatively high levels of Δa 
produced in the fracture tests. The J-R curves obtained for the various 
sizes overlap and concur to draw one single curve that exhibits a clear 
discontinuity (a knee) at Δa � 2 mm. 

A deeper explanation of the relationships between the specimen size 
and the fracture properties here examined would require the analysis of 
the level of constraint undergone by the material at the crack tip in the 
specimens of the various sizes. This is the matter of further studies, 
which are currently underway. 
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Appendix 

Relationships between specimen position in the plate and mechanical behaviour 

The choice of the scheme adopted for the manufacturing of the bars from the plate, for the obtainment of the fracture specimens (section 3), was 
supported by the results obtained in a preliminary activity. This activity aimed at outlining the possible effects of the specimen position in the plate 
cross-section (orthogonal to the extrusion direction that is the x1-axis in Fig. 3) on the mechanical response of the ABS. These effects, if any, have to be 
put in relation with the different thermomechanical histories experienced by the polymer during the extrusion process, in the different points of the 
plate cross-section. In consideration of the symmetry characteristics of the plate, not only geometrical but also related to the die forming process, the 
attention was focused on two zones, between which the largest difference was expected: (i) the centre of the plate (core, at x3 ¼Wp/2); (ii) the region 
close to the external surfaces (at x3 → 0, Wp) [ref. to Fig. 3]. The extremities of the plate along the x2-axis were disregarded. 

Differential scanning calorimetry, DSC, analyses carried out on samples taken from the two zones of interest did not show any relevant difference in 
the calorimetric response of the material (results not reported here). 

The mechanical response of the material, both at small strains and at yielding, was investigated by means of tensile and compression tests. The 
material was loaded along the direction of x2-axis, which is the loading direction for crack opening in the fracture tests. The specimens were milled 
from the plate. Dumbbells having a central narrow section with nominal length of 12 mm and cross-section of 10 � 4 mm2, and cubes with 8 mm side 
length were used for tensile and compression tests, respectively. A Universal Testing System by Instron (model 3366), equipped with a 10 kN load cell, 
was employed. The experiments were carried out at room temperature, with a crosshead speed set in such a way to generate a nominal strain rate of 
0.0625 min� 1 in both tensile and compression tests. From each test, the material nominal stress-strain curve was constructed and the yield stress was 
determined. From additional tensile tests, carried out with an extensometer (with a gauge length of 10 mm), the Young’s modulus was measured. The 
experiment was repeated three times for each combination of specimen position and test type. 

The results are reported in Table A.1. At small strains, practically no difference is observed between the responses of the material in the two 
different zones examined (data of E in Table A.1). By contrast, a different response is noticed at yielding: the ABS close to the external surface of the 
plate shows a yield stress that is 5.6 and 8.6% higher than that of the material in the core, in tension and compression, respectively. Further analyses 
are necessary to explain these results. In spite of this, and on the basis of the results obtained here, it was decided to avoid mixing fracture data 
obtained from specimens, whose fracture process zones were at different x3-levels. Hence, the core of the plate was taken as the reference zone.  

Table A1 
Mean values (�standard deviation) of Young’s modulus (E) and yield stress (σy,t and σy,c, in tension and 
compression, respectively) from tests on specimens from core and external surface of the plate.  

Type of test Mechanical property Examined zone of the plate 

Core External surface 

Tension Ea [MPa] 2200 � 36 2170 � 28 
σy,t [MPa] 28.5 � 0.10 30.1 � 0.64 

Compression σy,c [MPa] 47.4 � 0.76 51.5 � 0.16 
afrom tests carried out with an extensometer. 

Appendix A. Supplementary data 

Supplementary data to this article can be found online at https://doi.org/10.1016/j.polymertesting.2020.106637. 
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Article 1 

Size induced constraint effects on crack initiation and propaga- 2 

tion parameters in ductile polymers 3 

Anja Gosch1, Florian J. Arbeiter1,*, Silvia Agnelli2, Michael Berer3 and Francesco Baldi2 4 

1 Materials Science and Testing of Polymers, Montanuniversitaet Leoben, Otto-Gloeckel-Str. 2, 8700 Leoben, Austria;  5 
2 Università degli Studi di Brescia, Dipartimento di Ingegneria Meccanica e Industriale, Via Branze 38, Brescia 25123, Italy;  6 
3 Polymer Competence Center Leoben GmbH, Roseggerstr. 12, 8700 Leoben, Austria;  7 

* Correspondence: florian.arbeiter@unileoben.ac.at; phone: +43 3842 402 2122; 8 

Abstract: Detailed knowledge about the influence of constraint and specimen size is gained for polymeric materials showing elastic 9 

plastic deformation behavior. Within this study, different sizes of single edge notched in bending SE(B) specimens, but constant 10 

geometrical ratios, were tested. The material key curve was used to investigate constraint issues, where changes for small and large 11 

specimen sizes were found. The found results were confirmed by testing of side-grooved specimens. Based on a size-independent 12 

crack resistance curve (J-R curve), two apparent initiation parameters were determined (J0.2 and Jbl). Both initiation values display 13 

nearly a constant plateau for specimen sizes with a similar constraint state. The initiation parameter Jini (based on the crack propaga- 14 

tion kinetics curve) was determined and was found to be in the same range as the initiation parameter JI,lim (based on an ESIS TC 4 15 

draft protocol). Both parameter (Jini and JI,lim) display a continuous increase with increasing specimen size, which is contrary to the 16 

found behavior of the initiation parameter based on the J-R curve (J0.2 and Jbl). Based on the results, J0.2 and Jbl can be used as crack 17 

initiation parameters, whereby Jini and JI,lim as parameters indicative of the beginning of stable crack growth.  18 

Keywords: material key curve; ABS; crack growth resistance; constraint; triaxiality; initiation parameter; 19 

 20 

1. Introduction 21 

Structural component design requires detailed information about the fracture behav- 22 

ior of a material in order to ensure the required safety. By the use of fracture mechanical 23 

approaches, it is possible to predict the toughness or even the service life of a component 24 

by considering the influence of load, toughness and inherent flaws in the material. In the 25 

case of linear elastic material behavior (linear elastic fracture mechanics LEFM), a single 26 

parameter is usually able to describe the fracture property (stress intensity factor, K, crit- 27 

ical energy release rate G or crack tip opening displacement, CTOD) of a material. How- 28 

ever, common applications of polymers often exceed the area of LEFM and show a mate- 29 

rial behavior, where elastic plastic fracture mechanics (EPFM) has to be considered. A 30 

typical result from EPFM is the so-called crack resistance curve (J-R curve, J-Integral de- 31 

pending on the crack advancement a), which can be used to describe the fracture behav- 32 

ior of a material based on crack initiation and crack growth parameters. When external 33 

loads exceed a certain level, a crack starts to grow, which is typically expressed by the 34 

crack growth initiation parameter. This parameter characterizes only the onset of crack 35 

growth, but provides no further information about the crack growth behavior of the ma- 36 

terial. The ability of the material to withstand crack growth is commonly known as crack 37 

growth resistance and is usually proportional to the shape and especially the slope of the 38 

J-R-curve [1]. 39 

In a fracture mechanical experiment on a plate with a defined crack, the stress state 40 

can vary along the crack front. A high constraint (triaxiality) is typically present in the 41 

middle of the plate (plane strain) and decreases close to the free surface (plane stress) [1]. 42 

Analogous, thickness variations within a component, which can lead to changing con- 43 

straint levels, can influence the fracture behavior [1–3]. Therefore, it is important to assess 44 

the crack initiation and crack growth parameters for changing specimen sizes. 45 
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Generally, the initiation parameter was found to be not highly sensitive to geometry changes in literature for met- 46 

als, whereas, the crack growth parameter usually displayed size dependent behavior and is influenced by the structural 47 

configurations [1,4]. However, previous research, dealing with the determination of the elastic plastic fracture behavior 48 

of up-scaled specimen sizes (increasing specimen size but identical geometrical ratios of width, thickness and initial 49 

crack lengths) of the well-known polymer, acrylonitrile-butadiene-styrene (ABS), showed a strong size dependency of 50 

the determined fracture parameters [5]. To assess this up-scaling behavior of ABS, a testing procedure [6] from the ESIS 51 

TC4 (European Structural Integrity Society, Technical Committee 4 on polymers and polymer composites) was used for 52 

the determination of a pseudo-crack initiation parameter, JI,lim, and a parameter describing the crack growth process, 53 

ms. The applied testing procedure [6], named TC4 LS-method hereafter, is based on the load separation theory [7] and 54 

requires only a few specimens for the evaluation of JI,lim and ms. The TC4 LS-method was originally proposed to 55 

strengthen the results of the commonly used multispecimen method [8], and its applicability to various types of poly- 56 

mers was already investigated in a round robin test under the direction of the ESIS TC 4 [9,10].  57 

Especially for the crack initiation phase, represented by JI,lim,, a clear trend with increasing specimen size was found. 58 

The observed size dependent behavior of JI,lim was not expected, since a crack initiation parameter should be independ- 59 

ent of the specimen size when all preconditions regarding specimen size are fulfilled (exceed of minimum thickness for 60 

thickness independent fracture parameter) [1,4,11]. Interestingly, the presented J-R curve, determined via classical mul- 61 

tispecimen approach [12], showed overlapping results and no indication of a size dependency. Subsequently, this raised 62 

the question, if the initiation values were depending on the size of the specimen, or if the applied procedure was inher- 63 

ently flawed. However, open questions about the level of constraint of the specimen size did not allow for a clear inter- 64 

pretation at that point. 65 

Subsequently, the aim of the present study is to close this gap, by analyzing the effect of the constraint on the crack 66 

initiation and crack propagation phase for this material and specimen size in detail. As a starting point, the influence of 67 

specimen constraint is examined by resorting to the so-called calibration function. A common way to determine the 68 

calibration function is by the evaluation of the material key curve (normalized load, PN, as a function of the normalized 69 

plastic displacement, upl/W) derived from the load separation principle (as shown in Ref. [2]). Further, to examine con- 70 

straint effects in the crack growth phase, the stress state of specimens is deliberately changed by introducing side- 71 

grooves in specimens. Finally, the gained knowledge about the specimen constraint is used for a clearer interpretation 72 

of the fracture process (crack initiation and crack growth) with changing specimen size. 73 

2. Theory/ calculation 74 

The theoretical background for the used methods to evaluate constraint changes with increasing specimen size are 75 

described in detail in the next chapter. Furthermore, the applied procedure for the calculation of established crack ini- 76 

tiation (Jbl, J0.2 and Jini) and crack growth parameters (crack resistance curve, J-R curve) are given. These values are also 77 

used to validate the results of JI,lim, calculated via the TC4 LS-method from prior work [5]. 78 

2.1. Constraint effects in SE(B) specimens 79 

In the present thesis two procedures were used to check the influence of constraint differences in the tested speci- 80 

men sizes. In the first, the level of constraint is analyzed a posteriori via the material key curve construction for all the 81 

specimen sizes. This way, resulting crack growth initiation values can be compared to their corresponding stress states. 82 

Additionally, the local stress state in specimens was deliberately altered a priori by introducing side-grooves in selected 83 

specimens to examine differences in the crack growth phase.  84 

2.1.1. Determination of constraint level in the crack initiation phase via the material key curve  85 

The estimated material key curve is independent of the specimen geometry as long as the constraint is not modi- 86 

fied. Therefore, the material key curve is a great tool to investigate changes in the constraint level during crack initiation. 87 

For a correct application of the material key curve, the load separation principle has to be verified beforehand as pre- 88 

sented for several polymers in literature [9,13–21]. The material key curve is based on the load separation principle 89 

[7,22,23], in which the load, P, can be expressed as the product of two independent functions for a defined geometry, 90 

material and constraint (in the plastic region during a fracture test on a cracked specimen): 91 

𝑃 = 𝐺 (
𝑎

𝑊
)  𝐻 (

𝑢𝑝𝑙

𝑊
)  (1) 

 92 

Here, G is the geometry function, H the material deformation function, a the notch length, W the specimen width, 93 

and upl the plastic displacement. The plastic displacement is given with: 94 
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𝑢𝑝𝑙 = 𝑢 −  𝐶 (
𝑎

𝑊
)  𝑃 (2) 

In which C(a/W) is the elastic compliance of the tested specimens. The load separation principle (as proposed in 95 

equation 1) is only valid for fracture tests on a cracked specimen with a defined geometry, material and constraint as 96 

discussed in [7,23]. For SE(B) specimens, beam-shaped specimens with a single edge notch under three-point bending 97 

load, the geometry function, G, is defined by the following expression:  98 

𝐺 =  (1 −
𝑎

𝑊
)

𝜂𝑝𝑙

 (3) 

The geometry independent plastic calibration factor, pl, is given as 2 for SE(B) specimens in literature [23]. How- 99 

ever ,the parameter pl is only valid if the load can be expressed in its separable form like in equation 1 [7,13]. This 100 

precondition can be verified experimentally by the separability parameter, Sij, as [7,23]:  101 

𝑆𝑖𝑗 =  
𝑃(𝑎𝑖)

𝑃(𝑎𝑗)
|

𝑢𝑝𝑙

 (4) 

where a is the remaining ligament length of the tested blunt notched specimens and P(ai) and P(aj) are the load 102 

values of blunt notched (bN) specimens with identical testing configuration and material but various crack length over 103 

width ratios, a0/W (represented as ai and aj in equation 4). Based on these assumptions the presented separability pa- 104 

rameter, Sij, can be simplified as:  105 

𝑆𝑖𝑗 =  
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𝑊
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where the material deformation function, H, is equal for same materials and the ratio of the geometry function, G, 106 

is representing Sij. As mentioned above, equation 5 can be used to check the validity of the load separation parameter, 107 

which is expressed through the parameter pl. The theory assumes that the geometry function G is constant for station- 108 

ary crack experiments. Therefore, the separability curve (Sij-upl curve, Sij depending on upl) of bN specimens with various 109 

a0/W ratios has to be determined for verification. One bN specimen needs to be defined as reference specimen, for 110 

example the specimen with the highest a0/W ratio (for our experiments the highest a0/W was 0.8). Afterwards the pa- 111 

rameter Sij can be calculated with equation 4 and the Sij-upl curve can be plotted (Figure 1a). The bN specimens display 112 

an almost constant value after the initial phase for all chosen a0/W ratios. In this plateau area of the Sij-upl curve, a fixed 113 

value for the evaluation of pl is defined (marked as “upl* for the evaluation of pl” in Figure 1a). Subsequently, the 114 

values of the separability parameter Sij at upl* can be plotted over the used notch length (in Figure 1b the ligament length 115 

over the width (W-a0)/W of the tested bN specimens). For the used reference specimen (as aforementioned and in ac- 116 

cordance with our experiments in this example a0/W is 0.8), a theoretical point is added, where Sij is equal to zero. The 117 

parameter pl is evaluated as the slope of the curve shown in Figure 1b. The slope displays a constant value when a 118 

separable form of the load exists for a set of material, geometry and constraint. Hence, the validity of the load separation 119 

principle can be assumed for the investigated specimens.  120 

After the validation of the load separation principle, it is possible to determine the material key curve to examine 121 

constraint issues. The evaluation of the material key curve is based on the geometry function, H, evaluated from Eq. (1) 122 

and Eq. (3): 123 

𝐻 (
𝑢𝑝𝑙

𝑊
) =  

𝑃

𝐺 (
𝑎
𝑊

) 
=  

𝑃

(1 −  
𝑎
𝑊

)
2

 
 (6) 

From equation 6 the normalized load, PN, can be evaluated by normalizing the geometry function H, as follows: 124 

𝑃𝑁 =  
𝑃

𝐵 𝑊 (1 − 
𝑎
𝑊

)
2

 
 (7) 

 125 

 126 
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 127 

    (a)          (b) 

Figure 1. Determined load separation curves (Sij as function of upl) of bN specimens with changing a0/W ratio and the 128 

chosen limit value upl* (a); evaluation of pl as the slope of the Sij over (W-a0)/W plot (b). 129 

The material key curve is defined as the normalized load PN plotted against upl/W and it can provide information 130 

about changes in the constraint in front of the crack tip (see [19]). In this work, the material key curve is evaluated from 131 

stationary crack experiments on bN specimens, in which no crack growth is allowed. Previous studies showed a good 132 

agreement between sN and bN based material key curves [19,21]. Hence, a comparison of sN and bN specimens from 133 

the same material, tested with the same configurations and conditions can be used to determine differences in the spec- 134 

imen constraint.  135 

Generally, the material key curve is depending on the material deformation behavior and the geometrical con- 136 

straint [19,22,23]. Previous research [19], dealing with the application of the material key curves on polymers proposed 137 

a simplified relationship between PN, the constraint, L, the span length over width ratio, S/W, and the yield stress, y:  138 

𝐿 =  
𝑃𝑁  𝑆

𝜎𝑠 𝑊
 (8) 

The application of equation 8 is limited to ideally elastic plastic materials and assumes a fully yielded net section. 139 

In spite of this, based also on the results presented in [19], the material key curves are used to gain information regarding 140 

the constraint degree in the ABS specimens examined in the present paper.   141 

2.1.2. Changing the constraint level in the crack growth phase by testing of side-grooved specimens 142 

To investigate constraint effects during actual crack growth, the testing of side-grooved specimens is a rather 143 

straight forward possibility. Side-grooves change the zone of low constraint near the outer surface of a specimen and 144 

reduce the possibility of shear lip formations, which leads to a higher constraint level. The testing of side-grooved spec- 145 

imens, with higher constraint and stress within the specimen, can provide information about the sensitivity of the frac- 146 

ture process to overall constraint changes during crack propagation.  147 

2.2. Evaluation of crack initiation and crack growth parameter  148 

After aforementioned detailed examination of the constraint in different specimen sizes it is possible to further 149 

investigate and especially validate determined fracture parameters. This knowledge will be used to interpret the results 150 

of the previous study [5], where the so-called pseudo initiation parameter JI,lim, based on the TC4 LS-method [6], dis- 151 

played a dependency with increasing specimen size. Furthermore, to not only validate these results with the examina- 152 

tion of the level of constraint, but also to check for possible inherent flaws in the new testing procedure, established 153 

crack initiation and propagation values will also be included in the study. 154 

2.2.1. Determination of the J-R curve 155 

The most common method to determine fracture properties in an elastic plastic material is the so-called multi- 156 

specimen method. For this approach, several identical specimens are tested up to different amounts of crack advance- 157 

ment. Subsequently, the energy necessary for this amount of crack growth, usually expressed via the J-Integral, is plot- 158 

ted as a function of the produced crack advancement (a). In this work J-R curves were determined according to the 159 
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ESIS TC-4 method [8] for each examined specimen size. According to the ESIS TC-4 multispecimen method, valid data 160 

points are limited by two critical a values (amin and amax). The minimum amin is fixed at 0.05 mm crack advancement 161 

and the maximum amax is depending on the specimen size according to 0.1(W-a0). In the case of cracks with a length 162 

higher than 0.1(W-a0) the conducted measurements were corrected for high amounts of crack growth following the 163 

proposed formula in literature [7]: 164 

𝐽 =  𝐽0 [1 −
0.75 𝜂 − 1

𝑊 − 𝑎0

𝛥𝑎] (9) 

𝐽0 =  
𝜂𝑈𝑐

𝐵 (𝑊 −  𝑎0)
 (10) 

where  is the geometry dependent calibration factor and is 2 for SE(B) specimens, Uc is the corrected area under 165 

the load displacement curve (corrected for the amount of indentation according to [12]), B is the specimen thickness, W 166 

is the specimen width and a0 is the initial crack length. As a precondition for a successful application of the multispeci- 167 

men procedure, the J-R curve data has to follow a simple power law routine [12]: 168 

𝐽 =  𝑐 𝛥𝑎𝑏 (11) 

where c and b are the fitting parameter (see Figure 2). It is possible to determine both initiation-, as well as propa- 169 

gation values of the examined material by using this fitting curve. 170 

2.2.2. Determination of the crack initiation parameters 171 

Based on the calculated J-R curve, several fracture initiation parameters can be determined for a quantitative de- 172 

scription of the investigated material. However, one of the most important parameters evaluated from the J-R curve, is 173 

the technical crack initiation value J0.2 at a crack advancement of 0.2 mm [12]. This amount of crack advancement was 174 

originally chosen, since it is large enough to experimentally characterize real crack growth and small enough to be close 175 

to the real initiation. The parameter J0.2 is widely accepted and used for the characterization of crack initiation in poly- 176 

mers [5,9,13,24–26]. The second initiation parameter used in this study is Jbl, defined as the intersection of the blunting 177 

line with the J-R curve power law fit [12], where the blunting line is defined as: 178 

𝐽 = 2 𝜎𝑦 𝛥𝑎 (12) 

where y is the yield stress of the investigated material. A schematic J-R curve with both initiation parameters (J0.2 179 

and Jbl) is shown in Figure 2.  180 

 181 

Figure 2. Evaluation of the initiation toughness parameters J0.2 and Jbl from the J-R curve, according to [12]. 182 

A further crack initiation parameter used in this work is Jini, which is based on the crack propagation kinetics where 183 

the produced crack length, a, is plotted against the testing time, t, of the experiment (Figure 3) [26–28]. Typical crack 184 

propagation kinetics curves exhibit three stages, where each stage is representing a characteristic process in the crack 185 
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growth mechanism during a fracture process. Stage I describes crack tip blunting and crack initiation, stage II non- 186 

stationary stable crack growth and stage III steady state stable crack growth. The transition from stage I to stage II is 187 

representing the physical crack initiation, which makes this method highly interesting for the present study [26–28].  188 

Figure 3. Crack propagation curve to evaluate the physical crack initiation, with three characteristic stages: stage I 189 

(crack tip blunting), stage II (non stationary stable crack growth) and stage III (stable crack growth). 190 

For the measured specimens in this study no data points at very low testing time were available (stage I), hence, 191 

the initiation time had to be verified with a slightly modified procedure (Figure 4a). The Initiation time (tini) was deter- 192 

mined as the intersection between the linear data fit of stage III and the x-axis. Afterwards the J-Integral was calculated 193 

using the area under the load displacement curve U up to the displacement at tini. The J-Integral was calculated accord- 194 

ing to the recommended formula from the ESIS TC-4 procedure [8]:  195 

𝐽𝑖𝑛𝑖 =  
𝜂 𝑈𝑖𝑛𝑖

𝐵 (𝑊 − 𝑎0)
 (13) 

where  is the geometry dependent calibration factor and is 2 for SE(B) specimens, U ini is area under the load 196 

displacement curve up to tini (see Figure 4b) and corrected for the amount of indentation according to [12], B is the 197 

specimen thickness, W is the specimen width and a0 is the initial crack length. 198 

    (a)          (b) 

Figure 4. Crack propagation kinetics for the estimation of the initiation time tini (a) and the evaluation of Uini (area un- 199 

der the load displacement curve up to tini) (b).  200 

  201 
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3. Materials and Methods 202 

The material and specimen geometry used in this work was identical to the previous study on the influence of size 203 

effects on fracture mechanical parameters [5]. However, the experimental setup for the evaluation of constraint effects 204 

displays several differences, which are described in detail in the following section.  205 

3.1. Specimen scale up  206 

To analyse constraint effects during specimen-scale up, bN specimens of different sizes were manufactured. In 207 

addition to the bN specimens, sN specimens were made for the application of the multispecimen procedure in the same 208 

way as in the previous work [5]. The tested specimen geometry was single-edge notched in bending specimens (SE(B) 209 

as shown for a bN specimen in Figure 5a) with a specimen up-scaling ratio of 10 (specimen width, W, from 5 mm to 210 

50 mm as shown in Figure 5b). The chosen width to thickness ratio, W/B, as well as the length to width ratio, L/W, were 211 

kept constant for all specimen sizes according to [12]. The used initial crack length over width ratio, a0/W, was constant 212 

for the sN specimens (0.6). Side-grooves were added to three sN specimens of the size W is 10, 20, 30 and 40 mm, to 213 

evaluate constraint differences. The manufactured side-grooves had equal depth and showed a combined thickness 214 

reduction of 20 % of the thickness B. For the bN specimens, the a0/W ratio varied from 0.3 to 0.8.  215 

 216 

 217 

           (a)             (b) 

Figure 5. Blunt notched SE(B) specimen geometry and testing set-up (a); constant scale up ratio for specimen width W 218 

of manufactured blunt notched ABS-specimens (b) (adapted from [5]). 219 

3.2. Material  220 

The investigated material was ABS (acrylonitrile-butadiene-styrene), which was supplied as extruded plates with 221 

1200 mm in length, 500 mm in width and 50 mm in thickness (identical to the previous study [5]). The high thickness of 222 

the plates was required to obtain a high up-scaling ratio (specimens with width values W from 5 to 50 mm) for the 223 

manufactured specimens. The extruded plate is commercially available at Faigle Kunststoffe GmbH (Austria). 224 

3.3. Specimen preparation 225 

The specimen preparation was made via cutting and milling. The blunt notch was introduced as a key hole notch 226 

with a size dependent notch tip radius Rtip, listed in Table 1. As discussed in the previous work, material property 227 

variations between the edge and the centre of the thick plates were detected, which were caused by variations in the 228 

manufacturing conditions. To guarantee similar testing material behavior close to the round tip of all bN specimen 229 

geometries, a fixed thickness position of the plate was chosen as reference. This reference position is defined as half of 230 

the thickness of the plate (“Wp/2”) as shown in Figure 6.  231 
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 232 

Figure 6. Scheme of the specimen manufacturing from the centre of the ABS-plate to assure similar conditions near 233 

the crack tip (adapted from [5]). 234 

3.4. Testing procedures 235 

Three-point bending tests on bN and sN specimens were conducted to characterize constraint issues in the fracture 236 

mechanical behavior of ABS. All mechanical tests were performed on a Zwick Universal Testing System (Zwick GmbH 237 

& Co.KG, Germany), model Z010 or Z250, with different load cells listed in Table 1. The measurements were carried 238 

out at standardized conditions (23 °C air temperature, 50 % relative humidity) with a constant loading rate of 1 mm/min. 239 

The detailed parameters concerning the experimental setup for the tested geometries are listed in Table 1.  240 

Table 1. Detailed information on the experimental setup and the crack tip radius of the bN specimen for all specimen 241 

sizes examined. 242 

Speci-

men 

width 

W 

Span 

length 

S 

Roller radius 
Load cell capacity  

 

Crack tip radius of bN 

specimen  

(Rtip) 

[mm] [mm] [mm] [kN] [mm] 

5 20 1 1 0.5 

10 40 3 10 1 

20 80 3 10 2 

30 120 5 10 3 

40 160 5 10 4 

50 200 10 10 5 

All fracture mechanical results (J-Integral values) were corrected for the amount of indentation during the experi- 243 

ment. For this, the testing set-up was changed to an indentation configuration and unnotched specimens were used to 244 

evaluate the indentation curve. Afterwards this curve was subtracted from the measured load-displacement curves of 245 

the fracture mechanical specimens. Details concerning the indentation set-up and procedure are given in [12]. 246 

4. Results and Discussion 247 

4.1. Evaluation of specimen constraint 248 

The evaluation of the constraint is helpful to understand the influence of the specimen size and the up-scaling 249 

behavior of fracture mechanical parameters. In the present study, the material key curve is used to identify changes in 250 

the specimen constraint influencing the crack initiation process. Therefore, the applicability of the load separation prin- 251 

ciple is verified beforehand, since it is a precondition for the evaluation of the material key curve.  252 
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4.1.1. Applicability of load separation principle 253 

Consequently, bN specimens with varying notch length (a0/W) were tested to an amount of displacement, which 254 

did not lead to crack growth initiation. The load-displacement curves of tested bN specimens are presented in Figure 7 255 

for the smallest (W is 5 mm, Figure 7a) and the largest (W is 50 mm, Figure 7b) specimen sizes.  256 

 257 

(a)           (b) 

Figure 7. Decreasing load-displacement curves (P-u curves) with increasing ratios of notch length over width a0/W for 258 

two tested bN ABS specimen sizes with W is 5 mm (a) and 50 mm (b).  259 

For all geometries investigated, the measured force increases with lower a0/W ratios. Furthermore, the measured 260 

load level is higher for a larger specimen size, as shown in Figure 7 for the specimens with W is 5 mm (a) and W is 50 261 

mm (b). There was no crack growth identified during testing of the bN specimens, which allows the assumption of 262 

stationary cracks. This precondition is especially important for a correct verification of the load separation property, 263 

which is done by the evaluation of the parameter pl as described in the theoretical part. The separability parameter, Sij, 264 

calculated from bN specimens with varying notch length over width ratio, a0/W, was calculated and plotted as a func- 265 

tion of the plastic displacement, upl, in Figure 8. As discussed in the experimental part, for the used reference specimen 266 

(a0/W is 0.8), a theoretical point is added, where Sij is equal to zero.    267 

 268 

(a)       (b) 

 269 
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 270 

(c)        (d) 

  

 271 

(e)          (f) 

Figure 8. Evaluation of the parameter pl from Sij -upl curves determined from blunt notched specimens of ABS with 272 

various a0/W ratios and up-scaling specimen sizes (W is 5 (a), 10 (b), 20 (c), 30 (d), 40 (e) and 50 mm (f)). The reference 273 

value of upl for the evaluation of pl (constant Sij values) is marked as upl*for every geometry.  274 

The Sij-upl curves were evaluated for all investigated specimen geometries (W is 5 to 50 mm). Nearly all curves meet 275 

the precondition of stationary cracks, as discussed in [13]. In stationary crack experiments, the curves display a constant 276 

Sij-value (at high amounts of plastic displacement upl) after the initial phase. The first part of the Sij-upl curves in Figure 277 

8, at low amounts of upl, is representing the initial phase of the experiment, in which the parameter pl is not defined. 278 

Hence, this phase is not of importance for the validity check. However, not all tested specimens display a stationary 279 

crack behavior. Specimens with the smallest notch length of a0/W is 0.4 show no clear plateau after the initial phase for 280 

the smallest two specimen sizes (W is 5 mm, Figure 8a and W is 10 mm, Figure 8b). This indicates that crack growth in 281 

these two bN specimens was not completely prevented. Consequently, optical analyses were conducted to examine 282 

possible signs of crack initiation or crack growth close to the round notch tip of the bN specimen. However, no signs of 283 

crack growth were found in these two specimens. Therefore, they were included in the determination of pl. The Sij- 284 

values used for the evaluation of the parameter pl are indicated in every plot in Figure 8through the vertical line at upl*. 285 

For all tested specimen geometries, the parameter pl, determined as the slope of the plot shown in Figure 1b, was 286 

evaluated with its statistical coefficient R2 and is summarized in Table 2. 287 

 288 
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For all investigated specimen geometries, the value of the parameter pl was close to 2 with a good statistical cor- 289 

relation described via the parameter R2 (Table 2). The estimated values are close to the theoretical value for this geom- 290 

etry (for SE(B) pl is 2). Hence, the load separation validity is given for all geometries examined in the present and in 291 

the previous work [5]. This first investigation of pl strengthens previously determined results from the TC4 LS-method 292 

dealing with the specimen size effect [5]. Subsequently, the constraint issues for the up-scaled ABS specimens are eval- 293 

uated. This is done by applying the material key curve method to the results of this section.  294 

Table 2. Values of pl with the corresponding statistical coefficient R2 for all tested specimen geometries (W is 5, 10, 20, 295 

30, 40 and 50 mm). 296 

Specimen width W 

 

Parameter pl 

 

R2 

 

[mm] - - 

5 1.98 0.999 

10 2.03 0.999 

20 2.03 0.999 

30 2.01 0.999 

40 1.94 0.999 

50 1.94 0.999 

 297 

4.1.2. Determination of specimen constraint during crack initiation via material key curve 298 

The material key curves with varying bN specimen size (W is 5 to 50 mm) but similar notch length (a0/W ratio) 299 

were compared in Figure 9 (increasing a0/W ratio from Figure 9a to Figure 9e). As discussed in the theory part of this 300 

publication, the normalized load PN can be directly related to changes in the constraint, as long as the testing conditions 301 

are constant (yield stress of the material, y, and span length over width ratio, S/W) [19]. Therefore, special attention 302 

was given to changes within the testing conditions. Small changes in y related to the slightly different strain rates (see 303 

[5]) can be reasonably assumed to play a secondary role, and have been disregarded. Furthermore, the S/W ratio was 304 

kept constant. Hence, PN can be used as an index for the constraint in front of the crack tip.  305 

 306 

(a)            (b) 

 307 
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 308 

(c)              (d) 

 309 

(e)  

 310 

Figure 9. Material key curve of the investigated bN ABS specimens with different size (W is 5, 10, 20, 30, 40 and 311 

50 mm) and varying a0/W ratios 0.4 (a), 0.5 (b), 0.6 (c), 0.7 (d) and 0.8 (e). 312 

The direct relationship between the material key curve and the level of constraint raised by the notch is demon- 313 

strated only for an ideally elastic plastic material, for which the material key curve is a horizontal line. In a real case, for 314 

a ductile polymer, the material key curve increases with increasing upl/W and if the displacement of the final point of 315 

the loading curve is sufficiently high, a plateau can be achieved. Even though it was not possible to determine a perfectly 316 

horizontal plateau region for specimens examined within this work, a clearly different trend is exhibited by the material 317 

key curves of the various sizes. In the present paper, the determined material key curves, at a given a0/W, flatten after 318 

the initial phase toward a plateau level. Therefore, the presented curves in Figure 9 can be seen as representative for the 319 

present constraint state.  320 

The comparison of the different specimen sizes at a fixed a0/W ratio displays some deviations in the observed PN- 321 

values (Figure 9). Especially, with increasing a0/W ratio the material key curves of the smallest (W is 5 mm) and the 322 

largest specimen size (W is 50 mm) differ significantly. For specimens with the lowest a0/W ratio of 0.4 (Figure 9a), the 323 

observed material key curves show low deviation between the different specimen sizes. Hence, all ABS specimen sizes 324 

with an a0/W ratio of 0.4 display a similar constraint situation in front of the notch tip. With increasing notch length 325 

(a0/W ratio) the trend changes and differences in the constraint values with increasing specimen size are observed, as 326 

shown in Figure 9b-d (a0/W ratio of 0.5, 0.6 and 0.7). However, for example, samples with W is 10 to 40 mm and an a0/W 327 

ratio of 0.6 (Figure 9c), which is also the recommended a0/W ratio for the multispecimen procedure, show similar ma- 328 

terial key curves, which indicates a similar crack tip constraint. The highest deviation in the values of PN were observed 329 

for the largest specimen size (W is 50 mm). For the highest a0/W ratio of 0.8 (Figure 9e), a higher deviation is observed, 330 
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but the trend is the same for the other configurations. These differences in the material key curves and subsequently 331 

stress states can be related to changes in the observed fracture initiation parameters. Hence, it is of high interest to 332 

evaluate these differences and consider geometry changes for accurate component design. To summarize this, PN-values 333 

at a fixed ratio of upl/W were evaluated (shown in Figure 10). For this, an upl/W value of 0.04 was used since it is the 334 

highest level of upl/W for which PN data are available for all the specimen sizes and a0/W ratios explored.  335 

 336 

Figure 10. PN at a fixed upl/W ratio of 0.04 for every bN specimen size examined (W is 5, 10, 20, 30, 40 and 50 mm) with 337 

varying a0/W ratios (0.4 to 0.8).  338 

Two trends can be noticed in the material key curve and the compared PN-values in Figure 10:  339 

 340 

 the influence of the a0/W ratio for each investigated specimen size  341 

 the influence of the specimen size on PN-values at a fixed a0/W ratio.  342 

 343 

Starting with the influence of varying notch length (a0/W ratio), the smallest specimen size (W is 5 mm) displays 344 

the highest deviations in the calculated PN-values with increasing a0/W ratio. As discussed in the previous section, also 345 

the largest specimen size shows high differences in the obtained PN-values with changing a0/W ratio. In contrast, the 346 

obtained PN-values for specimen sizes from W is 10 mm to 40 mm display no significant influence of varying a0/W ratio 347 

(PN-values around 9 MPa were calculated for all notch lengths). By taking a closer look on the second influencing pa- 348 

rameter shown in Figure 10, a constant a0/W ratio and increasing specimen size, higher deviations in the obtained PN- 349 

values for higher a0/W ratios can be observed. For the lowest a0/W ratio of 0.4 small differences in the obtained PN-values 350 

(8.5 and 9.5 MPa) were observed. In comparison the highest a0/W ratio of 0.8 resulted in PN-values between 5.5 and 351 

10.25 MPa. However, specimens with the highest a0/W ratio can also be influenced by the small remaining ligament 352 

length, which can influence the full development of the plastic zone in front of the crack tip.  353 

The discussed constraint information is of great interest, since size dependent fracture behavior was observed for 354 

up-scaled ABS specimens within a recently published work [5]. The previous study on sN ABS specimens was done at 355 

a fixed a0/W ratio of 0.6. It is obvious from Figure 9c and Figure 10 that for a fixed a0/W ratio almost no differences in 356 

the material key curve can be observed for specimen sizes between W is 10 to 40 mm. However, material key curves 357 

from small (W is 5 mm) and large (W is 50 mm) specimen size show a significant difference. This supports the assump- 358 

tion of changing constraint close to the crack tip for different specimen sizes. Since all specimen sizes from W is 10 to 40 359 

mm displayed similar constraint states, it is of high interest to examine if the crack growth phase of these specimen sizes 360 

exhibits also a similar constraint state.  361 

4.2. Crack growth resistance curve 362 

4.2.1. Crack growth resistance curve from the multispecimen procedure 363 

In the previous study on size dependent fracture parameters [5], it was not possible to precisely discuss the shape 364 

of the combined J-R curve, due to a limited number of data points available at low values of a. This was due to the 365 
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experimental setup of the load separation method, where high a values are required. Subsequently, more data points 366 

at lower a values were generated for the combined crack growth resistance curve in this work. Figure 11 shows the 367 

combined J-R curve of all specimen sizes (W is 5 to 50 mm) with these additional data points. The resulting crack growth 368 

resistance curve from Figure 11, including the additional test data, still displays one uniform curve.  369 

 370 

Figure 11. J-R curve for increasing specimen sizes (W is 5, 10, 20, 30, 40 and 50 mm) of ABS, determined following the 371 

ESIS TC 4 multispecimen procedure (adapted from [5]).  372 

The J-R curve presented in Figure 11 displays one overlapping curve for all investigated specimen sizes of ABS. 373 

However, by taking a closer look on the curve shape of each evaluated J-R curve it is no longer possible to describe the 374 

combined J-R curve (all data points of the investigated specimen sizes) via one power-law fit (according to equation 11). 375 

Especially, for the smallest and largest specimens examined a slightly deviating fracture behavior is observed, which is 376 

quantified via the application of a power law fit. The resulting fitting parameter c and b of each specimen size (listed in 377 

Table 3) show the expected deviations for the smallest (W is 5 mm) and the largest specimen size (W is 50 mm), partic- 378 

ularly measurable in the variation of parameter c. All examined specimen sizes in between (W is 10 to 40 mm) showed 379 

similar fitting parameters. Hence, size independent crack growth behavior can be assumed, where all examined speci- 380 

men sizes (from W is 10 to 40 mm) exhibit the same fracture resistance against crack growth.  381 

The specimen up-scaling method used in the present and previous studies [5], where all geometry parameters (B, 382 

L, a0) are dependent on the specimen width W, is rarely found in scientific work. This makes the comparison of the 383 

crack resistance curve determined here with results from literature challenging. However, evaluating plane stress and 384 

strain states with variations of the specimen thickness B at a constant specimen width W is portrayed in literature [11,29]. 385 

The variation of the specimen thickness is one of the most common procedures to investigate the influence of specimen 386 

size. With increasing B, thickness-independent material constants can be determined (transition from plane stress to 387 

plane strain state). In contrast to this, the specimen width W usually has almost no influence on the J-R curves, as long 388 

as boundary conditions are not modified [29]. The presented simultaneous up-scaling procedure in this study, where B 389 

increases with increasing W (fixed geometry ratio as in the present study) can also enable the calculation of size inde- 390 

pendent fracture parameters as shown in Figure 11.  391 

  392 
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Table 3. Power law fitting parameter (c and b according to equation 11) of the J-R curve with the corresponding statis- 393 

tical coefficient R2 and initiation toughness value J0.2 for increasing specimen size (W is 5, 10, 20, 30, 40 and 50 mm) of 394 

ABS specimens, determined following the ESIS TC 4 multispecimen method. 395 

Specimen 

width W 

 

Parameter c 

(power law 

fit) 

Parameter b 

(power law 

fit) 

R2 

 

Crack initiation  

J0.2 

(apparent) 

 

Crack initiation  

Jbl 

(apparent) 

 

[mm] [kJ/(m2mmb)] [-] - [kJ/m2] [kJ/m²] 

5 8.7 0.41 0.718 4.5 2.4 

10 10.4 0.45 0.972 5.0 2.7 

20 11.3 0.45 0.978 5.5 3.0 

30 11.9 0.47 0.969 5.6 3.0 

40 12.3 0.41 0.984 6.3 4.2 

50 14.6 0.29 0.936 9.1 8.4 

 396 

To increase the knowledge about the examined specimen sizes with similar fracture resistance curves (from W is 397 

10 to 40 mm), the constraint situation was changed in the crack growth phase. Side-grooved specimens were tested for 398 

specimen sizes ranging from W is 10 to 40 mm and compared to the J-R curves presented in Figure 11. Side-grooves 399 

change the zone of low constraint near the outer surface of a specimen and reduce the possibility of shear lip formation, 400 

which leads to a higher constraint level. The testing of side-grooved specimens, with higher constraint and stress within 401 

the specimen, can provide information about the sensitivity of the fracture process to overall constraint changes during 402 

crack propagation.  403 

4.2.2. Determination of specimen constraint during crack propagation via testing of side-grooved specimens 404 

By the application of side-grooves, the constraint close to the edges is changed and the constraint is increased. 405 

Hence, it should be possible to confirm changes in the crack growth behavior by comparing the results of these speci- 406 

mens with the established J-R curves. Therefore, three side-grooved specimens of each specimen size (W is 10, 20, 30 407 

and 40 mm) were tested according to the ESIS TC-4 multispecimen method [8]. The results from the side-grooved spec- 408 

imens were compared to the J-R curves of the previous study [5] and are shown in in Figure 12.  409 

  410 

(a)            (b) 
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(c)            (d) 

Figure 12. Resulting J-R curves of specimens tested with and without side-grooves for increasing specimen sizes (W is 412 

10 mm (a), 20 mm (b), 30 mm (c) and 40 mm (d)) following the ESIS TC 4 multispecimen procedure (from [5]). 413 

The determined J-R curves in Figure 12 display no difference between specimens with and without side-grooves, 414 

in contrary to specimens with different sizes. The observed behavior denotes that the changing constraint in side- 415 

grooved specimens did not lead to a significant difference in the crack growth behavior. Similar behavior was also 416 

reported in a previous study on Polypropylene specimens [30], where several specimen sizes with and without side- 417 

grooves were compared. The results indicate that (for W is 10 to 40 mm), even if the constraint is artificially changed in 418 

the specimen, the crack growth behavior (at least as described by the J-R curve) does not change and a size-independent 419 

fracture behavior can be assumed.  420 

4.3. Fracture initiation parameters 421 

4.3.1. Initiation toughness parameter determined from the J-R curve 422 

The initiation values J0.2 for increasing specimen size, with the corresponding statistical coefficient R2 of the fitted 423 

J-R curve, determined according to the ESIS TC 4 multispecimen method, are listed in Table 3. For the evaluation of J0.2 424 

values, the J-R curve of every specimen size examined is fitted (with the recommended power law according to equa- 425 

tion 11 [12]) and afterwards the J-Integral is determined at 0.2 mm crack growth. Hence, the evaluated J0.2 value is 426 

strongly dependent on the successful fitting of the J-R curve. Therefore, the statistical coefficient R2 of every fitted J-R 427 

curve is also listed in Table 3. Based on the significant differences in the shape of the J-R curve from the largest specimen 428 

size (W is 50 mm), its initiation parameters are highly questionable. The observed J0.2 values range from 4.5 kJ/m2 (for 429 

the smallest specimen, W is 5 mm) to 9.1 kJ/m2 (for the largest specimen, W is 50 mm). For the specimen sizes W is 10 430 

to 40 mm, the observed initiation parameters display nearly constant values, only a slight increase from 5.0 kJ/m2 to 6.3 431 

kJ/m2. However, the smallest and largest specimen size displayed a significant difference in the calculated initiation 432 

value. The resulting R2 of the fitting procedure displays a low value for the smallest specimen size (W is 5 mm), due to 433 

the experimental difficulty of testing very small specimens (manufacturing accuracy, testing equipment, determination 434 

of the crack advancement using a light microscope). Hence, the determined crack initiation value, J0.2, for the smallest 435 

specimen size is also questionable. All other specimen sizes displayed R2 values from 0.936 to 0.984, which indicates 436 

that all data points can be fitted well with the applied power law.  437 

Furthermore, the initiation parameter Jbl was evaluated (listed in Table 3) as the intersection of the blunting line 438 

with the fit of each J-R curve. Therefore, the yield stress y was used (28.5 MPa), which was investigated in the previous 439 

study [5]. Jbl displays fracture initiation values from 2.4 kJ/m2 (W is 5 mm) to 4.2 kJ/m2 (W is 40 mm), which are signifi- 440 

cantly lower than the evaluated values for J0.2. However, both initiation values display a similar trend. Based on the 441 

multispecimen procedure [12], the lowest initiation value has to be taken as initiation toughness parameter, which in 442 

this case is the blunting value Jbl. However, also Jbl is depending on the successful fitting of the J-R curve, as discussed 443 

for J0.2. Both initiation parameters (J0.2 and Jbl) refer to a region of the J-R curve quite far from the experimental data 444 

points used for its construction, especially for larger specimen sizes. Hence, they have to be interpreted as apparent 445 

values. Furthermore, the fitting regions (a range) differ for the examined specimen sizes. In consideration of this, it 446 
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can be reasonably assumed that the values of the initiation parameter (J0.2 and Jbl) can be influenced by computational 447 

effects, especially for the highest size examined (W is 50 mm). To improve the understanding of the present crack initi- 448 

ation behavior, further methods for the characterization of initiation parameters were conducted.  449 

4.3.2. Initiation toughness parameter Jini 450 

The calculation of the crack propagation kinetics curve, where a is plotted against the testing time t, is an addi- 451 

tional method for the investigation of entire fracture processes. Based on the crack propagation kinetics curve it is pos- 452 

sible to evaluate the parameter Jini, which is representing the crack initiation. Therefore, the crack initiation time, tini, is 453 

required beforehand. The determined crack propagation kinetics curve with its estimated initiation times, tini, are shown 454 

in Figure 13 for the ABS specimens with different sizes.  455 

The limited data points at low testing times, representing the blunting process (stage I) and crack initiation (stage 456 

II), lead to a slightly modified experimental procedure for the determination of tini. The initiation time was estimated as 457 

the intersection of the linear fit of the available data points from stage III (representing crack growth) with the x-axis 458 

(details in the experimental section). The initiation time, tini, increases with increasing specimen size as shown in Figure 459 

13. The linear fit was difficult to apply in the case of the smallest specimen size (W is 5 mm). For the other investigated 460 

geometries (W is 10 mm to 50 mm) a good application of a linear fit was possible. Additionally, the crack growth speed 461 

in stage III was determined and the increase was found to be small over the whole scaling range (increase from 0.4 to 462 

1.5 mm/min from the smallest to the largest specimen size).  463 

 464 

 465 

(a)             (b) 

 466 

(c)             (d) 
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(e)             (f) 

Figure 13. Determination of the crack initiation time, tini, via the crack propagation kinetics curve (produced crack 468 

length a depending on the testing time t) for all investigated specimen sizes of ABS (W is 5 (a), 10 (b), 20 (c), 30 (d), 40 469 

(e) and 50 mm (f)). 470 

Figure 14. Growing initiation toughness value Jini (J-Integral at the initiation time tini) for increasing specimen sizes (W 471 

is 5, 10, 20, 30, 40 and 50 mm) of ABS. 472 

For a better comparison to the other crack initiation parameters, Jini (J-Integral at the initiation time tini) was calcu- 473 

lated and is presented in Figure 14 for the up-scaled specimens of ABS. The physical crack initiation (J-Integral at initi- 474 

ation time tini) increases with increasing specimen size (from 0.8 kJ/m2 for W is 5 mm to 9.5 kJ/m2 for W is 50 mm). In 475 

comparison with the evaluated J0.2 values (Table 3), the calculated Jini is smaller and exhibits a strongly size-dependent 476 

behavior. Size dependent initiation toughness values were also found in literature [30], where methods from LEFM 477 

(stress intensity factor “KQ”, “Kmax”) were used to describe the elastic part of the J-R curve. Similar to results in this study, 478 

the linear elastic fracture parameters (“KQ”, “Kmax”) increased with increasing specimen size.  479 

4.3.3. Comparison of crack initiation parameters 480 

In the present study, additional tests on up-scaled sN ABS specimens were done to increase the completeness of 481 

the J-R curve data from the previous study [5]. In this previous work, the characterized J-R curve displayed size-inde- 482 

pendency, whereby, the initiation parameter (JI,lim from the ESIS TC 4 draft protocol [6]) exhibited strong size dependent 483 

behavior. A size independent crack resistance curve for specimen sizes from W is 10 to 40 mm was confirmed also by 484 

the additional data points measured following the ESIS TC 4 procedure. However, the calculated apparent initiation 485 
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toughness parameters J0.2 and Jbl (based on the ESIS TC 4 multispecimen procedure) and Jini (based on the crack propa- 486 

gation curve and tini) displayed different fracture initiation behavior for the examined specimen sizes (size dependent 487 

crack initiation parameter). For the sake of comparison, all calculated initiation toughness parameters (J0.2, Jbl, Jini and 488 

JI,lim) are shown in Figure 15.  489 

The initiation value J0.2 displayed the highest values for small specimen sizes compared to the other assessed initi- 490 

ation parameters. For the specimen sizes W is 10 to 40 mm, J0.2 displayed only a slight increase and indicating a plateau, 491 

whereby, the smallest (W is 5 mm) and the largest (W is 50 mm) specimen size display some differences. The observed 492 

fracture initiation behavior of J0.2 is explained by the observed constraint differences for the smallest and largest speci- 493 

men sizes and a simply computational effect arising with the chosen fitting range. Jbl showed a similar trend as J0.2 (Figure 494 

15). However, it showed the lowest fracture initiation values and is therefore the representative initiation toughness 495 

value according to the multispecimen procedure [12]. It has to be noted that Jbl is not only influenced by the computa- 496 

tional effect of the fitting range. There is also the additional dependency on the evaluated y. Since small changes in y 497 

are assumed to play a secondary role [5], the influence on the initiation value can also be negligible. However, for a 498 

successful evaluation of an initiation value this aspect has to be kept in mind.  499 

 500 

Figure 15. Comparison of initiation toughness parameters J0.2 (multispecimen procedure), Jbl (multispecimen proce- 501 

dure) Jini (based on the initiation time tini) and JI,limi (ESIS TC 4 draft protocol) for increasing specimen sizes W is 5, 10, 502 

20, 30, 40 and 50 mm (adapted from [5]).  503 

The calculated Jini values (based on the initiation time tini) depicted a continuously increasing initiation value with 504 

increasing specimen size and the values are in the same range as the observed JI,lim data from the previous research [5]. 505 

These deviations between the initiation values based on the multispecimen method (J0.2 and Jbl) and the other two initi- 506 

ation parameters (Jini and JI,lim) give rise to the assumption that these parameters mark two different stages during the 507 

fracture process. The estimated apparent values from the J-R curve (J0.2 and Jbl) are representing crack initiation, whereby 508 

Jini and JI,lim mark the beginning of stable crack growth. It is difficult to define crack initiation for ductile polymers, since 509 

it is a continuous process from blunting to crack advancement [18]. However, in this work, crack initiation is defined as 510 

the early starting of a progressive process of crack propagation. Typically, the crack starts to grow at the notch tip from 511 

the inner region of the specimen. Furthermore, the stable crack growth phase is related to a fully developed crack front 512 

along the whole thickness and a constant crack propagation rate. This was not experimentally checked within this work 513 

and is the topic of future work. The assumption that J0.2 and Jbl represent crack initiation and Jini and JI,lim mark the 514 

beginning of stable crack growth is based on the differences in the used experimental approach of the presented param- 515 

eters. As discussed in the previous section, Jini is calculated as the intersection between the linear data fit of stage III 516 

(area of stable crack growth) and the x-axis. Hence, the influence of the blunting phase is not represented in the estima- 517 

tion of Jini, which strengthens the hypothesis that Jini marks the point of stable crack growth instead of crack initiation. 518 

Also the parameter JI,lim is suggested as parameter for indicating stable crack growth, since a fixed value in the normal- 519 

ized load separation curve is defined as JI,lim in the ESIS TC 4 procedure [6]. This fixed value is defined after the blunting 520 

phase and at the beginning of stable crack growth. A slight overestimation of the crack initiation by the parameter JI,lim 521 

and the optical analysis of the fracture initiation was already discussed in literature [18].  522 
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Generally, fracture initiation and the point of stable crack growth must not be at the same level during a fracture 523 

experiment, which is also shown in Figure 15. For small specimen sizes crack initiation (marked by Jbl) and the point of 524 

stable crack growth (marked by Jini or JI,lim) are nearly at the same J-value. However, for increasing specimen sizes the 525 

crack initiation value is significantly lower compared to the point of stable crack growth. This can be explained by the 526 

increasing specimen thickness and the particular nature of crack initiation, which is typically a progressive process 527 

characterized by a slow development over the whole crack front [18]. Based on these new findings, the parameter J0.2 is 528 

above the limit value of stable crack growth for small specimen sizes and below for large specimen sizes. Therefore, it 529 

is suggested to adapt the fixed initiation value J0.2 to a more geometry dependent value to take changing specimen sizes 530 

into account.  531 

4. Conclusion 532 

It is necessary to acquire detailed knowledge of the up-scaling relationships of fracture parameters (crack initiation 533 

and crack growth parameter) and the constraint (crack tip triaxiality) to design complex components. The present work 534 

shows insights into the dependency of constraint and fracture behavior on the specimen size (SE(B) specimens with 535 

maximum up-scaling ratio of 10) of the investigated polymer ABS.   536 

Changing constraint levels in the crack initiation and crack growth phase were evaluated by the application of the 537 

material key curve method for the smallest (W is 5 mm) and the largest (W is 50 mm) specimen size. However, all 538 

investigated specimen sizes in between (W from 10 to 40 mm) displayed a similar constraint for the crack initiation and 539 

crack propagation. With regard to crack propagation behavior it was found that the introduction of side-grooves, and 540 

a subsequent change in the overall stress state showed no influence on the results when compared to the J-R curve of 541 

non-grooved specimens.  542 

The resulting J-R curve showed one overlapping curve for all tested specimen sizes of ABS. However, for the small- 543 

est and the largest specimen sizes some changes in the fitting parameters were detected, which support the results of 544 

changing constraint levels for these two specimen sizes. The changing constraint state for small and large specimens is 545 

also represented in the apparent initiation parameters based on the J-R curve (J0.2 and Jbl). 546 

Furthermore, the influence of the specimen size on the fracture initiation was investigated. Therefore, four param- 547 

eters were analysed and compared in detail: 548 

 J0.2 (apparent), which is based on the technological evaluation of the J-R curve [12], displayed slowly in- 549 

creasing initiation values for specimens with W is 10 to 40 mm.  550 

 Jbl (apparent), which is also based on the technological evaluation of the J-R curve [12], displayed the lowest 551 

initiation values and a similar behavior as J0.2 552 

 Jini, which is based on the initiation time tini, displayed increasing crack initiation values with increasing 553 

specimen size, where small deviations were detected for changing constraint states 554 

 JI,lim, which is based on the ESIS TC4 LS method, displayed similar results as Jini and supports the size- 555 

dependent fracture initiation behavior (initiation parameters increase with increasing specimen size) 556 

The contrary behavior of the four initiation parameters is explained by a closer look on the evaluation and the 557 

experimental approach, where J0.2 and Jbl are more technological parameters describing the crack initiation. Jini and JI,lim 558 

are based on the physical crack initiation and mark the point of stable crack growth. In spite of the apparent character 559 

attributed to J0.2 and Jbl, the results of the investigations suggest the use of the initiation parameters J0.2 and Jbl for material 560 

ranking and comparison, due to the low differences in the resulting values of different geometries. Contrary, the pa- 561 

rameters Jini and JI,lim are of high interest to evaluate the point of stable crack growth. 562 

In the future further investigations of the changing constraint state for small and large specimens are planned. 563 

Furthermore, the found experimental results will be compared with numerical simulations to gain more information 564 

about stress state and constraint close to the crack tip. In addition, the crack growth process has to be examined in detail 565 

and compared with the two types of initiation parameters found in this study.  566 
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A R T I C L E I N F O
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A B S T R A C T

The crack growth behaviour of thermoplastic polymers is a relevant topic in current research. While a dominant
portion of studies in fracture mechanics investigates Mode I loading situations, very little is done to better
understand Mixed Mode crack growth, which can be equally important to accurate live time predictions of
polymer parts. In this research, fatigue tests on cylindrically notched specimens were performed in Mixed Mode
I/III loading and compared via the so called equivalent stress intensity factor. Under these loading conditions, a
significant reduction of the cycles to fracture occurred compared to pure Mode I.

1. Introduction

Bearing elements made of various materials are common in daily
applications such as roller bearings, carrier rollers, deflector rolls, etc.
Advantages of polymer bearing elements are for example the suitability
for mass production of small-sized parts and a higher damping ability
(noise reduction). However, the applicability of bearing elements made
of polymers is limited by comparatively low load levels and the number
of load cycles in service, which was also discussed in a previous re-
search [1]. Especially wear and surface fatigue as well as global fatigue
of the bearing element are limiting factors [2]. Furthermore, global [3]
and local [4] creep deformations in static loading phases as a result of
the viscoelastic material behaviour of polymers limit the lifetime.

Polymeric bearing elements are often made of semi-crystalline
thermoplastics, which exhibit significant amounts of shrinkage during
the cooling down from the melt due to crystallization processes. This
shrinkage is compensated during the manufacturing process (injection
moulding) by the so called holding pressure. However, the holding
pressure is often not able to compensate for the total amount of
shrinkage. Thus voids and also internal stresses remain in the core of
the polymeric bearing element. These holes can act as initial defects for
crack growth, or depending on the loading type, ever lead to failure of
the component. Due to the type of loading during the application of
bearing elements, these holes are exposed to Mixed Mode crack opening
conditions. To analyse the corresponding stress state of bearing ele-
ments during operation, numerical analyses were conducted previously

[1,5]. Similar failure modes are also discussed in literature for rolling
bearing elements made of metals [6]. To gain more insight in shear load
failure mechanisms in polymers, the investigation of Mixed Mode
loading cases is of high interest.

In general, the propagation of Mixed Mode loaded cracks is de-
scribed as non-self-similar. This expresses that the crack is changing its
growth direction under Mixed Mode conditions [7]. Hence, not only the
crack growth rate is an important parameter for Mixed Mode loaded
components, but also the crack growth direction. For metals, several
types of Mixed Mode test specimen geometries are discussed in litera-
ture [7–12]. Also for laminates, Mixed Mode loading analyses are
documented in literature [13–16]. In this field, the in-plane shear si-
tuation, which ends up in Mode II loading of the crack tip is of high
interest. Concerning bulk polymer materials, only little research data is
available, which is dealing with Mixed Mode fracture behaviour. One
recent example is a study by Lach et. al. [17], in which the quasi-static
fracture behaviour of brittle, amorphous poly-methyl-methacrylate
(PMMA) under combined Mode I/II loading was examined. In the
limited number of publications available, different types of specimen
geometries were used to characterize the Mixed Mode fracture beha-
viour of bulk polymers under monotonic loading mainly. The de-
termination of Mixed Mode fatigue crack growth characteristics is even
more complicated for bulk materials and hence, hardly investigated.
Two reasons are mainly responsible for the high complexity in this
field. The first reason is caused by the Mode II and Mode III loading
itself, where the crack flanks are not opened during loading as this is
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the case in Mode I. During fatigue loading in Mode II and Mode III, the
crack flanks stay more or less closed, which allows their contact. This
leads to wear and friction forces generated by the sliding crack flanks,
which decrease the final lifetime of the component [18]. The second
reason is called “Mode I branching” and describes the competition be-
tween shear and tensile crack opening loading Mode during the crack
growth of shear loaded specimens. Mode I branching, where the crack
changes the direction from Mode II or Mode III loading directly to Mode
I loading, is often observed in metals and highly discussed in literature
[6,18,19]. The described influences complicate the evaluation of Mixed
Mode driven fatigue crack propagation in bulk polymeric materials.
Hence, in previous studies dealing with the fatigue lifetime of bearing
elements, almost exclusively Mode I fatigue crack opening was ex-
amined [20,21], even though a significant Mode II and Mode III loading
level was shown in literature [5]. Since the influence of such high
Mixed Mode levels on the lifetime of polymer parts was completely
unclear at the beginning of this study, it was of high interest to char-
acterize it on specimen level.

In detail, the aim of this study was to characterize the influence of
Mixed Mode loading on the fatigue fracture behaviour of a
Polyoxymethylene (POM) homopolymer resin in comparison to pure
Mode I. To fully understand the failure of bearing elements, both Mode
II and III will have to be examined. However, as a starting point, the
results of Mode III are discussed in this work. Circumferentially notched
round bars were tested under two different loading conditions: tension
(Mode I) and combined tension and torsion (Mixed Mode I/III). Their
fracture surfaces were studied to obtain detailed information on the
crack growth processes during the fatigue experiments.

2. Materials and methods

2.1. Materials and specimens

The material examined in this study was a Polyoxymethylen
homopolymer (POM-H), which was supplied as extruded bars with a
diameter of 20 mm (Faigle, Hard, Austria). The chosen polymer dis-
plays good mechanical properties, high abrasion resistance, a low
friction coefficient and a high ductility down to 0 °C. POM-H is an en-
gineering polymer and is able to withstand high constant or fatigue
loads without fracture.

The specimen geometry examined in this study was a cracked round

bar (CRB) as shown in Fig. 1. The specimens were cut from the extruded
POM-H bars using a buzz saw. Afterwards, a sharp notch at the cir-
cumference of the specimens was produced with a razor blade (blade
thickness 0.1mm, tip-radius< 5 μm). The notching procedure was
adapted from a recently published standard [22], which uses the same
specimen geometry, but for the testing of Polyethylene pipe materials.
The depth of this notch was approximately 1mm. In this way, CRB
specimens with an outer diameter of 20mm and an inner diameter of
18mm were obtained and used for all tests (Fig. 1).

2.2. Methods

2.2.1. Experimental
To investigate the Mixed Mode I/III behaviour of the POM homo-

polymer, the CRB specimens were loaded in two different ways. First,
several tensile fatigue load levels were applied to determine the pure
Mode I crack growth characteristics (Fig. 1a). Secondly, Mixed Mode I/
III conditions were achieved by applying both, tensile fatigue load
(Mode I) and torsional fatigue load (Mode III) as shown in Fig. 1b. CRB
specimens have the advantage that uniform Mode III loading can be
induced without the influence of Mode II, since it does not contain any
corner singularities. Rectangular-shaped specimens always contain
corners, which induce coupling of Mode II and Mode III [23]. Details
concerning the experimental conditions and the applied load levels are
presented in Table 1. The tests were carried out at room temperature
and 50% relative humidity, in load controlled mode and with a sinu-
soidal signal shape. An important detail here is that the maximum and
the minimum of the sinusoidal signal shapes of Mode I and Mode III
were synchronised to be in phase. To measure the specimen surface
temperature during testing, an IR Camera of the type ImageIR (InfraTec
GmbH, Dresden, Germany) was used.

For a more detailed examination of the deformation mechanisms,
the fracture surfaces were analysed using an optical microscope
“SZX12” from Olympus (Olympus Life Science Europe GmbH,
Hamburg, Germany) and a scanning electron microscope “Vega II” from
TeScan (Tescan Orsay Holding, a.s., Brno, Czech Republic). For a better
understanding of the fracture surface structure, optical 3D measure-
ments with an “Infinite Focus System” from Alicona (Alicona Imaging
GmbH, Graz, Austria) were made.

Fig. 1. Loading conditions used in this study – (a) Mode I loading of the CRB specimen and (b) Mixed Mode I/III loading of the CRB specimen.
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2.2.2. Analysis
In order to compare the different loading cases in the Mode I and

Mixed Mode I/III conditions, the initial stress intensity factor range ΔK
was calculated for each fatigue test. The corresponding equations are
given in Tables 2 and 3. The stress intensity factor range in Mode I (ΔKI)
was determined according to [22,24] and the stress intensity factor
range in Mode III (ΔKIII) was evaluated according to [25].

For the calculation of ΔKI, ΔF is the difference between the
minimum and maximum load, r the outer radius of the specimen, a0 the
initial crack length, b the ligament radius (which is the inner radius of
the specimen) and f1(b/r) a geometry dependent factor typical for the
CRB specimen in Mode I.

For the calculation of ΔKIII, τ is the shear stress and T is the torsional
moment, Δτ and ΔT are the differences between the minimum and
maximum values of shear stress and torsional moment, respectively, b is
again the radius of the remaining ligament after notching, f3(b/r) is the
geometry dependent factor for the CRB specimen in Mode III and r the
outer radius of the bar.

In order to quantify the influence of the Mode III loading on the
fatigue lifetime, KI and KIII were combined to a so-called “equivalent
stress intensity factor” (Keq). Single-mode stress intensity factor values
(KI, KII and KIII) cannot be simply added for different reasons. However,
there are several approaches to determine Keq from the single-mode K
values. One possibility is to use the basic relationship between the
energy release rate (G) and the K value obtained from brittle fracture
Eq. (7). Since G is an energy value, the values for the three different
modes can directly be combined to the total value:

=G K
E

2

(7)= + +G G G GI II III (8)

where GI, GII and GIII are the values in Mode I, II and III and G is the
total value. Using Eq. (7), this leads to the equation for the Mixed Mode

crack driving force under plane strain conditions, expressed in terms of
Keq [26]:

= + + −K K K
ν

K1
1eq I II III

2 2 2
(9)

where ν is the Poisson′s ratio. Other equations for Mixed Mode are also
available in literature, e.g., in [10,27]. It was found for fatigue cracks in
metallic materials that under Mode III loading, the crack propagation is
less pronounced than under Mode II [28]. Therefore, the coefficient 1/
(1− ν) in Eq. (9), which is theoretically 1.72 for POM-H, is expected to
be somewhat smaller (according to our experience ν of POM-H is
around 0.42). When this coefficient is denoted as λ and Eq. (9) is
adapted for Mixed Mode I/III, the expression for Keq changes to:= +K K λKeq I III

2 2 (10)

According to [29,30], values for λ are between 0.9 and 1.2 for
metallic materials. Since λ was unknown for POM-H at the beginning of
this study, a value of 1 was used as a first step. This further simplified
Eq. (10) to:= +K K Keq I III

2 2 (11)

3. Results and discussion

3.1. Evaluation of the equivalent stress intensity factor concept for POM-H

As mentioned in the experimental section, two types of tests were
conducted in this study: pure Mode I fatigue tests and Mixed Mode I/III
fatigue tests. The Mode I tests were intended as benchmark to de-
termine the influence of the additional Mode III loading on the fatigue
performance. In Fig. 2, the Mode I fatigue fracture curve (cycles to
fracture in dependence on the load level, expressed as stress intensity
factor range ΔKI) is illustrated in combination with the results of the
Mixed Mode I/III tests. For the latter, the ratio of the stress intensity
factors in Mode III and Mode I (ΔKIII/ΔKI) is given as captions in Fig. 2.
A clear tendency towards fewer cycles to fracture with increasing Mode
III level was observed for the Mixed Mode I/III loaded specimens. To
quantify this influence, the equivalent stress intensity factor range ΔKeq

was evaluated.
As discussed in the experimental part, the equivalent stress intensity

factor Keq (Eq. (9)) takes both loading types into account. Hence, this
parameter allows the comparison of pure Mode I and Mixed Mode I/III
fatigue loading in one plot. For pure Mode I loading the equivalent
stress intensity factor range ΔKeq is the same as the stress intensity
factor range ΔKI. Hence, the pure Mode I fatigue fracture curves in
Figs. 2 and 3 are identical. In the case of Mixed Mode loading several
equations to evaluate ΔKeq were presented in Section 2. As a starting
point, the corresponding fatigue fracture curves based on the theore-
tical value ΔKeq (Eq. (9)) are shown in Fig. 3(a). This first plot displays a
longer lifetime of Mixed Mode I/III loaded specimens compared to pure

Table 1
Details and parameters of the fatigue test series conducted in Mode I and Mixed Mode I/III (tensile load F, torsional moment M and stress intensity factor in Mode I KI

and Mode III KIII).

Mode I Mixed Mode I/III (combined Mode I and Mode III loading)

Servo hydraulic testing machine MTS 858 axial torsional (MTS systems GmbH, Minnesota, USA) MTS 858 axial torsional (MTS systems GmbH, Minnesota, USA)
Frequency 1 Hz, 5 Hz and 10 Hz 5 Hz
R-ratio 0.1 0.1 (for both loading cases)
Examined F regime (max. value) 9000–13,500 N 5000–12,000 N
Resulting KI regime (max. KI) 1.3–2.5MPam1/2 0.7–2.1 MPam1/2

Examined M regime (max. value) – 25–50 Nm
Resulting KIII regime (max. KIII) – 0.9–1.8 MPam1/2

Clamping distance 35mm 35mm
Data acquisition Peak/valley data every 100 cycles Peak/valley data every 100 cycles

Hysteretic data every 1000 cycles Hysteretic data every 1000 cycles

Table 2
Equations to calculate the initial stress intensity factor range in Mode I (ΔKI).
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Table 3
Equations to calculate the initial stress intensity factor range in Mode III (ΔKIII).= ( )K τ πb fΔ ΔIII
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Mode I loading of POM-H. Hence, as it is usually assumed Mode I fa-
tigue is more critical for the lifetime estimation of components in
comparison to Mixed Mode I/III loading.

To quantify the influence of the additional Mixed Mode loading on
the crack tip an adaption of the ΔKeq equation and the evaluation of the

coefficient λ in Eq. (10) is recommended. As discussed in the experi-
mental part, for polymeric materials λ is unknown. Hence, in a first step
the simplified Eq. (11), where λ is 1 (ΔKI and ΔKIII are simply com-
bined), was used to determine ΔKeq (shown in Fig. 3(b)). With the ΔKeq

values from Eq. (11), the fatigue fracture data of Mixed Mode I/III and
pure Mode I loading overlap quite well but there is still some scattering
in the data noticeable.

It is obvious from Fig. 2 that also the ratio of Mode III/Mode I in-
fluences the lifetime of the tested polymer. Small ratios of ΔKIII/ΔKI,
have little effect on fatigue lifetime under Mixed Mode I/III in com-
parison to pure Mode I. This behaviour is similar to metals, where Mode
III is known to have relatively low efficiency [28–30]. For higher ratios
of ΔKIII/ΔKI, it is shown in Fig. 2 that the contribution of Mode III
decreases the fatigue lifetime significantly. Such behaviour is opposite
to that observed for metals. Higher ratios of ΔKIII/ΔKI result in a high
level of friction between the fracture surfaces. In metallic materials, this
always leads to a pronounced retardation of cracks and consequently in
an increase of the fatigue lifetime. In polymers, the effect of friction is
different due to the increase of temperature, which can reach levels,
where the mechanical properties are influenced. On the other hand, the
effect of friction can change during the test, since the fracture surface
roughness is reduced due to abrasion.

As a consequence of the abrasion, the coefficient λ has to be adapted
and furthermore the ratio of Mode III to Mode I loading should be re-
presented in the evaluation of ΔKeq. Therefore, the ratio ΔKIII/ΔKI is
taken into account to reflect these effects and a new formula is proposed
(Fig. 3(c)):

Fig. 2. Fatigue fracture behaviour of POM-H tested under Mode I and Mixed
Mode I/III loading conditions (increasing Mode III loading leads to a lifetime
reduction).

Fig. 3. Fatigue fracture test results of POM-H with the equivalent stress intensity factor range ΔKeq as loading parameter to quantify combined loading in Mode I and
Mode III – ΔKeq was calculated with three alternative equations.
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Fig. 4. Fatigue fracture test results of POM-
H (ΔKeq from Eq. (11)) for specimens loaded
in Mode I, Mixed Mode I/III and Mixed
Mode I/III with friction (left) and the dif-
ferences between the specimen surface
temperature of a fatigue test with elevated
friction (green image frame) and one with a
moderate level of friction (red image frame)
(both on the right). (For interpretation of
the references to colour in this figure legend,
the reader is referred to the web version of
this article.)

Fig. 5. Fracture surface appearance in Mixed Mode I/III fatigue loading in dependence on the different Mode I (ΔKI) and Mode III (ΔKIII) contributions.
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It is obvious that the fatigue results of both, Mode I and Mixed Mode
I/III loading follow very similar trend lines in Fig. 3(c) (with some
experimental scatter, which is typical for fatigue tests). Generally, most
of the Mixed Mode I/III data points evaluated with Eq. (12) overlap
with the results from Mode I. This means that for Mixed Mode I/III
loading, the fatigue performance of the specimens is indeed dependent
on the Mixed Mode ratio. While for the higher ΔKIII/ΔKI ratios ex-
amined almost the theoretical values of λ in Eq. (9) (1.72 for POM-H)
were reached, the lower ratios went down to λ values of around 0.45. In
this case the Mode III loading had only half the effect of the Mode I
loading. Eq. (12) describes the data sufficiently accurately and

therefore, it can be used for lifetime prediction. However, it should be
considered that Eq. (12) was determined for a certain material (POM-H)
and a certain loading frequency (5 Hz).

3.2. Influence of elevated friction on the Mixed Mode fatigue test results

The ΔKeq values from the Mode I and the Mixed Mode I/III fatigue
tests evaluated with Eq. (11) (λ value of 1) are shown again in Fig. 4.
Some of the data points from the Mixed Mode I/III fatigue tests deviate
strongly from the general tendency (marked green). These deviating
Mixed Mode I/III data points display a significant temperature increase
at the specimen surface, measured with an IR camera during fatigue
testing. At the surface directly next to the crack tip, a temperature of
around 45 °C was measured during the fatigue test shown in Fig. 4

Fig. 6. Fracture surface images from a Mode I specimen (ΔKI of 2.06MPam1/2, frequency of 1 Hz) analysed using light microscopy, infinite focus 3D analysis and
SEM – the areas with different crack growth mechanisms are: area close to the crack tip (1), fatigue crack growth region (2), transition region (3) and the final
fracture region (4).
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(green image frame). As mentioned before, Mixed Mode I/III fatigue
tests are influenced by friction and wear abrasion between the closed
crack flanks during testing [18]. Especially polymers are highly sensi-
tive to friction, because with this phenomenon a temperature increase is
always present in the fatigue test. If the frictional forces reach very high
levels, the resulting high temperature can significantly reduce the
lifetime of the specimens [31]. Such tests cannot be considered as valid
high cycle fatigue tests, since the lifetime reduction is an effect of the
test set-up and the testing conditions, but not of the material itself.

For comparison, the surface temperature of a non-deviating Mixed
Mode I/III specimen is also presented in Fig. 4 (red image frame).
During the fatigue test, a specimen surface temperature of around 30 °C

was measured near the crack tip. Thus it is possible to separate the
friction dominated area, where the fatigue data points cannot be con-
sidered as valid, from valid Mixed Mode fatigue tests (marked red in
Fig. 4). At least for the examined material and testing conditions, Eq.
(11) with its simple character, was observed to be very useful to
identify invalid data points within the Mixed Mode loading regime.

3.3. Detailed fracture surface analysis

An additional way to prove the appearance of friction between the
crack flanks is with a detailed fracture surface analysis using light mi-
croscopy and SEM. With such a detailed analysis of the fracture

Fig. 7. Fracture surface images from a Mixed Mode I/III specimen (ΔKIII of 1.2 MPam1/2, ΔKI of 2.0MPam1/2, frequency of 5 Hz) analysed using light microscopy,
infinity focus 3D analysis and SEM – the areas with different crack growth mechanisms are: start of crack growth (1), transition region with typical “factory roof”-
formations which indicate the local change in crack growth direction to Mode I (2) and final fracture region (3).
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surfaces, it was possible to examine the two main factors influencing
the occurrence of wear abrasion, which is an indication of friction
during Mixed Mode I/III fatigue tests (Fig. 5). Firstly, with higher tor-
sional moment (higher stress intensity factor in Mode III) more effects
of friction are observed on the fracture surfaces. Secondly, a higher
tensile load (higher stress intensity factor in Mode I) ends up in less
friction directly in front of the crack tip. The same interactions of
loading and friction effects were reported for Mixed Mode I/III loaded
specimens made of metals [32].

Generally, a detailed investigation of the fracture surface is a
common method to gain more insight in the fracture process itself. This
allows the identification of differences in the tested specimens caused
by different fracture mechanism. Therefore, microscope images of
fracture surfaces from Mode I, “valid Mixed Mode I/III” (marked red in
Fig. 4) and “friction dominated Mixed Mode I/III” tests (marked green
in Fig. 4) were made. The light microscope and detailed SEM images of
the fractured specimen surfaces are shown in Figs. 6, 7 and 9. For the
subsequent discussion the Mixed Mode I/III data points will be divided
in two groups: “Mixed Mode I/III” and “Mixed Mode I/III with friction”.
For all testing modes examined in Figs. 6, 7 and 9, different crack
growth mechanisms were found on the corresponding fracture surfaces.
The areas with different mechanisms are marked with numbers directly
on the images. The areas 1 (prenotch) and 3 (final fatigue fracture)
were similar for all test conditions (Mode I, Mixed Mode I/III and Mixed
Mode I/III with friction). Contrary, the crack growth mechanism in
between (area 2) changed depending on the type of test. To identify the
different regions on the microscope images, the following abbreviations
will be used together with the area number: “MI” for Mode I, “MM” for
Mixed Mode and “MF” for Mixed Mode with friction.

The images in Fig. 6 show the fracture surface of a specimen loaded
with pure Mode I conditions. Macroscopically, the pure Mode I fracture
surface is flat (also represented in the 3D image in Fig. 6) and three
characteristic crack growth mechanisms can be detected. The first area
on the fracture surface (MI-1) is completely smooth and flat and re-
presents the initial pre-notch. This pre-notch was made with a sliding
razor blade and acts as starting point for fatigue crack growth. The
second area (MI-2) shows the fatigue crack growth during the experi-
ment. The area of fatigue crack growth is also rather smooth and plane
with small patterns, which are shown in detail in the bottom SEM
images in Fig. 6. The area marked with MI-3 represents the end of the
fatigue test, where the critical K value was reached and the specimen
ultimately failed during the loading of a single cycle. A similar fracture

behaviour in Mode I was previously mentioned for POM and other
polymers [20,21,33].

The SEM images of the Mode I fracture surface, which are shown at
the bottom of Fig. 6, are in accordance with the light microscope image.
With their help, the fracture surface was investigated in detail con-
cerning the different crack growth mechanisms present. Area “1” in
Fig. 6 represents the initial notch and the starting region of fatigue
crack growth in Mode I. Close to the notch tip small patterns were
observed on the fracture surface. Similar appearance for this region was
found previously [20,33]. Area “2” shows the region of fatigue crack
growth. Here, the surface looks similar to the area near the crack tip
with patterns and no indication of plastic flow. The next area is the
transition region marked as “3” in Fig. 6, where the surface is covered
with small ductile formations in crack growth direction. These forma-
tions are interpreted as fibrils formed before the final failure of the
specimen [33]. Finally, there is the area of spontaneous crack growth
(marked as “4” in Fig. 6), which represents the final fracture in the
fatigue experiment. This area of spontaneous crack growth presents a
craggy, texture like landscape. This also agrees with observations made
for CT and CRB specimens [20,33]. Additionally, a detailed illustration
of the transition region between area “3” and area “4” is presented in
Fig. 6 (“detail 3–4”). This SEM image shows the change in the crack
growth mechanism from the more ductile region (“3”) to the final
fracture area (“4”).

Common to all presented specimens, Mode I (Fig. 6) and Mixed
Mode I/III (Figs. 7 and 9), is the macroscopically flat fracture surface,
where crack growth happens within the plane of the initial notch. This
is especially visible in the 3D images obtained with the infinite focus
analysis technique, which are included in Figs. 6, 7 and 9. For polymers
only little literature is available dealing with Mixed Mode I/III fatigue
loading. However, for other materials, similar macroscopically flat
fracture surfaces were mentioned in literature [34].

As discussed for the Mode I loaded specimens, similar areas MM-1
(prenotch) and MM-3 (final fracture in fatigue loading) are present on
the fracture surfaces of the Mixed Mode I/III specimens (Fig. 7). The
differences are in the area of fatigue crack growth, which is marked
with MM-2 on the fracture surface of the Mixed Mode I/III specimen in
the corresponding Fig. 7. Formations in radial direction were detected
on the whole fracture surface and they are especially distinct in area
MM-2. These formations are also present in the infinity focus 3D image
and the more detailed SEM image. A detailed SEM-image close to the
crack tip of the same specimen (shown in Fig. 8) displays the presence

Fig. 8. Detailed fracture surface images from the area close to the crack tip of a Mixed Mode I/III specimen (ΔKIII of 1.2 MPam1/2, ΔKI of 2.0MPam1/2, frequency of
5 Hz) with wear abrasion indications.
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of friction during testing represented as wear abrasion. It is the results
of contact and relative movement between the crack flanks during
testing and will be discussed in detail for the “Mixed Mode I/III with
friction” specimens. Nevertheless, there was no significant surface
temperature increase measured during fatigue testing for the specimen.
The applied torque level on the tested specimen shown in Figs. 7 and 8
is too low to influence the surface temperature and finally the lifetime.
This is also supported via the SEM-images in Fig. 7, where macro-
scopically no indications of wear abrasion on the fracture surface was
detected. Therefore this specimen belongs to the group of “Mixed Mode
I/III” specimens. This interaction of Mode I and Mode III is represented
in Eq. (12) (Fig. 3(c)), which takes the ratio of ΔKIII/ΔKI into account.

After around 200 μm of crack propagation the mentioned radial

formations start (area “2” on the SEM image in Fig. 7). In literature,
these radial formations are called “factory roof” formations and they
indicate the local crack growth fracture in Mode I direction [35]. The
initiation of these “factory roof” formations is started in Mixed Mode I/
III. After a few μm crack growth the mechanism changes from Mixed
Mode I/III into Mode I. In this research, especially for specimens with
low cyclic torque amplitudes (Fig. 7) the cracks are commonly oriented
in 45°, whereas for high cyclic torque amplitudes a more flat fracture
surface was found. Finally, the area marked with “3” on the SEM image
in Fig. 7, which represents the final fracture within the fatigue test,
displays the same appearance as former area MI-3 from the Mode I
specimen.

Specimens tested under the condition “Mixed Mode I/III with

Fig. 9. Fracture surface images from a Mixed Mode I/III specimen (ΔKIII of 1.6 MPam1/2, ΔKI of 0.9MPam1/2, frequency of 5 Hz) analysed using light microscopy,
infinity focus 3D analysis and SEM – the areas with different crack growth mechanisms: region with circumferential lines representing wear and abrasion between the
crack flanks (1) and a follow-up region with radial surface cracks, which indicate Mixed Mode I/III crack formations (2).

A. Gosch, et al. International Journal of Fatigue 130 (2020) 105269

9



friction” (Fig. 9) show a characteristic area (marked with MF-2), where
wear abrasion dominates the fracture surface. The same appearance
was also reported in literature for other materials examined under
Mixed Mode I/III loading conditions [7,9,32,34]. This region is present
directly after the initial notch (refer to Fig. 9).

Unlike in Mode I, friction can occur in Mode III, because the crack
flanks are not torn apart during the loading and hence, they can rub
during the fatigue loading in every cycle. With additional loading in
Mode I, this friction can be reduced, especially at high Mode I levels. At
the lower Mode I levels, the crack opening through the applied forces is
not sufficient to totally separate the crack flanks during the cycle and
this ends up in friction between them. In this case, Mixed Mode I/III
loading (Mode I and Mode III) leads to wear abrasion on the fracture
surface, to a reduction of the effectively acting torque (counterforce
through friction) [35] and in case of polymers to a increase in the
specimen temperature. These data points are marked as “Mixed Mode I/
III with friction” data points in Fig. 4, because they are not only in-
fluenced by the applied load and torque level. It is obvious from Fig. 4
that the highly discussed influence of friction effects under shear mode
crack opening (Mode II and Mode III) has to be identified separately in
fatigue fracture curves. The friction effects are especially critical for the
lifetime of polymers, because as shown before they cause elevated
temperatures near the crack tip during testing. This temperature in-
crease ends up in a cycle to fracture reduction and thus influences the
resulting fatigue fracture behaviour.

The SEM image of the Mixed Mode I/III loaded specimen with
friction on the fracture surface, which is part of Fig. 9, clearly shows the
characteristics discussed above. An area with a smeared appearance
(marked with (1) in Fig. 9) is present close to the crack tip. This
smeared area is structured with lines parallel to the initial circumfer-
ential notch. Similar structures were also found in literature [8,9,32]
This effect is typical for wear abrasion between the crack flanks at the
beginning of the crack growth process. This first area is followed by a
region, where the abrasion lines disappear. Instead radial surface cracks
become visible around 500 μm away from the notch tip. The level of
friction present in the Mode I/III fatigue tests is dependent on the Mode
I and Mode III loading: higher tension forces (Mode I loading) reduce
the presence of friction, higher torsional moments (Mode III loading)
support the presence of friction. This indicates that the applied load in
Mode I becomes more effective with increasing crack length and the
friction between the crack flanks becomes weaker (marked with (2) in
Fig. 9). The area of final fatigue fracture “MF-3” is not shown in the
SEM image, but is present on the light microscope picture in Fig. 9.

4. Conclusion

Efficient component design requires detailed information about the
material behaviour during the application. The latter is also important
to ensure the predicted lifetimes from the simulations. The simulation
of crack growth starting from little defects, which can occur during the
manufacturing, is one important task of component design. For this a
lot of information about Mode I fatigue crack growth in polymers is
available in literature. However, concerning Mixed Mode I/III fatigue
loading of polymers only little information can be found. Hence, within
this work the fatigue fracture behaviour of a selected polymer (POM-H)
was studied in Mode I and Mixed Mode I/III loading to gain more in-
formation about component failure during the application. The de-
termined results are summarized as followed:

• The conducted Mixed Mode I/III loading (represented as ratio of
ΔKIII/ΔKI) ends up in a clearly visible lifetime reduction of the
specimens tested compared to pure Mode I loading.

• To take this Mixed Mode I/III loading into account for component
design and simulation of components, the use of the equivalent
stress intensity factor concept Keq, where both loading types are
represented, is suggested. Different equations were presented to

evaluate Keq.

• The increasing specimen temperature during Mixed Mode I/III fa-
tigue testing, caused by friction between the crack flanks, ends up in
a lifetime reduction of the examined polymer.

• The level of friction present in the Mode I/III fatigue tests is de-
pendent on the Mode I and Mode III loading: higher tension forces
(Mode I loading) reduce the presence of friction, higher torsional
moments (Mode III loading) support the presence of friction.

• Finally, a detailed fracture surface analysis of a specimen loaded in
Mode I, Mixed Mode I/III and Mixed Mode I/III with friction was
conducted. For the Mode I loaded specimen the fracture surface
structures were in accordance with the literature. For the Mode I/III
loaded specimen so called “factory roof formations” were found on
the fracture surface. It was possible to observe the proposed wear
abrasion area on the fracture surface of the Mixed Mode I/III loaded
specimens with friction. No “factory roof formations” were found for
the latter, but radial surface cracks instead.

For future research, it is of high interest to gain more insight in the
still missing loading case of Mode II crack growth of polymers.
Moreover, it is important to expand the application of the testing
concept presented in this publication to various other polymers to de-
velop a more generalized idea concerning the Mixed Mode crack
growth behaviour of unreinforced polymeric materials.
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A R T I C L E  I N F O   

Keywords: 
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Fracture surface analysis 
Equivalent stress intensity factor 
Polymer 

A B S T R A C T   

Mixed mode I/III fatigue fracture behaviour of bulk polymers is scarcely investigated. Thus, the aim of this work 
is to focus on the comparison of pure mode I and mixed mode I/III fatigue loading of polyethylene. During mixed 
mode I/III testing, both increases and decreases of lifetime were observed, depending on the levels of applied 
mode I and mode III loading. Additionally, the critical influence of friction and the accompanying increase of 
local temperature between the shear loaded crack flanks in mode III, as well as the dominant fracture mecha
nisms were discussed based on the fracture surface morphology.   

1. Introduction 

Mixed mode loading mechanisms in bulk polymers are rarely 
investigated, even though a significant amount of mixed mode loading 
close to the crack tip is likely to occur in several applications, such as 
randomly orientated cracks in a component which is used in rolling 
contact [1–5], twisting of a pipe during installation, etc. Therefore, it 
can be beneficial to possess detailed knowledge about mixed mode crack 
growth behaviour of polymers as shown in previous investigations [6]. 
For component design, the long-time performance of a polymer part can 
be evaluated via fatigue testing, which is usually performed only in 
mode I (tensile loading). However, mixed mode crack growth (in plane 
shear loading defined as mode II and out of plane shear loading as mode 
III) can display completely different crack growth behaviour and 
mechanisms. This is due to the complex nature of mixed mode crack 
growth, in which the crack flanks are closed during testing, which in 
turn can cause friction and wear abrasion and the effect of so called 
“mode I branching”. The latter mechanism is responsible for a change in 
the crack growth direction, where the local loading situation changes 
from mode II or mode III into mode I. This is commonly found in mixed 
mode loading tests on metals [7–9]. Furthermore, mixed mode crack 
propagation is known as non-self-similar, which means cracks change 
their direction during mixed mode loading [10]. 

As stated above, understanding mixed mode fatigue crack growth 
can provide additional information with regard to component design, as 

shown in previous research [2,11]. This makes the topic highly inter
esting to gain more information about the behaviour of components in 
complex loading situations. In a recent study [12], mixed mode I/III 
fatigue loading was applied to cracked round bar specimens (CRB) of a 
polyoxymethylene homopolymer (POM-H) and the resulting fatigue 
fracture curve was compared to pure mode I fatigue tests. The work also 
presented an equivalent stress intensity factor (Keq) concept, which can 
take both loading cases of mode I and mode III into account. Never
theless, some open questions concerning the crack growth mechanisms 
during mixed mode loading remain due to the rather difficult fracture 
behaviour of POM-H. To better understand the complex mixed mode 
loading situation and the subsequent fracture behaviour of polymers, a 
study on a well-known reference material seems indispensable. There
fore, the mixed mode I/III fatigue fracture behaviour of high-density 
polyethylene (PE), which is well investigated for mode I, was charac
terized in the present study. PE is a commercially available polymer, 
which is used in daily applications (packaging, bottles, etc.) and tech
nical components (gas or water pipes, tanks, etc.). Due to the increasing 
requirements in engineering applications, such as pressure piping, its 
fatigue behaviour in mode I is well characterized for the estimation of 
the life-time performance [13–19]. Furthermore, the occurring fracture 
mechanisms are well documented via optical methods (light-microscope 
and SEM analysis of the fracture surface) and are available as reference 
for the mixed mode testing. 
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2. Materials and methods 

2.1. Material 

The used material in this work was a high-density polyethylene pipe 
grade material with high resistance against crack growth and a density 
of 0.95 kg/dm3 (supplied as PE100-RC, extruded rods with a diameter of 
20 mm, AGRU Bad Hall, Austria). To characterize the melting temper
ature and degree of crystallinity of the material, differential scanning 
calorimetry (DSC) measurements were performed according to ISO 

11357-1:2016 (heating rate ΔT/Δt = 10 K min− 1, testing atmosphere N2 
50 mL min− 1, temperature range 0–160 ◦C, 2 tested samples) on a DSC 1 
(Mettler Toledo Schwarzenbach, CH). The investigated PE type has a 
melting temperature of 130 ± 1 ◦C and a degree of crystallinity of 64 ±
1.4%. Both values were determined at the first heating run. For the 
calculation of the degree of crystallinity the specific heat of fusion of a 
100% crystalline PE, which is 290.0 J/g according to [20], was used. 

2.2. Experimental 

The experimental procedure used in this work was similar to a 
recently published paper dealing with the mixed mode I/III fatigue 
behaviour of POM-H [12]. However, to improve the readability, this 
section repeats the crucial details and parameters concerning the con
ducted experiments and data analysis. 

The specimen type used for fatigue testing was the CRB specimen, for 
which the exact dimensions are shown in Fig. 1. A sharp circumferential 
notch was introduced with a razor blade (blade thickness 0.1 mm, tip 
radius <5 µm) by mounting the specimens on a lathe. The notching 
depth was approximately 2 mm (10% of the initial diameter) for all 
specimens examined (following a recently published standard for PE 
[21]). 

The CRB specimens were loaded in two different ways: (1) pure mode 
I tensile fatigue loading according to Fig. 1a and (2) mixed mode I/III 
through a combined tensile and torsional fatigue load as shown in 
Fig. 1b. All experimental details and testing conditions are summarized 
in Table 1., one can recognize a difference in frequency for the pure 
mode I and the mixed-mode I/III fatigue tests. This change for mixed- 
mode tests was due to technical limitations arising from the testing 
machine. However, published work shows, that this should have no 
influence on the results within the applied frequency range [22]. 

An optical microscope “SZX12” from Olympus (Olympus Life Science 
Europe GmbH, Hamburg, Germany), as well as a scanning electron 
microscope “Vega II” from TeScan (Tescan Orsay Holding, a. s., Brno, 
Czech Republic) were used for the detailed fracture surface analysis. 

To investigate the formation and the path of growing cracks in mixed 
mode loading, so called “crack freezing” experiments were conducted 

Fig. 1. Loading conditions of the PE - CRB specimens used in this work – (a) Mode I crack opening conditions realized as tensile fatigue load (b) Mixed mode I/III 
crack opening conditions realized as combined tensile and torsional fatigue load (adapted from [12]). 

Table 1 
Details and parameters of the fatigue test series conducted on PE specimens in 
mode I and mixed mode I/III (tensile load F, torsional moment M and stress 
intensity factor in mode I KI and mode III KIII).   

Mode I Mixed Mode I/III (combined 
Mode I and Mode III loading) 

Servo hydraulic 
testing machine 

MTS 858 Axial Torsional 
(MTS Systems GmbH, 
Minnesota, USA) 

MTS 858 Axial Torsional 
(MTS Systems GmbH, 
Minnesota, USA) 

Frequency 10 Hz 5 Hz 
R-ratio 0.1 0.1 (for both loading cases) 
Examined F 

regime (max. 
value) 

2200–3100 N 2300–2600 N 

Resulting KI 

regime (max. 
KI) 

0.6–0.9 MPa m1/2 0.6–0.8 MPa m1/2 

Examined M 
regime (max. 
value) 

– 5–10 Nm 

Resulting KIII 

regime (max. 
KIII) 

– 0.3–0.6 MPa m1/2 

Clamping distance 35 mm 35 mm 
Data acquisition Peak/valley data every 100 

cycles 
Hysteretic data every 1000 
cycles 

Peak/valley data every 100 
cycles 
Hysteretic data every 1000 
cycles  
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(schematically shown in Fig. 2), before the complete fracture of the 
tested specimens. Experiments were stopped after several thousand cy
cles (close to the final failure), the specimens were cut along their lon
gitudinal axis and the crack tip was investigated via microtome slices 
(light microscope) and SEM images. 

2.3. Expression of the mixed mode crack driving force using the 
equivalent stress intensity factor 

The initial stress intensity factor range ΔK in mode I and mixed mode 
I/III was determined according to the corresponding equations given in 
Table 2 and Table 3. 

In this equations ΔF is the difference between the minimum and 
maximum load, r the outer radius of the specimen, a0 the initial crack 
length, b the ligament radius and f1(b/r) a geometry dependent factor 
typical for the CRB specimen in mode I [21,23]. 

In these equations τ is the shear stress, T is the torsional moment, Δτ 
and ΔT are the differences between the minimum and maximum values 
of shear stress and torsional moment, respectively; b is again the liga
ment radius after notching, f3(b/r) is the geometry dependent factor for 

the CRB specimen in mode III and r the outer radius of the bar [24]. 
Furthermore, a so called “equivalent stress intensity factor” (Keq) was 

calculated similar to our previous publication [12]. The parameter Keq is 
able to combine stress intensity factors in different loading modes into a 
single value. The easiest expression for Keq is based on the energy release 
rate (G) for brittle fracture. It is given by Eq. (7) for plane strain con
ditions [25]: 

Keq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

K2
I + K2

II +
1

1 − νK2
III

√

(7)  

where ν is the Poisson’s ratio. It should be mentioned at this point, that 
there are several equations for mixed mode loading and Keq available in 
literature, e.g. in [7,26–28], based on different assumptions and/or 
boundary conditions. Under cyclic loading, the equivalent stress in
tensity factor range ΔKeq is used instead of Keq. The influence of mode II 
(KII) is completely eliminated for the CRB specimen geometry used in the 
present study. This was verified via numerical simulations. Furthermore, 
the coefficient 1/(1 – ν) in Eq. (7) is expected to be smaller in reality, 
since mode III crack propagation is less efficient compared to the other 
loading modes. This aspect was also found in previous research for fa
tigue cracks in metallic materials [29] and for polymers [12]. Hence, a 
representative parameter λ was defined and ΔKeq can be simplified for 
mixed mode I and mode III as shown in Eq. (10): 

ΔKeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ΔK2
I + λΔK2

III

√

(8) 

According to [28,30], the values used for λ are typically between 0.9 
and 1.2 for metallic materials. For POM-H, a value of 1 was used as a first 
step in [12] for the stress ratio of R = 0.1. For PE, the parameter λ is 
initially unknown. Therefore, the value of 1 was also used in a first step: 

ΔKeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ΔK2
I + ΔK2

III

√

(9) 

Additionally, it is stated in literature that also the ratio of the applied 
mode I and mode III levels (ΔKIII/ΔKI) influence the fatigue behaviour. 
Therefore, the parameter ΔKeq can provide a much better fit of the 
experimental data, when this ratio is also included in the calculation. In 
[12] a new equation for ΔKeq was proposed and successfully imple
mented for POM-H: 

Fig. 2. Procedure for the “crack freezing” experiments: (1) Mixed mode loaded specimen with sharp notch; (2) test stopped after several thousand cycles before the 
complete fracture occurred and cut of the specimen; (3) Light-microscopy and SEM analysis of the crack extension (marked red). (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 2 
Equations to calculate the initial stress intensity factor range in mode I (ΔKI) 
according to [21,23].  

ΔKI =
ΔF
πb2

̅̅̅̅̅̅̅̅̅̅̅̅̅
πa0b

1000r

√

f1

(
b
r

) (1) 

b = r − a0  (2) 

f1

(
b
r

)

=
1
2

[

1+
1
2

(
b
r

)

+
3
8

(
b
r

)2
− 0.363

(
b
r

)3
+0.731

(
b
r

)4
]

(3)  

Table 3 
Equations to calculate the initial stress intensity factor range in mode III (ΔKIII) 
according to [24].  

ΔKIII = Δτ
̅̅̅̅̅̅
πb

√
f3

(
b
r

)
(4) 

τ =
2T
πb3  

(5) 

f3

(
b
r

)

=
3

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − b/r

√

8

{

1+
1
2

b
r
+

3
8

(
b
r

)2
+

5
16

(
b
r

)3
+

35
128

(
b
r

)4
+0.208

(
b
r

)5
}

(6)  
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ΔKeq =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

ΔK2
I + 0.9

(
ΔKIII

ΔKI

)

ΔK2
III

√

(valid for
ΔKIII

ΔKI
< 1.0) (10)  

3. Results and discussion 

3.1. Mode I and mixed mode I/III fatigue behaviour of PE 

To determine the influence of mixed mode I/III loading conditions on 
fatigue testing of PE, pure mode I tests were conducted to establish a 
benchmark of the material. The resulting mode I fracture curve (stress 
intensity factor range ΔKI versus the cycles to failure Nf) is shown in 
Fig. 3. 

In the current study, Nf was used for all presented figures. Usually, Nf 
can be separated into a crack initiation part (cycles to crack initiation 
Ninitiation) and a crack propagation part (cycles during crack propagation 
Npropagation). The characterization of Ninitiation is often done by evalua
tion of the cyclic compliance of the specimen. For this, it is necessary to 
apply local strain sensors (e.g. clip on extensometers, placed in a circle 
around the specimen). In the case of mode I in PE-HD this has been done 

many times before as shown in literature [31,32]. However, in the 
present work it was not possible to calculate Ninitiation, since the mixed 
mode I/III loading situation requires a very complex biaxial measuring 
equipment. Subsequently, the compliance value documented by the 
testing machine itself (without the use of local extensometers) is too 
coarse for any detailed analysis of the mixed mode I/III crack growth 
behaviour (an example of this is shown in the Appendix A). Therefore, it 
is not reliably possible to determine the initiation point, or subsequently 
the evaluation of the crack growth kinetics curve based on the compli
ance data, which would be very desirable for further analysis and 
transferability to other components. 

Looking at the results of the fracture curve, as expected from results 
in literature [14–19,33–35], two regions can be detected in the mode I 
fatigue curve:  

(1) the ductile/thermally controlled region, in which high ΔKI values 
lead to a significant decrease in Nf, which is often accompanied 
by a significant amount of hysteretic heating and large-scale 
ductile deformation of the material. This behaviour was also 
observed for the investigated material in the present study.  

(2) the quasi-brittle region, at rather low values of ΔKI and high 
corresponding values of Nf, in which the fracture surface appears 
rather brittle on a macroscopic scale, but shows signs of fibrilla
tion on a microscopic level. This type of failure in PE is a rather 
complex process, consisting of void initiation at the crack tip, 
void growth and coalescence, craze formation and finally crack 
growth [32,36]. Contrary to (1) the deformation process is very 
localized in a very small area in front of the crack tip, allowing 
also for the application of linear elastic fracture mechanics 
[37–42]. For PE it was found, that the process is subsequently 
mostly governed by molecular disentanglement in the stretched 
craze fibrils [32,43–45]. 

Subsequently, mixed mode I/III tests were performed and the results 
added to Fig. 3 (caption is ΔKIII). Generally, when an additional loading 
mode is applied to pure mode I, a decrease in the measured life-time is 
expected, which was confirmed by most data shown in Fig. 3. It is worth 
noting that for low amounts of ΔKIII (around 0.3 MPam1/2) no decrease 
in Nf was found, whereas, for higher amounts (ΔKIII ≥ 0.5 MPam1/2) a 
significant decrease in Nf occurred. Interestingly, a similar slope of the 
mixed-mode I/III failure curves and the mode I quasi-brittle curve can be 
observed. This indicates, that additional loading in mode III, produces a 

Fig. 3. Fatigue fracture behaviour of PE evaluated in pure mode I and mixed 
mode I/III fatigue testing: an increasing mode III amount (caption of mixed 
mode I/III data points is the mean value of ΔKIII) leads to a decrease in the 
cycles to fracture. 

Fig. 4. Fatigue behaviour of pure mode I and mixed mode I/III loaded PE represented via the equivalent stress intensity factor ΔKeq: (a) ΔKeq calculated via Eq. (9), 
where the caption of mixed mode data points is the measured surface temperature during testing and (b) ΔKeq calculated via Eq. (10), where the mode III/mode I 
ratio is taken into account. 
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similar trend between the applied loading and resulting cycles to failure, 
only shifted to lower values of Nf. 

For a better comparison, it is of high interest to compare both loading 
cases via a representative parameter, which simultaneously takes mode I 
and mode III loading into account. This concept is based on the 
assumption that an absolute value, which is the sum of two loading 
cases, is able to fully characterize the fatigue crack growth of mixed 
mode I/III loading [10]. Previous investigations on POM-H showed 
promising results by using the equivalent stress intensity factor ΔKeq, as 
defined in Eqs. (8) to (10) [12]. 

3.2. Equivalent stress intensity factor ΔKeq 

The use of ΔKeq allows the combination of both loading cases and 
provides information about the partial contribution of pure mode I and 
mixed mode I/III loading. In the case of pure mode I, ΔKeq is identical to 
ΔKI. For mixed mode I/III specimens, the amount of ΔKeq can be 
calculated using various equations proposed in literature [10]. As a 
starting point in this study, the interactions of mode I and mode III were 
neglected and it was assumed that both loading cases are affecting the 
results equally (Eq. (9)). Fig. 4-a displays the resulting fatigue fracture 
curve based on ΔKeq calculated from Eq. (9) in addition with the 
maximum specimen surface temperature measured during the testing of 
the mixed mode I/III data points. 

The evaluated data points from pure mode I and mixed mode I/III 
loading almost coincided with the application of ΔKeq (calculated via 
Eq. (9)) in the area of low to moderate levels of ΔKIII. This indicates, that 
both loading cases contribute with a similar efficiency regarding the 
fatigue resistance of the material in the region of quasi-brittle fatigue 
crack growth. Interestingly, the specimens tested with the lowest 
amount of ΔKIII appear to be even slightly shifted towards higher life
times. At higher applied levels of pure mode I and mixed mode I/III, in 
the region of “hysteretic heating-induced thermal failure” [38], samples 
showed an increased surface temperature (up to 40 ◦C for the highest 
amount of ΔKIII). This is especially critical, since mechanical properties 
of polymers are highly sensitive to temperature and an increase in 
temperature can significantly change the life-time of the tests 
[12,46–48]. However, hysteretic heating should not significantly affect 
the region of quasi-brittle failure, since it was found that in this regime, 
the temperature increase in PE-HD is usually rather low (~2 to 4 K) and 
stabilizes after a few thousand cycles. This was also measured in prior 

work via temperature sensors inside of the specimen, close to the crack 
tip itself [22]. 

Contrary to the results in the quasi-brittle region, tests at high levels 
of additional ΔKIII did not collapse onto the pure mode I results of the 
ductile/thermally controlled region by using Eq. (9). This indicates, that 
another contributing factor, besides mode I and mode III loading, as well 
as classical hysteretic heating, appears to be present. Based on the 
boundary conditions of the test setup and knowledge from previous 
research, this additional factor is most likely friction and wear abrasion 
[12]. Hence, the use of Eq. (9) appears to be a useful tool to identify 
loading conditions, which are significantly influenced by friction and 
wear abrasion of the crack flanks. 

As shown in our previous research [12], it is possible to also consider 
friction and abrasion in ΔKeq by including a ratio of ΔKIII/ΔKI, as shown 
in Eq. (10). The results of using this equation are presented in Fig. 4-b. 
The data points of both loading cases coincide well, which means that 
the mode III/mode I ratio, which is also responsible for the amount 
friction and abrasion during the test, influences the mixed mode I/III 
fatigue behaviour of PE significantly. The application of the adapted 
ΔKeq equation (Eq. (10)) enables the explicit description of the rela
tionship between applied loading and subsequent cycles to failure over 
the whole testing range. Based on the good correlation of the two 
loading cases, the adapted version of ΔKeq according to Eq. (10) is ex
pected to be usable for life-time prediction of mixed mode I/III loaded 
PE components. 

3.3. Detailed fracture surfaces analysis 

To gain more information about the fracture process during fatigue 
testing, it is common to investigate the fracture surfaces in detail via 
light microscopy and SEM analysis. Generally, the crack growth mech
anisms observed on the fracture surface of a mode I loaded PE specimen 
are a series of complex processes involving cavitation, voiding, coarse 
fibril formation and rupture [49], which is commonly termed “crazing”. 
Adding a further loading case (mode III) leads to even more complex 
shapes on the fracture surfaces, which can be difficult to interpret as 
shown in the next chapter. 

3.3.1. Fracture surface - Macroscopic level 
In this section, an optical analysis of PE fracture surfaces is pre

sented. To provide a rough overview, fracture surfaces of both loading 

Fig. 5. Light microscope pictures of fracture surfaces in different parts of the fatigue fracture curve of PE: mode I loading (“MI ductile/thermal” and “MI quasi- 
brittle”) and mixed mode I/III loading (“MM-1” with high ΔKIII loading and “MM-2” with low ΔKIII loading). 
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cases in pure mode I and mixed mode I/III are compared in Fig. 5. 
Representative specimens from the ductile/thermal and quasi-brittle 
region of the mode I loaded specimens were chosen for a detailed op
tical analysis: “MI ductile/thermal” and “MI quasi brittle”. In the case of 
the mixed mode I/III loading two specimens with different amounts of 
mode III were chosen for the fracture surface investigations: “MM-1” 
was loaded with a very high amount of ΔKIII and “MM-2” was loaded 
with a low amount of ΔKIII. 

The fracture surface of the ductile/thermal failure is shown in Fig. 5 
(“MI ductile/thermal”), where high amounts of ΔKI lead to relatively 
short cycles to failure. “MI ductile/thermal” specimens display large 
scale tearing on the fracture surface and the microscopic texture displays 
a rather smooth appearance, which was also found in literature for PE 
[33,50–52]. In the region of quasi-brittle failure, the fracture surfaces 
show a similar appearance as found in previous research [49–53]: 
Directly after the initial notch, the fracture surface displays indications 
of blunting and step wise discontinuous crack growth, detected as lines 
on the fracture surface. Discontinuous crack growth in polymers is 
caused by two mechanisms taking place at the same time: crazing and 
micro shear banding. The competition between these two crack growth 
mechanisms causes forward steps in the crack growth, which are known 
as discontinuous crack growth (DCG) bands [14,50,53]. The last state 
during a fatigue test of the “MI quasi-brittle” specimen displays in
dications of plastic flow towards the middle of the specimen and is the 
result of high loads and a ductile fracture of the remaining ligament. 

The investigated material displays also a macroscopically flat frac
ture surface (crack growth in the initial crack plane) for all mixed mode 

I/III loaded specimens, which is in agreement with literature for this 
type of specimen [10,54–57]. In the presence of mixed mode I/III 
loading, the area close to the initial crack tip is especially interesting. 
This area is highly influenced by mixed mode forces, which can lead to 
formations, significantly different from pure mode I loading, on the 
fracture surface. Macroscopically, these formations can be oriented in 
radial direction (compare “MM-2”) or have a smeared-out appearance 
(compare “MM-1”). The fracture surface of “MM-1” appears smooth and 
“smeared out” with signs of abrasion between the crack flanks. At low 
amounts of mode III loading, the “MM-2” displays large radial forma
tions close to the initial crack tip, which are called “factory roof” for
mations [12,28,29,55,56]. Factory roof formations are mixed mode 
facet formations occurring directly after the crack initiation phase with a 
45◦ sloping “roof”. This is the result of cracks, trying to propagate in 
local mode I by twisting the crack plane. Similar formations, although 
not as pronounced, were also found in previous research on polyoxy
methylene [12]. The appearance of factory roof formations can lead to 
crack closure effects during testing, which is commonly known from 
metals [8,28,58–61]. This effect, which is also called “roughness 
induced” crack closure, is caused by the misfit of a microscopically 
rough fracture surface. During this state the crack is closed as a result of 
the contact between the fracture surfaces. Subsequently, the crack 
cannot propagate and the acting driving force is hindered, which can 
influence the measured cycles to failure. In this work, a slight increase in 
the measured life-time of mixed mode I/III specimens with low amounts 
of mode III loading compared to the pure mode I loaded specimens was 
detected (compare “MM-2” in Fig. 5). The measured cycles to failure 

Fig. 6. Increasing mode III loading leads to a decrease in the facet length lfacets on the fracture surface of mixed mode I/III loaded PE specimens (for all investigated 
specimens, a similar mode I loading level was used during the tests). 
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slightly increase in comparison to the pure mode I loaded samples, even 
though an additional loading case (mode III) was applied. This could be 
an indication of a crack closure effect in the regime of low mode III 
loading amplitudes. The factory roof formations on the “MM-2” surface 
disappear after around 2 mm of crack growth, where the mechanism 
changes from mixed mode I/III loading to the final fracture (close to the 
specimen centre). 

Based on the findings regarding the overall differences in fracture 
surface appearances, a more detailed analysis of the exact influence of 
the applied mixed mode I/III ratio is the logical next step. To discuss the 
influence of an increasing mode III amount on the appearance of the 
fracture surface, specimens at the same level of mode I but with 
increasing mode III loading were investigated and compared. 

3.3.2. Influence of increasing mode III level on the fracture surface 
appearance 

The influence of an increasing mode III amount on the fracture sur
face appearance of mixed mode I/III loaded PE specimens (nearly con
stant mode I loading) is presented in Fig. 6. Both variations of plotting 
the results with the applied ΔKI value, as well as the ΔKeq on the ordi
nate are presented. 

The specimen with the lowest amounts of mode III displays the 
characteristic and aforementioned factory roof formations close to the 
notch tip, as shown in Fig. 6-(1). The factory roof formations display no 
indications of friction and wear abrasion on a macroscopical level. This 
argument is strengthened also by the fatigue fracture curve, where no 
decrease in life-time was measured compared to the pure mode I loaded 

specimens. Contrary to expectations, the additional loading in mode III 
induces a slight increase of the life-time (as discussed in the previous 
section with the crack closure effect). With an increasing level of mode 
III (see specimen (2) and Fig. 6) the area on the fracture surface, where 
the typical factory roof formations are visible, decreases and the overall 
appearance of the area changes slightly. In the graph showing ΔKeq, the 
specimens fall onto the line of the quasi-brittle failure in pure mode I. 
This might indicate, that no crack closure effect is present, but the 
applied amount of mode III also does not yet lead to significant abrasion 
and hysteretic heating, which would change the failure mode from 
quasi-brittle to thermally induced ductile failure. Further increases in 
mode III (specimens marked (3) and (4)) lead to an even smaller area of 
mixed mode indications, where in specimen (1) factory roof formations 
are visible. Furthermore, the structures in this area change the direction 
into a more tangential direction, which is in agreement with previous 
literature [54–56]. 

To get a better understanding of the exact formations in the first area 
close to the initial notch, a detailed investigation via SEM is shown for 
specimens (1) to (4) in Fig. 7. In the first picture (Fig. 7-(1)) the factory 
roof formations display no sign of deformation and the direction of the 
factory roof is pointed directly towards the specimen centre. For spec
imen (2), the area close to the crack growth initiation appears flatter and 
more smeared out with first signs of abrasion and deformation. In
dications of factory roofs are still present, but change towards the di
rection of the mode III loading (tangentially). The examined area on the 
surfaces with higher amounts of mode III torsional loading (specimens 
(3) and (4), Fig. 7) do not show clear formations of factory roofs, but 

Fig. 7. SEM images from the fracture surfaces in Fig. 6 with a magnified view on the crack growth initiation area close to the notch tip show a change in the direction 
of the factory roof formations with increasing mode III loading. 
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rather a tangentially deformed texture, which is in agreement with 
fracture surfaces found on metals [55]. The visible indications of friction 
and wear abrasion in mode III testing are also supported by the 
increasing surface temperature measured during fatigue testing (33 ◦C 
for specimen 3 and 40 ◦C for specimen 4). This increase of temperature 
probably also further accelerates the plastic deformation of the forma
tions on the fracture surface, since mechanical properties of polymers, e. 
g. the yield strength, are highly sensitive to temperature increases 
[22,38,39,62]. 

Interestingly, the governed area of factory roof morphology on the 
fracture surface seems to be dependent on the applied value of ΔKIII. The 
local stress intensity factor ΔKIII at the end of this area had similar values 
for all investigated specimens, which is shown as the length of the facet- 
zone lfacets in Fig. 6. The change is always accompanied by a local ΔKIII 
value of around 0.9 MPam1/2. This indicates that the mode III amount 
during the experiment increases until a critical value is reached (in this 
case a ΔKIII value of around 0.9 MPam1/2), at which point the fracture 
mechanism changes. 

While the formations on the fracture surfaces of specimens with low 

to moderate levels of ΔKIII allow for an interpretation of the fracture 
mechanism, it is not so clear on the specimens with high amounts of 
ΔKIII due to the smeared-out appearance after testing. To gain more 
information about the crack growth initiation process of highly 
deformed mixed mode specimens, like (3) and (4) in Fig. 6, so called 
crack freezing tests were conducted. Crack freezing experiments provide 
additional information about the developing crack path and subsequent 
formation of factory roofs at the beginning of the experiment before they 
are destroyed by friction and wear abrasion. Therefore, mixed mode I/III 
experiments were stopped after crack propagation had started but 
before the significant wear and abrasion, or even final failure occurred. 
Light-microscope and SEM images of different specimens with similar 
loading situations to specimen (4) in Fig. 6 (ΔKI close to 0.7 MPa m1/2, 
ΔKIII close to 0.6 MPa m1/2) were performed and stopped after around 
70 000 cycles. The results of the crack freezing experiments are shown in 
Fig. 8. 

As discussed above, mode III can cause interactions during the tests, 
such as friction and wear abrasion due to the closed crack flanks, but 
also mode I branching. The latter phenomenon is a competition between 

Fig. 8. Crack tip images of mixed mode I/III fatigue loaded PE specimens after the crack freezing experiments showing a branching from the initial crack plane 
directly after the initial crack tip (analysed using light microscopy (a) and SEM (b, c)). 

Fig. 9. SEM picture of the area close to the initial crack tip of fatigue loaded PE specimens: highly loaded mode I specimen (“MI ductile/thermal”) in comparison 
with a mixed mode I/III (“MM- 1”) specimen with a high level of mode III loading. 
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the shear (mode II and mode III) and tensile (mode I) crack opening 
modes and leads to crack plane twisting (crack deflection) and subse
quent factory roof formations on the fracture surface [8]. Although no 
clear factory roof formations are visible for specimens (3) and (4) on the 
fracture surfaces post mortem, the crack-freezing results in Fig. 8 show, 
that there are deflecting cracks with sloped crack fronts. This was also 
found for metals under mixed mode I/III loading [7,55,56,63]. The 
deflection of these cracks is marked in Fig. 8-a, where the light micro
scope image displays a nearly 45◦ kink of the crack front immediately 
after the initial crack tip. This is typically found during the formation of 
factory roofs. Also in the SEM images (Fig. 8-b), the crack plane rotation 
after the initial notch plane is clearly visible. In Fig. 8-b, the crack arrests 
in the first twisted crack before the crack growth continues to the next 
deflection. The growth happens close to the initial plane. This behaviour 
supports the appearance of factory roof formations as typical indications 
for mixed mode I/III crack growth also for highly loaded specimens, 
before these artefacts are destroyed by friction and wear abrasion. 

Finally, after examination of the macro- and microscopic failure 
behaviour and appearance, it is also important to understand the un
derlying failure mechanism on a molecular level. As stated in the 
beginning, PE usually fails by the formation and breakdown of crazes in 
the quasi-brittle region. Since this area is especially interesting for life
time estimations later on, it is necessary to investigate the influence of 
mode III loading with this regard as well. 

3.3.3. Fracture surface - microscopic level 
To examine the mechanisms occurring on the fracture surfaces, SEM 

pictures were taken from the mode I and mixed mode I/III specimens 
presented in Fig. 5. Fig. 9 presents the mode I specimen in the region of 
“MI ductile/thermal” failure in comparison to the mixed mode I/III 
specimen with a high amount of mode III loading (“MM-1”). 

The “MI ductile/thermal” fracture surface in Fig. 9 displayed in
dications of plastic deformation in the form of large stretched fibrils 
oriented in the direction of crack growth. These stretched fibrils are a 
sign of plastic surface flow [50,51,53]. The mixed mode I/III loaded 
specimen with high amounts of mode III presented in Fig. 9 (“MM-1”) 
displayed signs of wear and abrasion close to the initial crack tip, which, 
as previously stated, is also reflected by the comparatively high spec
imen surface temperatures measured for this specimen (around 40 ◦C). 

In Fig. 10, SEM images of the area close to the initial crack tip are 
shown for a mode I quasi-brittle fracture surface (“MI quasi brittle”) and 
for a mixed mode I/III fracture surface with low amounts of mode III 
loading and suspected “crack closure” (“MM-2”). 

The crack growth initiation area of the “MI quasi-brittle” specimen in 
Fig. 10 displays fine fibrillations on the fracture surface, which is an 
indication of creep and fatigue crack growth in combination with 
discontinuous crack, as previously discussed for PE [50,53]. The mixed 
mode I/III fracture surface in Fig. 10 with low amounts of mode III 
loading (“MM-2”) displays two clearly different mechanisms on the 
opposite side of the factory roofs. On one side of the factory roof also 
fibrillations, which show a similar appearance compared to pure mode I 
fibrillations (detail SEM pictures in Fig. 10), can be detected. On the 
other side of the factory roof the surface structure is more deformed and 
no fibrillation was observed. An explanation of the difference on the two 

Fig. 10. SEM picture of the area close to the initial crack tip of fatigue loaded PE specimens: moderately loaded mode I specimen (“MI quasi-brittle”) in comparison 
with a mixed mode I/III specimen (“MM- 2” with a low level of mode III loading) and a detailed comparison of the fibrillations. 
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sides of the factory roofs is schematically shown in Fig. 11, where pure 
mode I fibrils are compared to the factory roof formations in mixed 
mode I/III with fibrils on one side. 

From the surface appearance in Fig. 10, it is supposed that the other 
side of the factory roof is exposed to friction and wear. The occurrence of 
fibrillation on only one side of the mixed mode facets is explained by the 
direction of the applied torque for the mode III loading. Since an R-ratio 
of 0.1 was applied, the specimen was deformed in mode III up to a 
certain value and afterwards unloaded to 10% of this value. Conse
quently, it was never completely unloaded or even loaded with a 
negative torque. Hence, only one side of the factory roof was loaded 
locally in positive mode I (through the crack plane rotation) and the 
fibrillations are only visible on this side. On the other side of these 
mixed-mode facets, wear and abrasion caused a smeared-out structure. 

However, compared to specimens with high amounts of ΔKIII, the 
measured surface temperature increase was less pronounced. These re
sults are a further indication, that the specimen is locally loaded in mode 
I due to a twisting of the crack plane. Therefore, the same underlying 
fracture mechanisms, which ae often summarized as crazing, appear to 
be driving mechanisms of the failure of the PE material on one side of the 
factory roofs, while the other side shows clear indications of wear and 
abrasion. 

4. Conclusions 

The influence of mixed mode I/III fatigue loading on PE was char
acterized and compared to pure mode I fatigue results of this material. 
The aim was to continue the research on mixed mode fatigue loading of 

Fig. 11. Schematic illustration of the development of fibrils in pure mode I loading (a) and mixed mode I/III loading, where fibrils are present only on one side of the 
factory roof formation and friction and wear are supposed for the other side (b). 

Fig. 12. The fatigue fracture behaviour of PE presented as the equivalent stress intensity factor ΔKeq in pure mode I and mixed mode I/III fatigue testing is influenced 
by three effects marked as: (1) crack closure effect leads to increasing cycles to failure, (2) mixed mode fracture and (3) thermally induced failure. 
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polymers with a comparatively well analysed reference material (PE). 
In a first comparison of applied ΔKI and corresponding failure cycles 

Nf, the additional loading in mode III led to a significant decrease in the 
measured life-times compared to pure mode I fatigue experiments. For 
small amounts of mode III loading a similar slope as for the pure mode I 
quasi-brittle curve was observed only shifted to a lower life-time. For the 
comparison of both loading cases, the equivalent stress intensity factor 
ΔKeq was evaluated, which led to a good correlation of pure mode I and 
mixed mode I/III experiments was observed. To provide an overview of 
the effects influencing mixed mode I/III fatigue crack growth in PE, the 
fatigue fracture curve based on the ΔKeq was plotted again in Fig. 12, 
and the identified influences are marked as: (1) crack closure effect, (2) 
mixed mode I/III crack growth and (3) thermally induced failure. 

For mixed mode I/III data points with low amounts of mode III 
(marked as (1) in Fig. 12) a slight increase in the measured cycles to 
failure was detected. This increasing life-time can be explained by the 
crack closure effect, where the driving force for crack growth is reduced 
due to a closed crack tip [8,28,58,59,61]. This is also visible on the 
investigated fracture surfaces, where characteristic factory roof forma
tions, which are typical for mode III fracture, were observed. Mixed 
mode I/III specimens from the area (2) marked in Fig. 12, appear to be 
no longer influenced by crack closure effects and display a good corre
lation with the resulting ΔKeq of pure mode I data points. Finally, the 
thermally induced failure (marked as (3) in Fig. 12), which is governed 
by abrasion between the crack flanks and hysteretic heating, is shown on 
the left side of the plot. The increasing temperature, friction and wear 
during testing also significantly alter the fracture surfaces, where a flat 
and smeared out appearance was detected. This aspect is especially 
critical for the measured life-time, since polymers are highly sensitive to 
temperature. 

In future research, the results based on the equivalent stress intensity 
factor Keq have to be compared with life-time simulations to further 
verify the results of this study. It is also important to expand this 
research by testing more materials to strengthen the knowledge of mixed 
mode I/III fatigue loading in plastics. Furthermore, mode II loading tests 
will be conducted to build a complete understanding for mixed mode 
crack growth effects in polymers. 
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Appendix A 

A.1. Specimen compliance and hysteretic loops 

As mentioned in the manuscript, it was not possible to use the 
specimen compliance for a precise identification of the crack growth 
initiation or subsequent analysis of crack growth behavior via a 
compliance calibration. Due to the restrictions of the experimental 
setup, it is only possible to use the displacement data of the machine 
actuator. Therefore, the compliance data is too coarse for any detailed 
analysis of the mixed mode I/III crack growth behaviour. For illustra
tion, the evaluated dynamic specimen compliance (ΔC=(dis
placementmax-displacementmin)/(forcemax-forcemin) during a cycle) from 
the machine data is shown in Fig. A1 for a mixed mode I/III specimen for 
both axial and torsional orientation. 

Subsequent analysis of the whole load–displacement hysteresis, as 
shown in Fig. A2 for both regions in the failure curve and Fig. A3 for a 
mixed mode I/III specimen, did also not allow for further analysis of the 
crack growth kinetics, or point of crack growth initiation. All hysteresis 
loops shift towards higher displacements during testing due to creep of 
the whole specimen. However, a clear change of slope (=1/ΔC) or shape 
of the hysteresis is only visible in the last few cycles before failure. Only 
the specimen failing in a ductile/thermal way (Fig. A3 on the right) 
shows a continuous change due to the steady increase in temperature. 

Fig. A1. Cyclic axial and torsional specimen compliance, recorded using the actuator of the testing machine during a mixed mode I/III test without clear indications 
of crack growth initiation. 
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Abstract: Thin-walled polymeric components are used in many applications. Hence, knowledge
about their fracture behavior in bulk is beneficial in practice. Within this study, the double cantilever
beam (DCB) and out-of-plane double cantilever beam (ODCB) tests are enhanced to enable the
testing of such bulk specimens in mode I and mode III on the basis of the J-integral. This paper
then presents and discusses the experimental results following the investigation of a semicrystalline
polymer (polyoxymethylen) under quasi-static load conditions. From the experiments, fracture
energies of similar magnitude in both mode I and mode III were determined. In mode III, pop-in
fracture was observed. Furthermore, the fracture surfaces were investigated regarding the mode I
and mode III dominant crack growth mechanisms, based on the morphology of the tested material.
For specimens tested in mode I, no signs of plastic deformation were observed, and the fracture
surface appears flat. In mode III, some samples display a twisted fracture surface (twisting angle
close to 45◦), which indicates local mode I crack growth. A transfer of the presented methodology to
other (more ductile) polymeric materials is deemed possible without further restrictions. In addition,
the presented setup potentially enables an investigation of polymeric bulk specimens in mixed
mode I+III.

Keywords: polyoxymethylene; fracture mechanical testing; polymers; quasi-static loads;
experimental procedures; J-integral; tensile and shear dominated fracture

1. Introduction

Polymers are used in a wide range of applications, from daily use (packaging, bottles, etc.) to
mechanical components (pipes, rollers, gearwheels, etc.). Unfortunately, compared to other materials
such as metals or ceramics, there is still a large variety of open questions that remain to be addressed
regarding the design of polymeric assemblies. To guarantee the safety of polymeric components, it is
beneficial to possess good knowledge of their fracture mechanical properties. Especially when used
as tube materials, information about their behavior as thin-walled components is also necessary,
as fracture mechanical tests are generally conducted under plain strain conditions and, hence,
greater specimen widths are tested.

Due to its material properties such as high stiffness, dimensional stability and fatigue resistance,
polyoxymethylene (POM) is currently used in many technical applications [1–3]. While the fracture
mechanical properties of POM are already available in mode I and mixed mode I+III under monotonic
loading and cyclic fatigue tests [4–8], to the authors’ knowledge, little is known about its fracture
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mechanical properties in pure mode III. This paper addresses the need for the determination of fracture
mechanical characteristics of POM for thin-walled components, so far lacking scientific literature.

Generally, only a few methods are available for determining the fracture energy of polymeric
materials in pure mode III, of which many have drawbacks either in terms of experimental effort,
costs or unwanted contributions in other modes that cannot be deemed negligible [9]. Furthermore,
previous studies and therein proposed experimental setups have exclusively focused on linear elastic
fracture mechanics, limiting their field of application to brittle and quasi-brittle materials. Hence,
a number of questions regarding the mode III fracture of ductile polymers remain to be addressed.

To determine the fracture mechanical properties of POM and possibly other polymers in both
pure modes I and III, we propose experimental setups based on the double cantilever beam (DCB) and
out-of-plane double cantilever beam (ODCB) tests evaluated by using the J-integral. DCB tests with
this method of data reduction have historically mostly been used for the experimental investigation
of adhesives or composites, see [10–13] for example, whereas the ODCB test was exclusively used
for the investigation of adhesives thus far [14]. The proposed modifications to the DCB and ODCB
tests offer the possibility to determine the fracture energy in pure modes I and III on the basis of the
J-integral. Hence, non-linear fracture behavior can also be characterized with the herein proposed
setups, implying that the presented experiments are also used for materials that are not necessarily
brittle or quasi-brittle. Conveniently, for the special case of linear elastic and brittle or quasi-brittle
materials, the obtained J-integral measurements can be directly converted to approximate the fracture
toughness values KIc and KI I Ic.

This paper begins by examining the theoretical background of the experimental determination of
the J-integral in pure modes I and III. We will then describe the modifications made to the DCB and
ODCB tests, which enabled the determination of the energy release rate (ERR) of a POM homopolymer
(POM-H) in modes I and III. Then, after the determination of the ERR in modes I and III, a comparison
with relevant literature is sought to classify the generated results in mode I and III. After an examination
of the fracture surfaces and methodological critique, we will then present a summary of the most
important results.

2. Theoretical Background

The ERR G is central to the field of fracture mechanics. It can generally be defined as the decrease
in potential energy W per increase in fracture surface area, yielding

G = −∆W
b∆a

(1)

for plane problems. Here, a denotes the crack length, and b is the out-of-plane thickness of the body.
For a crack to propagate, the ERR must equal the critical ERR G = Gc.

Next to the ERR, the J-integral according to Rice [15]

J =
∫

S

(
Wdy− ti

∂δi
∂x

dS
)

(2)

represents an alternative approach to determine the release of energy during fracture. Here, ti are
the components of the traction vector, δi are the components of the displacement vector along an
arbitrary path S containing the crack tip in counter-clockwise direction, and x is the direction of crack
propagation (see Figure 1 for reference). This two-dimensional integral is path independent. It should
be noted that the J-integral, according to its initial definition, strictly only applies to materials for
which a strain energy density exists, implying that it may only be used for materials that behave
in a hyperelastic manner. One should also note that the strain energy density must not explicitly
depend on the x-coordinate for J to be path independent. However, the J-integral was also found
to be path independent for small scale yielding and even during hardening at the crack tip under a
monotonically increasing load [16,17]. An important key factor resulting from this path independence
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is that contributions from external loads are in equilibrium with the value of J at the crack tip if the
path is chosen around the outer bounds of the tested specimen, allowing the determination of J at the
crack tip from the outer loading conditions. Furthermore, the J-integral and the ERR are equivalent
if the crack grows straight ahead, the deformation at the crack tip is largely linear elastic, and only
small-scale yielding is present [18].

y dS

S

~δ

~t

x

Figure 1. Schematic representation of the line J-integral around a notch for a plane problem.

In the following, we will briefly present the necessary equations for the evaluation of the
conducted experiments in modes I and III and state the most important findings of prior studies.
For more detailed derivations, we would like to refer to relevant literature, e.g., [10,11,14,19,20].

Consider a specimen with the corresponding external loads as displayed in Figure 2. Under these
given forces F and moments M, the J-integral yields

J =
Fy (θ1 + θ2)

b
+

Myκ

b
+

M2
x,up + M2

x,low

2b
1

µIt
+

M2
z

2b
1

EIz
(3)

with the measured rotational angle at the points of load introduction θi and the curvature κ. E and
µ denote the elastic Young’s and shear modulus of the specimen. Iz and It are the second moment
of area around the z-axis and the torsional second moment of area around the x-axis, respectively.
By deconstructing the above equation, one obtains the contributions to J in the individual modes:

JI =
Fy (θ1 + θ2)

b
(4)

is the contribution in pure mode I,

JI I I =
Myκ

b
(5)

is the pure mode III contribution,

JI∗ =
M2

x,up + M2
x,low

2b
1

µIt
(6)

is an unintended contribution to J by an “out-of-plane mode I”—loading due to the specimen
twisting, and

JI+I I =
M2

z
2b

1
EIz

(7)

is an unintended contribution in modes I and II due to the finite width of the specimen.
The instantaneous experimental determination of the ERR based on the J-integral is relatively

unsophisticated in mode I, as only force and rotational angle at the points of load introduction have
to be measured [10]. To obtain the curvature κ in mode III, an increased experimental effort and the
use of additional measuring equipment are required. Provided that the load is introduced to the
crack tip by linear-elastically deforming beams, this experimental effort can be reduced by using the
Irwin–Kies Equation

GI I I =
M2

y

2b
dCI I I

da
(8)
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with the change of compliance dCI I I in shear direction, and the change of the lever arm da during
crack propagation [14]. Loh and Marzi were able to establish a connection between the two evaluation
methods from Equations (5) and (8) using Bernoulli beam theory, and determined that JI I I = GI I I for
this evaluation method [14]. Their beam theory approach yields

κ =
My

2
dCI I I

da
, (9)

offering the possibility to significantly reduce the experimental effort, if dCI I I/da is determined
beforehand.

z
x

y

Mz
Fy

Fy

My

My

Mx,low

Mx,up

α

θ1

θ2

Figure 2. Schematic drawing of a loaded specimen. Measured forces and moments are displayed in
blue color; measured or prescribed rotations are displayed in red.

Furthermore, it should be mentioned that the unintended contributions due to the mode III
load were found to be negligible in the studies of Loh and Marzi [14,20,21], in which adhesives
were investigated. Because of the changed specimen geometry we use within our study, it must be
investigated to which extent these unintended contributions are present at the point of material failure
with our proposed mode III setup to determine the “purity” of the mode III fracture.

3. Materials and Methods

3.1. Tested Material—Polyoxymethylene Homopolymer

The investigated material is a POM-H (Delrin 111PF) from DuPont (DuPont de Nemours,
Wilmington, NC, USA) supplied as tubular granules, with a nominal diameter of 4 mm and a
nominal height of 2 mm. POM-H shows good mechanical properties (Young’s Modulus E around
3500 MPa and Poisson’s ratio ν around 0.42) [1,22–24], high ductility down to 0 ◦C, high abrasion
resistance and a low friction coefficient. Furthermore, the material is able to resist high amounts
of constant loading or fatigue loading. Therefore, POM-H is used in more advanced applications
with higher requirements concerning the material properties. POM-H is categorized as a technical
thermoplastic material. In preliminary investigations, a glass transition temperature for the tested
POM-H of −64 ◦C was obtained using dynamic mechanical thermal analysis.

3.2. Specimen Preparation

The geometry of the tested POM-H specimens is displayed in Figure 3. The specimens were
milled and cut from plates (dimensions approx. 200 × 200 × 5.5 mm), which were produced by
compression molding (Hydrostat 300, Schwabenthan, Germany) with an immersion edge tool (TT-260,
Tool-Temp). We want to note that extreme caution was taken during the milling and cutting processes,
to ensure minimum temperature yield. For a better overview, the different stages of processing as
well as the used tools and milling parameters are disclosed in Appendix A.
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. .

.

Figure 3. Geometry of the tested polyoxymethylene homopolymer (POM-H) specimens (in mm).
The specimens were notched via pushing with a thin razor blade (notch depth ≈ 1 mm).

Prior to experimental investigation, the specimens were notched via pushing with a thin razor
blade. The depth of the notches lay in the range between 1.0 ± 0.4 mm (mean and standard deviation).
We want to mention that notching proved to be very difficult because of the brittle material behavior,
leading to a larger standard deviation of the achieved notch length.

In the mode III investigation, aluminum reinforcements with a length of 160 mm and the
cross-section area displayed in Figure 4 are connected to the POM-H specimens. The aluminum
reinforcements were milled from an aluminum alloy (AlZn5.5MgCu, material grade number 3.4365) by
a professional supplier (Feiler GmbH, Ehringshausen, Germany). The aluminum reinforcements were
added to avoid energy dissipation outside of the crack tip due to plastic deformations in the lever arms
caused by the introduction of an external moment. Furthermore, as the aluminum reinforcements are
very much stiffer than the POM-H specimens and behave linear-elastically, it is ensured that possible
influences of material nonlinearities are repressed so that the evaluation of the mode III ERR remains
possible with Equation (8).

. .

Figure 4. Geometry of the aluminum specimen holder (in mm). The nominal geometrical moments of
inertia for the given geometry equate to Iy = 4116.66 mm4, Iz = 3343.02 mm4, and It = 7459.68 mm4

around the area’s centroid.

The POM-H specimens and the reinforcements were joined using thermal clamping. For this
purpose, the specimens were cooled to a temperature of −60 ◦C with an ultra-deep freezer Herafreeze
Basic (Thermo Electron LED GmbH, Langenselbold, Germany) and, hence, subjected to thermal
shrinkage. After two to three hours of cooling, the POM-H specimens were removed from the
industrial freezer and inserted into the aluminum reinforcements. Then, steel gauge tape with a
thickness of 0.20 mm is inserted into the small gaps between specimen and reinforcement on each side.
Through thermal expansion of the POM-H specimens, the specimens and the aluminum reinforcements
are, hence, uptight at room temperature. It should be noted that the glass transition temperature
of POM-H is close to being reached during the cooling procedure, which could, although deemed
very unlikely, influence the fracture behavior observed in the experiments. For reasons of space,
the investigation of this influencing factor is postponed to possible future works. For a better overview,
the specimens in the mode I and mode III investigation are shown in Figure 5.

Overall, 29 specimens were produced (eleven for the mode I investigation, 18 for the mode
III investigation).
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Figure 5. Specimen in mode I investigation (left) and mode III investigation (right). In mode I,
the specimen is clamped directly into the test setup whereas in mode III, aluminum specimen holders
are added.

3.3. Experimental Setups and Test Evaluation

In Figure 6, the test setup as realized in a biaxial tension-torsional servo-hydraulic test machine of
type MTS Landmark Bionix (MTS Systems, Eden Prairie, MN, USA) is displayed. For both the mode
I and the mode III setup, a distance between the point of load introduction and crack tip of 70 mm
was maintained. It should be noted that for every tested specimen, the width of the specimen at the
initial crack tip was measured with an optical microscope prior to evaluation. All tests were performed
under laboratory conditions (20–23 ◦C, approx. 40% RH).

Linear
Slides

Rotary
Encoders

Specimen

α̇
vT

θ2

θ1

Figure 6. Experimental setup with POM-H specimens. Mode I setup (left) and mode III setup (right).

For the mode I tests, the specimen is clamped directly into the test machine without attaching
reinforcements. The angles at the points of load introduction θ1 and θ2 are measured with two high
resolution rotary incremental shaft encoders. A cross head velocity of vT = 0.05 mm/s was selected
during the mode I investigation. To determine the critical ERR in mode I, eleven specimens were
tested. The tests were terminated after the first brittle crack extension for being able to measure the
generated crack length after the experiment.

Next to the determination of the mode I ERR using the J-integral, the modified beam theory
approach according to ASTM standard D5528 [25] is also used to determine the ERR. In this method of
data reduction, the ERR is calculated from

GI =
3
2

Fδ

b(a + ∆)
(10)
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with the correction term ∆, which is derived from a regression between the cube root of compliance
and crack length. Prior to the analysis, the displacement measurement was corrected with the
experimentally obtained compliance of the test setup (561.6 Nmm).

In mode III, the specimen is loaded with an angle-rate of α̇ = 0.05 deg/s. To achieve pure
mode III and avoid lateral forces, the setup contains two orthogonal linear slides below the bottom
clamping device. Furthermore, axial forces are controlled to be naught by the control system of the
test machine, leading to a vanishing mode-I-contribution. To directly obtain the mode III ERR from
the J-integral, the curvature of three specimens is measured using two strain-gauges in half-bridge
circuit at the external surface of the aluminum reinforcements. With the measured averaged strain
ε and the width c of the aluminum parts, the curvature is computed with κ = 2ε/c. Thereupon,
dCI I I/da is determined from the given measured values in order to enable the calculation of the ERR
via Equation (8), which leads to a reduction of experimental requirements, as the external moment is
solely needed for evaluation. At last, using 15 more specimens, the critical mode III ERR of POM-H
is determined.

3.4. Crack Length Determination and Fracture Surface Analysis

The produced crack length during the experiment in mode I was determined after testing.
Therefore, the crack path of the mode I specimens, which were not fully fractured, were covered
with a black ink to mark the crack advancement. Afterwards, the specimens were completely broken
and the crack length was obtained as the length of the covered area via a digital calliper (Kellner &
Kunz AG, Wels, Austria), with a measurement accuracy of 0.02 mm.

To obtain more information about the fracture process, a detailed analysis of the fracture surfaces
was conducted. Therefore, an optical microscope SZX12 (Olympus Life Science Europe GmbH,
Hamburg, Germany) was used. The investigation of the fracture surface provides valuable information
about the fracture mechanisms and crack path formations in modes I and III.

4. Results and Discussion

4.1. Experimental Results in Mode I

In Figure 7, the measured force-displacement curves are displayed. As shown, the relationship
between force and displacement is almost completely linear up until the point of a sudden, brittle
fracture. Furthermore, the cube root of the specimen compliance is displayed over the crack length with
the 5% confidence bands of the performed regression, from which a correction factor ∆ of 37.66 mm
can be derived. Using the modified beam theory approach according to Equation (10) yields a critical
ERR of (6.58 ± 1.09) kJ/m2.
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Figure 7. Measured force-displacement curves in mode I (left) and cube root of compliance over crack
length with 5% confidence bands (right). Eleven specimens were tested.
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However, the confidence bands suggest that the determination of ∆ leads to a considerably large
uncertainty in the calculation of GIc in this case. To roughly quantify this uncertainty, the critical ERR
and its standard deviation depending on the obtained correction factor ∆ is displayed in Figure 8.
At the 5% confidence bands of ∆, ERRs between (5.18 ± 0.85) kJ/m2 and (8.13 ± 1.34) kJ/m2 are
obtained. It is therefore argued that the calibration of the corrected crack length in this method of
data reduction may be a strong source of error, which would be eliminated in the calculation of the
J-integral via Equation (4).

0 10 20 30 40 50 60 70
0

5

10

15

5 % confidence band

correction factor ∆ [mm]
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Figure 8. Influence of the correction factor ∆ on the energy release rate (ERR) obtained from modified
beam theory.

The measured mode I J-integral is shown over the cross head displacement δ in Figure 9. From the
conducted experiments, a value for JIc of (8.84 ± 1.39) kJ/m2 can be obtained. On the right side
of Figure 9, both the maximum values of JI as well as the values at crack arrest JI,rest are displayed
over the generated crack surface. Interestingly, these results imply that JIc increases linearly with the
generated crack surface, whereas JI,rest linearly decreases. In Table 1, the parameters of both of these
linear regressions are summarized. Both regression lines just narrowly fail to meet in the intersection
with the ordinate axis. However, within the confidence bands of the regression analyses, it is possible
that an intersection of both lines exists on the ordinate axis. One may hypothesize that this intersection
is the minimum possible value of J able to cause crack propagation. Considering the overlaps between
both confidence bands, the intersection is most likely located in the range between 4.56 and 6.19 kJ/m2.
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Figure 9. Measured values of the mode I J-integral (left) and obtained values for JIc and JI,rest over the
generated crack surface (right).
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Table 1. Function parameters and correlation coefficients of the linear regressions between JIc and
JI,test vs. crack length.

Slope Intercept R2

[(kJ/m2)/mm2] [kJ/m2] [-]

JIc 3.249 × 10−2 6.12 0.583
JI,rest −2.286 × 10−2 5.37 0.783

In practical application, these results can be advantageous: Firstly, knowing the relationships
between JIc and JI,rest with the generated crack surface allows a rough determination of the fracture
energy of a thin-walled component (with a similar geometry to the tested specimens) in hindsight,
by simply measuring the area of the fracture surface. Secondly, the intersection between the regression
lines is a useful parameter for the design of a thin-walled polymeric component, as it represents a
lower limit to the crack driving force. We suggest that further research is performed in these areas
to determine whether the obtained results also remain valid for larger sample sizes, other specimen
geometries, and different polymeric materials.

4.2. Experimental Results in Mode III

4.2.1. Determination of dCI I I/da

Within this study, three specimens are used to experimentally determine the constant dCI I I/da.
In Figure 10, the measured moment M is displayed over the rotational angle of the biaxial testing
machine α.
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Figure 10. Measured moment My over the rotational angle α (left) and linear regression between the
curvature 2κ and the measured moment My (right) obtained with three specimens.

As can be seen in Equation (9), dCI I I/da can be obtained from the relationship 2κ/My. Here,
dCI I I/da is determined from a linear regression between 2κ and My up until the measured maximum
of JI I I . The value for dCI I I/da is then derived from the slope of the regression line. The measured
values of curvature κ on the outside of the reinforcements and the bending moment My as well as
the performed regression are also displayed in Figure 10. The slope of the regression line equates to
(6.75 ± 0.01) × 10−9 1/Nmm2 (±5% confidence interval of regression slope). It can be observed that
the measured values are captured by the regression line with great accuracy (correlation coefficient
R2 = 0.999).

For verification purposes, dCI I I/da is also determined analytically with dCI I I/da = 2/(EIy),
the aluminum’s elastic modulus of E = (70± 1) GPa and the specimen holders area moment of inertia
Iy = 4116.66 mm4. From this, a value of (6.940± 0.101)× 10−9 1/Nmm2 can be derived, which fits with
the experimentally obtained dCI I I/da, given that the compliance of the aluminum reinforcements itself
should be greater than the compliance of the holder with an inserted POM specimen. Because of the
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relatively good agreement between experimentally measured and analytically determined dCI I I/da,
the evaluation of the unintended contributions according to Equations (6) and (7) is performed with
the moments of inertia of the reinforcements.

4.2.2. Critical Mode III ERR

The experimental results with 15 additional specimens are displayed in Figure 11. From this,
a critical mode III ERR of (7.59 ± 1.19) kJ/m2 can be derived. We note from the diagram that prior
to critical failure all samples show at least one significant, sudden drop in JI I I . This so-called pop-in
phenomenon has been mostly observed for steels or weldments in mode I testing. Studies found that
pop-ins can both result from a local unstable crack growth that is then stabilized by the surrounding
material [26] or by the formation of cracks perpendicular to the plane of the initial pre-crack [27].
To our knowledge, pop-in in pure mode III fracture of polymers is observed for the very first time
within this study.
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Figure 11. Experimental results of the mode III investigation. The shown mode III ERR of 15 specimens
was determined from the Irwin-Kies Equation.

In Figure 12 the ratio between the values of JI I I at which pop-ins occurred and JI I Ic is displayed.
Here, pop-in ratios between 53% and 93% can be observed. For the given sample size, the results do not
allow any statement as to whether the pop-in-ratio is dependent on the measured JI I Ic. The occurrence
of pop-ins can be critical for the structural integrity of a thin-walled POM-H component loaded in
shear as cracks could grow prior to critical failure, potentially weakening thin-walled components to a
significant extent. Because pop-ins were already observed shortly above 50% of JI I Ic, it is indicated
that shear loads could be very much critical for a thin-walled POM-H component.
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Figure 12. Ratio between the observed pop-in values of JI I I and JI I Ic.
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The measured unintended contributions normalized to the current measured mode III ERR are
displayed over JI I I/JI I Ic in Figure 13. One should note that the contribution of JI∗ is considerably
larger than the measured mode III ERR at the start of the test. This may be partly attributed to the
fact that the breakaway force of the linear slides must first be overcome at the beginning of the test.
The load history is therefore not to be considered as a pure mode III loading process. However, it can
also be observed that the unintended contributions are, in fact, negligible at the points of fracture.
At fracture, JI∗ takes up (3.02 ± 1.01) % of JI I I and tends further towards naught, whereas JI+I I only
takes up (0.04 ± 0.04) h. This means that, according to the measurements, the fracture process can be
considered as a pure mode III fracture.
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Figure 13. Artificial contributions determined within the mode III investigation. The unintended
out-of-plane mode I load JI∗ (left) and the mode I/II contribution JI+I I (right) are displayed normalized
on JI I Ic over JI I I/JI I Ic.

4.3. Approximate Determination of the Stress Intensity Factors KIc and KI I Ic

As a side effect, for the special case of linear elastic, isotropic, and brittle or quasi-brittle materials,
the stress intensity factors in mode I and mode III can directly be related to the critical values of G
(and J) in a given loading mode. In mode I, the stress intensity factor KIc is calculated with

KIc =
√

E′ JIc =
√

E′GIc (11)

with E′ = E in plane stress and E′ = E/(1− ν2) in plane strain. Unfortunately, it is unclear at this
point, whether the crack tip was loaded in plane stress or plane strain due to the necessary addition of
the side-grooves to the specimen. Although the thin geometry of the specimens should induce a plane
stress state, the addition of side-grooves is known to induce stress triaxialities that could lead to a state
of plain strain [28].

In mode III, i.e., for antiplane shear, the stress intensity factor KI I Ic can be derived with

KI I Ic =
√

2µJI I Ic =
√

2µGI I Ic. (12)

As shown in Section 4.1, a critical ERR JIc of (8.84 ± 1.39) kJ/m2 was determined from the
experiments performed in this study, which roughly equates to a mode I stress intensity factor K1c of
5.6 MPa m1/2 (plane stress) or KIc of 6.1 MPa m1/2 (plane strain), respectively. In mode III, a fracture
energy of (7.59 ± 1.19) kJ/m2 was obtained, which equates to a KI I Ic of about 4.3 MPa m1/2.

4.4. Summary and Discussion of the Obtained Fracture Mechanical Properties

In this section, we want to shortly summarize and discuss the obtained fracture mechanical
properties displayed in Table 2.
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Table 2. Summary of the most important experimentally obtained parameters.

Mode I Mode III

Gc from modified beam theory (6.58 ± 1.09) kJ/m2 n.a.
critical value of J (8.84 ± 1.39) kJ/m2 (7.59 ± 1.19) kJ/m2

approx. fracture toughness K 5.6 MPa m1/2 (plane stress) 4.3 MPa m1/2

6.1 MPa m1/2 (plane strain)
min. of J to cause crack propagation 4.56–6.19 kJ/m2 n.a.

pop-in ratio not observed 53–93%

In the mode I investigation, a relatively large discrepancy between the experimentally obtained
mode I GIc and JIc was found. The authors believe that this discrepancy is due to a large uncertainty
in the determination of the corrected crack length ∆ from the crack length measurement and specimen
compliance. We want to point out that using the J-integral method of evaluation offers the possibility
to determine the fracture energy of a polymeric bulk specimen without measuring crack length or
the elastic properties of the material. As only force and rotational angle have to be measured for the
determination of the mode I J-integral, a simultaneous determination of the fracture energy during the
experiment is possible. This allows controlling the experiments on specific values of J, which poses an
interesting topic for future research.

Regarding the obtained mode III J-integral, we want to point out two important factors: Firstly,
we want to emphasize that the evaluation of the J-integral with the measured curvature κ might be
necessary in some cases. With the aluminum reinforcements, a constant dCI I I/da could be ensured
in this study, rendering JI I I and GI I I equivalent. However, this may change if the reinforcements are
removed. Furthermore, if the material was more ductile, a determination of JI I I with the curvature κ

may prove to be more accurate. Secondly, it should also be mentioned that JI I I can be determined with
both evaluation methods (κ or dCI I I/da) instantaneously during the experiment. This, as in mode I
testing, allows controlling the experiments on specific values of J in future studies.

A review of literature provided mode I stress intensity factors KIc for POM-H between 2.5 and
6.9 MPa m1/2 [4,6,7]. Thus, the obtained mode I stress intensity factor between 5.6 and 6.1 MPa m1/2

lies within the range of reference measurements from literature. We want to emphasize that our results
match with the plane strain fracture toughness of the same material determined with compact tension
specimens [6,7]. Unfortunately, we were unable to better investigate the stress state at the crack tip
within the scope of this work, and we cannot report the mode I stress intensity factor at a greater
accuracy. To the authors’ knowledge, no comparative values are available under pure mode III. Hence,
one of the highlights of our study is that the determination of the pure mode III fracture toughness of
POM was made possible with our setup for the first time. However, future studies on the topic are
suggested in order to verify the determined mode III fracture energy and fracture toughness.

4.5. Investigation of the Fracture Surfaces

4.5.1. Mode I

An optical analysis of the fracture surface was conducted in this study to gain more information
about ongoing crack growth mechanisms during testing. This is a common method to investigate
the crack growth process after testing and to identify changes in the latter with the surface structure.
An overview picture of the fracture of a specimen tested in mode I and a light microscope image of the
fracture surface close to the initial notch are shown in Figure 14.

The macroscopically observed fracture surface of monotonically loaded mode I specimens is flat
(see overview picture in Figure 14), with three different areas on the fracture surface (marked with (1)
to (3) on the images in Figure 14). The first area represents the pre-notch, which was generated via a
razor blade before testing. Area (2) marks the produced crack growth during testing and area (3) was
generated after testing to determine the ligament length.
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side view

separation of the specimen halves (3)

top view

crack growth (2) pre-notch (1)

Figure 14. Fracture surface images from a monotonically loaded mode I specimen analyzed using a
light microscope (16×magnification)—three areas of different crack areas were observed: pre-notch
before testing (1), the crack growth area (2) and the area produced during the separation of the two
specimen halves (3).

The quality of the pre-notch (sharp crack tip without any signs of deformation) has a major
influence on the resulting fracture mechanical parameters. Therefore, it is of high interest to
guarantee a similar notch quality for all investigated specimens. For the used POM-H specimens,
the notching procedure was found to be challenging because of the rather brittle material behavior.
This difficulty manifests itself as small imperfections at the crack tip, as shown in Figure 14. Hence,
small variations of the produced pre-notch led to an increased standard deviation of the determined
fracture mechanical parameters.

No indications of plastic deformation, which would have been visible as intensive white zones on
the fracture surfaces, were found in the investigation. Furthermore, as already observed during the
experimental investigation, the specimens fractured in a brittle manner. This observation is in contrast
to previous monotonic mode I tests on the same material class [6], in which an intensive white zone
was found whose formation is attributed to crazes and micro-voids within the material.

In general, deformation rate, specimen thickness, and the added side-grooves also have a large
influence on the size of the plastic zone. Based on the fracture surface investigation and the brittle
fracture without any indications of plastic deformations, it is suggested that the specimens fractured
in a plane strain state. This is also supported by the addition of the side-grooves, which lead to an
increased triaxiality along the crack front. However, this finding suggests that further investigations
are required to gain a better understanding of the influence of specimen thickness and groove shape
on the fracture behavior of POM-H.

4.5.2. Mode III

To examine the fracture process of the mode III samples, a fracture surface analysis via an optical
microscope was conducted similar to the mode I procedure. An overview of two representative
fracture surfaces loaded in mode III is shown in Figure 15. Interestingly, two different types of mode
III fracture surfaces were observed. A larger group of the mode III specimens displayed extensive
twisting and crack plane deflection (Figure 15a), whereas in some cases, a less deflected crack flank
was observed (Figure 15b).
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side view of twisted crack plane (a)

side view of straight crack plane (b)

Figure 15. Fracture surface images from monotonically loaded mode III specimens (side view)—two
different types of surface structure were observed: twisted crack planes along the fracture surface
(a) and a nearly straight crack plane with little deflections (b).

The twisting of the crack during propagation is known as mode I branching. Here, the crack
deflects under mixed-mode conditions to a local mode I loading [29,30]. Such mode I branches were
also observed in a previous study on the same material in mode I/III fatigue tests [8]. Furthermore,
the occurrence of shear lips and slant crack growth is quite common for thin specimens subjected
to mode III [31–33]. As the measurements obtained in Section 4.2.2 demonstrated that the fracture
was initiated in pure mode III and the fracture surfaces show typical signs of mode III fracture and
the subsequent mixed-mode crack propagation, we can conclude that our adaption to the ODCB test
allows the determination of the mode III fracture energy without further restrictions.

After a comparison with the results shown in Figure 12, a dependency of the macroscopically
observed angle of the fracture surface and the pop-in ratio is suggested. A small ratio of JI I I,pop-in/JI I Ic
seems to lead to a more flat and straight fracture, as shown in Figure 15b. This means that the
macroscopically twisted and deflected fracture surfaces may be related to a higher pop-in ratio.
However, to prove this assumption, further investigations are necessary. Especially a determination
of the twisting angle at the crack tip using optical methods could be of huge benefit. Apart from the
implied change in pop-in ratio, no connection between other experimental results and the twisting
angle of the fracture surfaces could be found within the framework of this study.

Akin to the mode I fracture, no indications of plastic deformation were observed on the mode III
fracture surfaces. Figure 16 presents a detailed picture of the fracture surfaces of a macroscopically
twisted specimen (Figure 16a) and a specimen with a less deflected fracture surface (Figure 16b).
The pre-notch is marked as area (1) and the mode III crack growth is marked as area (2).

4.6. Advantages, Limitations and Research Proposals

Before summarizing the most important results obtained within our paper, we would like to
discuss the advantages and limitations of our work and propose topics for future studies.

We are aware that our research may have limitations: As we mainly tried to enable the testing
of thin-walled polymeric components, we were unable to examine some possible influencing factors
in more detail, unfortunately. It is generally well known that both the thickness of the specimen
as well as the position of the initial crack tip may have a large influence on the fracture behavior.
Furthermore, the stress state at the crack tip is likely influenced by the geometry of the grooves on
the side of the specimen. As previously mentioned, the absence of signs of plastic deformation at the
crack tip suggests a fracture in plane strain, although the slender specimen geometry should lead
to a plane stress state. Hence, the impact of the grooves’ geometry is unclear at this point. In this
case, a simulative study using finite element analysis should provide important insights, but as we
primarily focused on the experimental setup and the methods of evaluation, we have refrained from
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performing simulations at this point in time. Such detailed analyses would not have been possible
within the framework of this study without neglecting other important areas of our investigations.
We propose that further research be undertaken in these areas.

In our investigation, we had to rely on thermal clamping of the specimens. Currently, we also
cannot certainly rule out that the cooling procedure has influenced the overall fracture behavior of the
specimen in mode III. Furthermore, one could argue that the addition of the aluminum reinforcements
influences the load introduction to the crack tip, possibly impacting the measured results. We are aware
of this limitation and, hence, propose that further research is undertaken to improve the specimen
geometry. An alternative can be a change of specimen thickness at the lever arms, which may allow
omitting the aluminum reinforcements in the first place.

(a)

crack growth (2)
pre-notch (1)

(b)

crack growth (2) pre-notch (1)

Figure 16. Fracture surface images from two mode III specimens analyzed using a light microscope
(16× magnification). Image of a deflected fracture surface (a) and a flat fracture surface (b)—two
different crack areas were observed on the fractured specimen half: pre-notch before testing (1) and
area of crack growth during testing (2).

As discussed above, the instantaneous determination of J during the experiment in both modes I
and III can be used to control the experiments on J. This enables testing in mixed-mode I+III under
constant mixed-mode ratios, which can help to better understand the fracture behavior of polymeric
bulk specimens. A revision of the sample geometry will therefore be required so that the aluminum
holders become obsolete. In future studies, this should be investigated in more detail.

We also want to emphasize that the proposed setups should also be tested with other polymeric
materials, as we exclusively focused on POM-H in our research. The selection of POM for this study
was mainly due to its high relevance among engineering plastics and our prior knowledge of the
material. Another advantage of POM is its limited dependency on strain rate in the elastic range [34],
which allows the strain energy density to be considered as rate-independent in good approximation.

One of the obvious advantages of our methodology is that using the J-integral allows for the
investigation of ductile materials. As a nice side effect, in case of a brittle or quasi-brittle failure,
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the stress intensity factors in modes I and III can be determined. Furthermore, we found evidence to
suggest that our mode III setup enables pure mode III testing of various kinds of polymers, as our
setup allows for a precise experimental determination of the contributions to the fracture process in
other fracture modes.

5. Conclusions

Within the limitations of our study, the following conclusions can be drawn:

• Our proposed methodology provides the possibility to determine the energy release rate of a
polymeric material in pure mode I on the basis of the J-integral. It also allows us to measure the
energy release rate in pure mode III, which is not yet possible with setups found within literature.
For isotropic, brittle or quasi-brittle materials, the results can approximately be converted into the
stress intensity factors in mode I and mode III.

• The observed pop-in fracture in mode III could be crucial for the structural integrity of thin-walled
POM-H components. Crack growth prior to reaching the critical energy release rate can
significantly weaken a structure when loaded in shear.

• The analysis of the fracture surfaces showed no signs of plastic deformation close to the initial
notch in both modes I and III. The mode I specimens displayed a macroscopically flat fracture
surface, whereas the mode III samples showed a deflection of the crack plane. The twisting of the
crack path was attributed to a mixed-mode crack propagation and requires further investigation.

Additionally, we suggest that further research should be undertaken in the following areas:

• Future studies should address the applicability of the presented test setups to other materials,
especially more ductile polymers.

• A simulative study of the experimental design could provide information on the validity of the
test setups proposed in this study. Furthermore, an investigation of the influence of thermal
clamping and the stress state at the crack tip using finite element analysis is suggested.

• The influences of specimen thickness, initial crack position, groove geometry, and influences due
to notching have not been investigated within this study. We suggest that further studies focus
on this, as their influence on the fracture behavior determined from the given test setup is not
yet foreseeable.

• The test setups can be modified and "superimposed" to achieve a mixed mode I/III load. For this,
it may be necessary to revise the clamping procedure.

• The fracture surface investigation should be expanded to obtain more information about the
influence of pop-ins and the deflection of the crack-plane in the mode III tests.
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Abbreviations

The following abbreviations are used in this manuscript:

POM Polyoxymethylene
DCB Double cantilever beam
ODCB Out-of-plane-loaded double cantilever beam
ERR Energy release rate

Appendix A. Production of the POM-H Specimens

For a better overview, we want to disclose the manufacturing steps and parameters for the
production of the POM-H specimens in greater detail:

• Step 1: Compression molding tubular granules into plates of approx. 200 × 200 × 5.5 mm;
Hydrostat 300 (Schwabenthan, Germany) with an immersion edge tool (TT-260, Tool-Temp)

• Step 2: Cutting the pressed plates into a rectangular shape of size 160 × 25 mm; Bäuerle tablesaw
KSW-7 (Riston Werkzeug GmbH, Fellbach, Germany)

• Step 3: Milling the rectangles to correct thickness; universal milling machine Deckel FFP3
(Friedrich Deckel AG, München, Germany) with HSS face-milling cutter ø60 mm at 500 rpm

• Step 4: Milling the slit between the lever arms; universal milling machine Deckel FFP3 (Friedrich
Deckel AG, München, Germany) with HSS prismatic disk cutter ø250 mm at 80 rpm

• Step 5: Cutting the sidegrooves; Bäuerle tablesaw KSW-7 (Riston Werkzeug GmbH, Fellbach,
Germany) with prismatic sawblade
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