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Abstract: 

The Newman and Raju formula for the stress intensity factor of a semi-elliptical 
surface crack loaded in uniaxial tension or in bending has been developed about 30 
years ago using an FE- analysis for several geometric parameters and fitting an 
analytical equation to the data points. The Poisson’s ratio analysed was 0.3.  

In this paper a reassessment of the Newman and Raju formula is made, where all 
relevant geometric parameters of crack and specimen and the Poisson’s ratio are 
considered. The deviations of the old formula from the new results are up to 21 %, if 
the full range of Poisson’s ratio is taken into account. Furthermore the influence of the 
crack-surface intersection angle is discussed.  

The results of this work are important for more precise fracture toughness 
measurements in brittle materials and give a practical guidance for appropriate 
specimen preparation for fracture toughness measurements, which is also considered 
here. 
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1. Introduction 

The majority of standardised fracture toughness testing methods for ceramics use 
bending beams, containing a crack as sharp as possible and a well-defined geometry. 
The fracture toughness cK  is determined by application of the Griffith/Irwin failure 
criterion:  

 

 IcK K Y aσ π≥ =   . (1) 
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IcK  is the mode I fracture toughness, K is the stress intensity factor (SIF), σ  is a 
representative stress in the specimen (e.g. stress at the outer fibre at fracture), a  the 
size of the crack and Y  is a geometric factor, which is determined by the geometry of 
the specimen, the crack shape and the course of the stress field. For details see 
standard text books on fracture mechanics or on mechanical properties of ceramics [1-
3]. Information on geometric factors for typical loading cases and standard specimen 
geometries can be found in literature [4]. 

The Newman and Raju formula (NRF) is commonly used in the “Surface Crack in 
Flexure” (SCF)-method to determine fracture toughness in brittle materials. For 
materials with the Poisson’s ratio 0.3ν = , Newman and Raju (NR) [5] have 
developed a parameterized and generalized solution (i.e. fitting function) of the 
geometric factor Y = Y (a,c,t,b,φ ) of a semi-elliptical crack in the stress field of a 
uniaxial tensile loaded or bended bar (thickness t and width 2 b). Therefore, Y 
depends on the geometry of the crack (crack width 2 c , crack depth a ), the bar's 

cross-section and on the position at the crack front given by the crack anglφ , see 
Fig. 1.  
 

(a) 

 

(b) 
 
 
 
 
 
 
 

 

Fig. 1: a) Schematic of a pre-cracked beam (loaded by normal force F or moment M) and b) detail of 
the semi-elliptical crack assumed for the NRF. The crack width 2 c  at the surface and the crack depth 
a  are indicated as well as the points A (φ  = 0°)  and C (φ  = 90°), where the geometric factor Y can 

reach a maximum in the NRF. 
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Of course, fracture is initiated at the position the largest SIF along the crack front. 
But there exists some shortcomings which may conflict the exact determination of SIF 
and fracture toughness: Thirty years ago computer capacity was very limited which 
made a relatively coarse mesh necessary. Therefore the precision of the analysis was 
not very high. (NR) specified their FE accuracy with ± 3 % compared to the analytical 
solution in terms of a completely embedded circular crack [6, 7]. 

In addition, to keep the fitting function simple, it can not be very precise for all 
possible values of geometric parameters. NR claim that their provided fitting function 
has a maximum error of ± 5 % (related to the maximum of Y along the crack front) 
according to their FE results [5]. 

Secondly, the analysis was only made for materials having the Poisson’s ratio ν
= 0.3 which is the typical value of steels. This is also a good approximation for many 
engineering material classes. However, there are also many other materials – e.g. 
ceramics for structural applications or hard coatings with a significant deviation 
regarding this value [2, 8-10]: Diamond (0.07), titanium diboride (0.1), zirconium 
diboride (0.14), glass and silicon carbide (0.16), hard metal and alumina (0.2), titan 
(0.36) or PMMA (0.4). Because even structural ceramics can deviate substantially, the 
Poisson’s ratio should be considered in the data evaluation. In the literature, some 
calculations for an individual set of parameters can be found, e.g. by Isida et al. [4, 
11] in 1983, where for a special crack geometry data for several different Poisson’s 
ratios are tabulated. But there is no general solution available.  

Finally, the geometry of surface cracks used for fracture toughness measurements 
is – in general – not semi elliptical (the crack-surface intersection angle differs from 
90°) which may result in additional uncertainties. This topic is treated in [12-15] in 
detail and addressed in [16, 17]. A specific example has been studied by Fett [18]. For 
a crack, with the shape of circle segment, the differences to the semi-elliptical crack in 
the geometric factors are less than: ± 7 % in point A and less than ± 2 % in point C 
(see Fig. 1) for cracks having the same aspect ratio a/c . These results also are made 
for a specific case and their accuracy is unknown. The influence of crack-surface 
intersection angle will be investigated in detail in this work.  

For these reasons, a reassessment of the NRF and a new fitting equation for the 
SIF is made in this paper. Semi elliptical cracks and cracks having a geometry, which 
is more relevant for fracture toughness testing of brittle materials, are considered. All 
results and the new fitting equation for the SIF are given at our home page 
(www.isfk.at/de/1006/ ) as an interactive WebMathematica tool. It is shown that – for 
realistic testing geometries - the NRF may result in huge deviations of the correct 
value in point A (up to 40 % for ν = 0.3). 

Another aspect in SCF testing arises from the fact that - depending on the crack 
geometry and the Poisson’s ratio - fracture can start at the deepest position of the 
crack (point A) or at its intersection with the specimen’s surface (point C). The SCF 
analysis is valid for experiments with fracture origins at point A, while experiments 
with origins at point C are invalid for several reasons. In the last part of this paper 
parameter regimes are defined, where valid SCF-tests with origins at point A can be 
guarantied.  
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2. Methodology - FE model and parameters 

The geometric factor Y for a surface crack having the geometry of an ellipse 
segment was determined in a parametric study for tension and bending loading (each 
3125 FE runs). The results were used to define an interpolation function for Y. The 
considered parameter intervals are given in Table 1. 
 
Table 1: Parameter and considered parameter intervals for the realized FE study. For each parameter 
five design points have been used.  
Dimensionless 
parameter name 

Symbol Lower limit Upper limit 

rel. crack depth a / t  0.01 0.5 
crack aspect ratio a / c  0.4 1.2 
rel. crack width c / b  0.1 0.5 
Poisson’s ratio ν  0 0.4 
crack-surface 
intersection angle 

χ  70° 110° 

 
Characteristic parameters in our model are the crack depth a  and its length at the 

surface c . Note that the crack intersects the surface with the angle χ  (see Fig. 2), 
since the crack has the shape of a segment. The midpoint of the (truncated) ellipse is 

t∆  ahead of the surface. It holds: 
 

 0
( cos(- ) sin(- ) )
2 cos(- ) sin(- )

a a ca
a c

χ χ
χ χ

+
+

=    (2) 

and  

 0t aa∆ = −   . (3) 

 
 

 

Fig. 2: Geometry of a surface crack (depth a , 
width 2 c ) having the shape of an ellipse 
segment. Also the intersection angle χ is 

defined. The semi axes of the ellipse are: 0 0a , c
. 

 
The other semi-axis 0c  can be derived using the ellipse equation. Eq. (2) shows 

that for the crack shape ratio with the highest analyzed axis ratio ( 1 2a / c .= ) the 
intersection angle of the semi-ellipse segment is 70χ ≥ ° . This determines the lower 
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limit for the parametric FE-study. Lower angles, which were possibly needed, have 
been extrapolated and checked by some specific FE runs. 

The computation of stress distribution in the specimen was performed in ANSYS 
Mechanical APDL Version 13.0. The quarter-model of the bar includes about 16000 
to 60000 brick-elements (i.e. SOLID186).  

The J-Integral method [19, 20] - with quarter node collapsed crack tip elements 
(CTE) – was used to calculate the SIF. This well-implemented state-of-the-art method 
provides accurate results (the error is less than 0.01 % compared to the analytical 
solution in the case of a fully embedded circular crack in pure tension) [19]. Due to 
the CTE and the resulting ansatz functions, the crack tip singularity exponent is given 
with -0.5. Generally, this exponent deviates from this value if there is some influence 
of boundaries (e.g. at the free surface or near interfaces). So the SIF results are the 
“best fit” of the actual stress field with K as (FE internal) fit coefficient. 

For all crack sizes, 30 elements along the crack front have been used and their 
alignment around the crack tip was equal. This was realized with an all hexahedron-
meshed parallelepiped. Crack mesh details for different crack geometries are pointed 
out in Fig. 3, where three special cases are given exemplarily. The SIF was evaluated 
at all 61 nodes (including mid nodes) along the crack front. 

 

   
Fig. 3: Three examples of crack geometries and meshing details near the crack front. a) 1=a / c and 

90= °χ , b) 0 5=a / c . and 50= °χ , c) 1 2=a / c . and 110= °χ . 

 
 In every case, singularity elements (CTE) along the crack front and a plain 

strain assumption (effective Young’s modulus ( )21*E E / ν= − ) were deployed for 

the determination of the stress intensity, more precisely with the formulation
*K E J= ⋅ . Correlated to Eq. (1) the geometric factor along the crack front can be 

expressed with the related K , the nominal crack opening stress σ  (i.e. 1 MPa) and 
the crack depth a  (Note: Y  always refers to the crack depth a , what means that a  is 
taken as the typical defect size).  

3. Results 

The FE results and their tendencies behave, of course, similar to the generalized 
solution of NR [5]. For this reason this work has a focus on the main differences to 
the NRF and on the influence of the Poisson’s ratio and the crack-surface interaction 
angle on the geometric factor. Since these effects are more pronounced for bending 
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than for uniaxial tension loading all further results are plotted for 90χ = °  and the 
bending case, if not specified else wise.  

In Fig. 4 the current FE results (lines) are shown as a function of φ   (the ratio 
a / t  is parameter of the curves) for a semi-circular crack and are compared with the 
fitting solution of NR (plotted as points). As expected, both results are nearly identical 
for 0 3= .ν  (Fig. 4a). Small deviations occur for higher relative crack sizes and 
around 85°φ . The last observation results from the facts, that the free surface 
influences the SIF (see also section 4.3) and that there was no design point (i.e. node) 
in the calculation of NR. In other words their mesh was to course for such a detailed 
analysis [6, 7]. For 90= °φ  the agreement is very good, since a design point is there.  

For 0=ν  (see Fig. 4b) the results consequently shift compared to the NRF. This 
indicates that the Poisson’s ratio has a significant influence on SIF. On the other hand 
there is no change in course of Y near 90= °φ . The effect of the free surface is 
reduced since the Poisson’s ratio decreases to zero. 

For shallow cracks ( / 0.4=a c ) an analogue comparison is illustrated in Fig. 5. 
The results in point A and C match the NRF quite good for 0 3= .ν  (Fig. 5a). Large 
deviations arise just in between these points, especially for small relative crack sizes 
(max. 12 % at 60φ ≈ ° ) . The results obtained for 0=ν  (Fig. 5b) confirm the same 
down-shifting trend as for semi-circular cracks. This results in high average 
deviations.  

In the following, the influence of the Poisson’s ratio is investigated in more detail. 
As anticipated, the curves respecting semi-circles and 0 3= .ν  correlate well with the 
fit of NR (Fig. 6a). Inside the specimen the geometric factor increases (much stronger 
than linear) with increasing Poisson’s ratio, but near the surface the effect is contrary; 
Y declines for lower Poisson’s ratios. The same non linear trends can be observed for 
small crack shape ratios a / c , see Fig. 6b.  

 
(a) 

 

(b) 

 
 

Fig. 4: Our FE results (lines) compared with the NRF (points) in the case of a semi-circular crack (
/ 1=a c ) along the crack front. Parameter in the curves is the relative crack depth /a t . a) 0.3ν = and 

b) 0ν = . 
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(a) 

 

(b) 

 
 

Fig. 5: Our FE results (lines) compared with the NRF (points) in the case of a shallow semi-elliptical 
crack ( / 0.4a c = ) along the crack front. Parameter in the curves is the relative crack depth /a t . a) 

0.3ν = and b) 0ν = . 

 
(a) 

 

(b) 

 
 

Fig. 6: Influence on Y of the Poisson’s ratioν  plotted as parameter againstφ  ( / 0a t = ). The lines 
represent the actual FE study; the solution of NR (points) is independent fromν . a) / 1a c =  and b) 

/ 0.4a c = . 

 
(a) 

 

(b) 

 
 

Fig. 7: Influence of the crack-surface interaction angle χ  plotted as parameter against φ  with / 0a t =
 and 0.3ν = . Subfigure a) shows / 1a c =  and b) / 0.4a c = . 
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The influence of the crack-surface intersection angle χ on the SIF is very 
pronounced (along the whole crack front; see Fig. 7). In both cases, semicircular and 
shallow crack, χ  influences the SIF even at the deepest point of the crack (A), 
although the characteristic crack parameters a  and c  (only these both are normally 
used to characterise the crack) are kept constant and the crack front has almost the 
same curvature in point A. Here the SIF and Y, respectively, decline with decreasing 
χ . In point C the influence of χ  is very strong compared with point A. The 
magnitude of this effect has to be observed skeptically. For instance, the J-Integral 
evaluation is valid for such a vertex point with an acute angle if there is no material 
perpendicular to the crack front. This will not be discussed in detail here.  

In the case of 1a / c =  (Fig. 7a), the value for ( 90 )Y χ = °  differs from ( 70 )Y χ = °
in point A by about 10 %, which is a noticeable effect and has also a direct impact on 
fracture toughness measurements. For 0 4a / c .=  (see Fig. 7b),  this influence is 
significantly lower with deviations of about 1.5 % (the same trend can be found in the 
uncertainty analysis in [17]). 
 
 

4. Data fitting and discussion 

To determine a generalized solution for Y Y a / c,a / t , c / b, , ,φ ν χ= ( )  all its six 
parameters have to be regarded. Additionally, a fitting function derived from the data 
interpolation has to be accurate and easy to handle at the same time. NR fitted their 
results by a mainly engineering ansatz function and an empirical approach and the 
fitting formula is “easy to apply in practice. To begin with, the NRF is analyzed in 
terms of accuracy and expandability for the new parameters ν  and χ . 

4.1. Comparison of the results with the NRF 

NR claim that their provided fitting function has a maximum error of ± 5 % [5] 
according to their FE results and their indicated fitting error always is related to the 
maximum along the crack front. In addition they specified their FE accuracy with 
± 3 % compared to the analytical solution in terms of a completely embedded circular 
crack [6, 7]. Because they used a relative coarse mesh, especially along the crack 
front, some detail got lost near the free surface. Due to this point and considering the 
error by data fitting - it is clear why their solution deviates from the results in this 
work. The maximum fitting error with respect to the current position along the crack 
front probably increases up to 10 %. By adding other terms to fit two more parameters 
would further increase the error and let the dimension of the fitting function blow up. 

To determine the accuracy of the given NRF two examples for bending with 
0 3.ν = , 0 1c / b .=  and 90χ = °  are illustrated in Fig. 8. The NR solution within the 

intersecting parameter intervals fits the actual FE results quite good in point A 
(deviation maximum: 7.7 %, average: 1.5 %) and in point C (deviation maximum: 
8.2 %, average: 2.4 %). But between those points, the maximum deviation rises up to 
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about 13 % (mean: 2.6%) - this worst (and relevant) case is given in Fig. 8a. 
Assuming other relative crack depths (see Fig. 8b) the general agreement is better, but 
the deviation is also for point A about 10 % ( 1 2a / c .= and 0φ = ° ). For tension the 
deviations are about the half of the bending case. Because of these differences in Y, a 
new fitting function was created instead of additional (correction) term for NRF for 

0 3.ν ≠ and 90χ ≠ °. 
 

(a) 

 

(b) 

 

 
Fig. 8: Comparison of the solution for Y in bending of NR (points) and the actual FE results (lines) 

plotted against the crack front angleφ . Parameter in the curves is the crack shape /a c . a) / 0a t =  and 
b) / 0.5a t = . 

 

4.2. Practical aspects in terms of fracture toughness evaluation with the SCF-

method 

The Surface Crack in Flexure (SCF) method is frequently used to determine the 
fracture toughness of ceramics [5, 21, 22]. A Knoop hardness indent is made on the 
tensile loaded side of a rectangular bending bar. The indent causes some plastic 
deformation around the intended zone, which also causes unknown internal stresses. 
They are relaxed by removing the plastic deformed material by grinding-off the 
surface layer of the specimen’s surface which contains the plastically deformed zone. 
Thus, a crack with the shape of an ellipse section is introduced in the surface (Fig. 2).  
Size and geometry of the surface crack has to be determined by fractographic means 
(which may need some fractographic experience). 

A representative example of a crack after grinding – is used for the SCF-method – 
is illustrated in Fig. 9 for a silicon carbide ceramic. The crack is made visible using 
fluorescent penetration dye. All needed parameters ( a, c and χ ) can easily be 
determined with a commercial light microscope. Note that – in the actual case - the 
crack surface interaction angle χ  is about 70°. 
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Fig. 9: Typical example of a Knoop crack in silicon carbide after removal of the plastic zone by 

grinding and after fracture. a) and c): visualisation of the crack by fluorescent penetration dye and UV-
light. b) and d): conventional stereo microscopy . The crack-surface interaction angle χ is about 70°. 

 
All assumed parameter intervals for this analysis (see Table 1) are realistic in 

terms of the practical feasibility of the SCF-method. The limits of the crack geometry 
parameter are mainly designated through a qualified indentation load (i.e. HK10) and 
concerning commercial structural ceramics. 

The intersection angle χ  was chosen as an input parameter (instead of the 
grinding depth t∆ ) because it is much easier to determine than t∆ . Concerning that 
the SCF-method will be an important application area of the SIF of such type of 
surface cracks the approaches for fitting are focusing on pure bending as the main 
loading case.  

4.3. Simplified approach for data fitting  

In general, the stress singularity at the free surface (at point C) is not proportional 
to 1 2/r−  (with r  as the distance from the crack tip) according to Fett [18], Hutar [23-
25] and deMatos [26]. Strictly spoken, the K-concept is therefore not valid at point C 
and it can only be used as a rough approximation at the vertex point. This even more 
important with the Poisson’s ratio and also depends also on the crack-surface 
intersection angle χ . This twilight zone can be avoided by generating crack 
geometries, where A ( 0 )Y φ = °  reaches its maximum value along the crack front. This 
guaranties the validity of fracture toughness evaluation for each specimen.  

The value of the geometric function AY  in the case of bending can be 
approximated by the fitting function in Eq. 
Fehler! Verweisquelle konnte nicht gefunden werden.. The maximum fitting error 
is less than 2.7 % and the average fitting error is about 0.4 % (standard deviation: 
0.3%). The geometric factor is: 
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b
f f f f

c t ν χν χ φ = ° = ⋅ ⋅ ⋅ 
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b

b
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−

°
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   (6) 

and 

2 0 5

2 2
2
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0 68 0 68 0 09 1 1 8 9 12

.a a a a af , , . . . . .
c t c c t t

a a a. . . .

a

.
c t t

ν ν ν

ν

          = + − + − +                     
     − − +             

   (7) 

and 

( )( )
1 7 2

0 721 0 31 1 46 4 25 1 90χ χ χ
       = − − − −                

.
.a a af , , . . .

c t c t
a /     . (8) 

 

Additional terms to approximate the geometric factor along the whole crack front 
are given in Appendix A. The solution for the case of pure tension is treated in 
Appendix B. 

To quantify the importance of consideration of the new parameters, the NRF (
0 3.ν =  and 90χ = ° ) and the new fit according to eq. (4) is compared with the results 

of the actual FE study (interpolation) within the parameter range ( 0 0 4.ν≤ ≤  and 
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70 90χ° ≤ = ° ) in the case of pure bending, see Table 2. For all other parameters the 
intersecting intervals have been chosen. 
 
Table 2: Maximum fitting error of the NRF and the fit according to eq. (4) regarding the FE results 
(interpolation). 
NRF  Point A Point C Complete crack front 
  max.  mean max.  mean max.  mean 
70 90χ° ≤ ≤ °  0 0.4ν≤ ≤  47.8 % 7.7 % 50.5 % 14.8 % 50.5 % 5.0 % 
70 90χ° ≤ ≤ °  0.3ν =  39.5 % 5.4 % 41.2 % 15.8 % 41.2 % 4.4 % 

90χ = °  0 0.4ν≤ ≤  18.9 % 4.2 % 11.7 % 4.4 % 20.7 % 4.0 % 
90χ = °  0.3ν =  11.4 % 1.6 % 10.9 % 2.8 % 13.8 % 2.7 % 

        
Actual fit eq. (4)  Point A Point C Complete crack front 
  max.  mean max.  mean max.  mean 
70 90χ° ≤ ≤ °  0 0.4ν≤ ≤  2.7 % 0.4 % 38.6 % 11.1 %  38.6 % 4.0 % 
70 90χ° ≤ ≤ °  0.3ν =  1.9 % 0.4 % 28.2 % 11.4 %  30.1 % 4.0 % 

90χ = °  0 0.4ν≤ ≤  2.3 % 0.3 % 6.9 % 2.3 % 6.9 % 1.0 % 
90χ = °  0.3ν =  1.8 % 0.4 % 5.8 % 2.4 % 6.7 % 1.0 % 

 
At this point it should clearly be said that the NRF was made for 90χ = ° and 0 3.ν =

.  Βut even for 0 3.ν = and 90χ = °  the deviation rises up to 11 % for both point A 
and C. In the worst case the deviations are about 50 % which occur at 0ν =  and 

70χ = °  in both points. These extremely high deviations regarding the actual FE 
results are minor relevant for the SCF-method because they occur in point A only for 
almost semi-circular cracks for which AY  is the minimum along the whole crack front. 

The actual formula, given in eq. (4), has a good agreement (max. 2.7 % and 0.4 % 
averaged) in point A in the complete field of the parameters which was the main 
purpose of this fit. With the assumption of 90χ = °  the geometric factor can be 
calculated with a maximum deviation of 6.9 % (mean: 1 %) that is a tolerable fitting 
error. It is the half compared to the NRF. 

Considering Table 2 makes obvious that the new fitting function provides in every 
case a higher accuracy than the NRF even our equation is of similar length. 

4.4. Evaluation of the minimum grinding depth 

To get a valid IcK  value also the ASTM standard for the SCF-method [21] 

instructs to use shallow crack shapes with A CY Y> , i.e. the maximum of Y should be 
positioned at point A. In practice, the easiest way to realise this, is to increase the 
grinding depth t∆ . But where is the critical grinding depth? It is not satisfying and a 
waste of time to see after testing and data evaluation that this sample has to be 
rejected. So what do one know about the specimen after indentation (before grinding): 
the original crack width 02c at the surface, the original thickness 0t  of the bar and an 
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idea of the original crack shape 0 0a / c  (maybe approximated with 0 0 1a / c = , from 
literature or determined in a pretest for the given material).  

As can be seen from the results, AY  as well as the maximum along the crack front 

MaxY  depend on the χ and ν . The Poisson’s ratio is given for a specific material and 
χ  is predetermined by the grinding depth, if you do serial sectioning to find the 
equilibrium depth, since A MaxY Y= . With this in mind one can calculate the critical 

grinding depth t∆  related to 0c  with the FE results under tension and bending, that is 
illustrated in Fig. 10.  

For ease of use, the relative grinding depth 0t / c∆  can be approximated for 
bending Eq. Fehler! Verweisquelle konnte nicht gefunden werden. and tension 
Eq. Fehler! Verweisquelle konnte nicht gefunden werden.. The maximum fitting 
error for both solutions is less than 1.35 % of 0c . This approximation takes also the 

Poisson’s ratio as well as the initial crack shapes in the range 0 00 8 1 2. a c/ .≤ ≤  into 
account: 
 

(a) 

 

(b) 

 
 

Fig. 10: Rel. grinding depth t∆  plotted vs. the initial rel. crack width 0c  for an initial crack shape of 

0 0/ 1a c = . Above the lines the maximum SIF occurs at the deepest point of the crack. Parameter is the 
Poisson’s ratio. a) bending and b) tension case . 
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5. Concluding remarks 

The geometry factor Y was calculated within a practical range of crack and 
specimen geometries by FEA. These results are compared with the Newman and Raju 
formula. 

The developed interpolation function of the new results takes also the Poisson’s 
ratio and the crack-surface interaction angle into account, which has a significant 
influence on the geometric factor. If the crack aspect ratio a/c  is low enough, the 
deepest point of the crack gets critical; this is a well-defined situation in fracture 
mechanics. Hence, fitting functions for the geometric factor Y in tension and bending 
have been developed for this specific case considering the new parameters.  

The influence of the surface-crack interaction angle on AY  is high for almost semi-
circular cracks but decrease with decreasing crack shape ratios a/c .  

The implications for fracture toughness measurements using SCF-methods are 
discussed. The above argument indicates to aim shallow cracks for fracture toughness 
measurement with the SCF-method. Also the critical grinding depth t∆  was 
calculated to guarantee that AY  becomes the maximum. An approximate formula for 
the grinding depth is given regarding pre-known quantities. This simplifies, among 
other things, the practical usage of the standardized SCF-method for a (scientific) 
determination of the fracture toughness.   
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Appendix A: Fit function for Y along the crack front under bending 

load 

The results of the FEM-calculations for Y along the complete crack front in the 
case of bending can be approximated by Eq. (A.11) with a maximum fitting error of 
6.7 % and an average fitting error of 0.9 % (standard deviation: 1%). The only 
restriction for this fit along the crack front is 90χ = ° . Note that fφ  reduces to 1 in the 

case 0φ = ° (i.e. in point A). 

 
Bending

90 bY
a , , , , , f f f f fa c

bc t ν χ φν χ φ = ° = ⋅ ⋅ ⋅ ⋅ 
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Appendix B: Fit function for Y along the crack front under in pure 

tension 

The numerical values of the geometric factor Y in the case of tension can be 
approximated by Eq. (B.13). This equation fits the FE results within a maximum error 
of 1 % (average: 0.21 %) for point A. Along the whole crack front – with the 
restriction 90χ = °  – the maximum fitting error is 2.6 % (average: 0.36 %). Note that

T,fφ  reduces to 1 in the case 0φ = ° (i.e. in point A). 

 T T T T T
Tension
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aY , , , , , f f f f f
c t

a c
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