im

MONTAN
UNIVERSITAT
M LEOBEN

Chair of Designing Plastics and Composite Materials

Doctoral Thesis

Optimization of toughness in materials
with propagating and reinitiating cracks

Dipl.-Ing. Matthias Rettl, BSc

October 2024






AFFIDAVIT

| declare on oath that | wrote this thesis independently, did not use any sources and aids
other than those specified, have fully and truthfully reported the use of generative methods
and models of artificial intelligence, and did not otherwise use any other unauthorized aids.

| declare that | have read, understood and complied with the "Preamble on Integrity in
Academic Study, Teaching, and Research Operations" of the Montanuniversitat Leoben.

Furthermore, | declare that the electronic and printed versions of the submitted thesis are
identical in form and content.

Date

(The original signature is kept at the university)






Declaration of the use of artificial

intelligence

I used the following tools based on artificial intelligence:

AT share

Al tool

reference to

subject (in %) | version remark prompting
Creatin Conilot Generation of a latex table | oc.unileoben.ac.at/
tablos & 1 502 4 for the declaration of the index.php/s/ZQ0B
use of Al based tools DTCD4CUC22U
I.m proving deepl | 30% of the thesis was
linguistic 30 9024 | checked usine deepl n/a
readability checked using deep
Research of Help with the literature .
: : oc.unileoben.ac.at/
relevant Copilot | search, but independent .
literature g 2024 | development of the central index.php/s/cJLh
DIyYOud2UKz

citations

statements



http://oc.unileoben.ac.at/index.php/s/ZQ0BDTCD4CUC22U
http://oc.unileoben.ac.at/index.php/s/cJLhDIyY0ud2UKz




vii

Acknowledgements

This work was conducted out at the Chair of Designing Plastics and Composite Materials
at Montanuniveristdat Leoben. First, I want to thank Univ.-Prof. Clara Schuecker, for
the opportunity to work at the chair and to write my PhD thesis. I am grateful for the
support and the guidance throughout the whole project as my academic supervisor.

Special thanks go to Dr. Martin Pletz for all the vivid discussions that helped to stay
focused. Martin was my main supervisor who helped me out with valuable input and
inspiring discussions. He also reviewed all my work very fast in many iterations such that
I was able to quickly adapt it. Thanks for sharing the experience and skills to perform
this research.

I want to thank Univ.-Prof. Clemens Brand for being my mentor. Through his lectures,
I developed a deep understanding for the Finite Element Method.

I also thank Priv.-Doz. Benoit Loridant for the discussions about tensors. It helped me
to understand how configurational forces work.

Further thanks go to my colleague Christoph Waly from our neighbor chair of Materials
Science and Testing of Polymers. We discussed how to experimentally test the investigated
theoretically methods.

I would also like to thank my colleagues from my chair who were always willing to help
when it came to issues with drawing graphics and writing papers. Furthermore, I enjoyed
spending my spare time with them when we went climbing with Matthias Drovderic and
Martin Hubmann. My colleague Vasco always empowered my self-confidence by letting
me win most of our chess games and my colleague Christian Moser was always available
for a chat. Our secretary Heike was very helpful with all the organizational stuff and for
mental support.

It was an honor to supervise my student workers Maximilian Pettinger, Julia Schneider
and Mariia Portnova and guide them through their first steps in Python with object-
oriented programming.

Of course, I do not want to miss the opportunity to thank my family and friends,
especially my parents Herbert and Regina and my sister Sophia who always supported

me during my studies and provided me company during the Corona crises.






1X

Abstract

In many technical applications, materials need to absorb energy or be tolerant towards
flaws that may already be generated in the manufacturing process. This behavior is
known as toughness, and the fracture toughness is a widely known measure that allows
to compare various materials to each other. Solid materials can be tough if they form a
plastic zone, but in nature one can also observe hierarchical structures of very brittle base
materials, where the overall mechanical response is much tougher than the brittle base
material. This work aims to create such structures with a high toughness. To obtain such
a structure, homogeneous 2D plates with arbitrarily shaped holes are considered. The
goal is to optimize the shape of the holes, but first the fracture process must be predicted.
During the fracture process, new cracks can initiate from surfaces and existing cracks may
propagate. Crack initiation from a surface can be predicted using Leguillon’s Coupled
Criterion or the Theory of Critical Distances of Taylor. For the crack propagation, two
parameters need to be predicted: the critical load at which a crack will propagate and the
direction of the crack propagation. According to Griffith, a load becomes critical when the
energy release rate exceeds the critical energy release rate which is a material parameter.
A common criterion for the direction of the crack propagation is the Maximum Energy
Release Rate (MERR) criterion. In this work, Configurational Forces are implemented as
an Abaqus plugin. This implementation can be used to predict both, the critical load and
the direction of the crack initiation. This allows to simulate the fracture process and the
tensile toughness of the overall structure can be computed. Furthermore, an optimization
algorithm is developed to maximize the tensile toughness. For an example problem, a
hole structure is found with a tensile toughness more than 4.5 times higher compared to

a solid material.
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1 Introduction

In many engineering applications it is not possible to eliminate material flaws because
flaws are often generated during the production, by corrosion, or inadequate handling.
These flaws can already act as critical cracks, which suddenly propagate at a critical
load. This leads to sudden catastrophic failure [1], which is unacceptable in most cases.
Consequently, it is crucial that engineering materials are tolerant to flaws. This damage
tolerance can be quantified by the fracture toughness which corresponds to the work
required to further propagate a crack [2].

A common mechanism that makes materials tougher is plastic deformation of the mater-
ial, because much work goes into plastic deformation and blunting of cracks [3]. However,
in some environments, plasticity cannot evolve either because one is below the brittle-
ductile transition like for impact [4] or the environment leads to an embrittlement like for
hydrogen tanks [5] or Polycarbonate exposed to Acetone [6].

However, toughness does not require plasticity, but can also be achieved by heterogenous
features that first stop cracks and then require more energy for the initiation of new cracks.
Such heterogenous features can be holes [7-10] or fibers [11], but it is also possible to use
lattice [12, 13] or porous structures [14-16]. A famous example for toughening a material
by adding particles is ABS [17] which consists of a brittle and stiff matrix with rubber
particles with very low stiffness that act as crack stoppers. In natural materials like
bones [18], nacre [19], or glass sponge skeletons [18], such toughening mechanisms can

also be found at multiple length levels.






2 Objective of the thesis

The motivation for this work is to make materials tougher and more damage-tolerant. For
example, porous materials contain many holes that can stop propagating cracks such that
new crack must be initiated, which requires higher loads and leads to a high toughness [10,
11]. To understand this effect, the author investigate the effect of holes on a millimeter
scale.

The objective of this thesis is to develop methods to predict crack initiation and crack
propagation efficiently and accurately. The developed initiation and propagation methods
are used to optimize the tensile toughness Ur of 2D specimens by adding inclusions such

as holes. For this purpose, some simplifications and assumptions are made:

e FEither plane stress or plane strain 2D specimens are considered.
e The material is linear elastic and isotropic.
e The crack propagation and crack initiation are brittle without plasticity.

e Dynamic effects are neglected.

Figure 2.1 illustrates the objective. The first row shows three specimens under uni-
axial tensile loading. The first specimen (Fig. 2.1a) has no holes. The second specimen
(Fig. 2.1b) contains three holes of various shapes. The topology of the third specimen
(Fig. 2.1c) maximizes the tensile toughness Ur and is unknown. The tensile toughness
Ur is computed by integrating the F'(u) curve. All specimens contain an initial crack of
length ag. At a certain critical force, the initial crack starts to propagate. This event is
marked as 1 and can also be seen in the force-displacement F'(u) curves as the first drop
in the force.

For the first specimen without any holes, the crack immediately grows through the
whole specimen when the critical load is reached. The second specimen demonstrates
that the tensile toughness Ur can be increased by adding holes that stop cracks. New
cracks (2, 3, 4) initiate at higher applied displacements u, which leads to a higher Ur.
Third specimen illustrates an optimized hole topology, such that Ut is maximized.

For the maximization of Ur, one can consider the following mechanism:

e Adding holes reduces the stiffness and subsequently the critical applied forces and

the tensile toughness Ur.
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Figure 2.1: (a) Specimen with an initial crack (black) under a tensile load. The crack propagates
(blue) when a critical load is reached. The tensile toughness Ut is computed from
the F'(u) curve. (b) Specimen with additional holes that stop cracks. New cracks (2,
3, 4) initiate at the holes. (c) The objective of this work is to find a specimen with
the highest tensile toughness Ut by adding holes.

e However, adding a hole at the right position may stop a crack. Then, a new crack
needs to initiate at a higher critical load. This may increase the tensile toughness
Ur.

e A hole causes a notch effect: The stress increases towards the hole surface, which
reduces the critical load for crack initiation. Consequently, holes should have a

smooth surface with a low curvature radius to reduce the notch effect.

e Additional stress relief holes placed in a line in loading direction may reduce the

notch effect, because they shield each other.

e Stress relief holes placed above a crack tip can even stop crack growth, because they

reduce the critical load.

With these considerations, it is obvious that placing a long but thin vertical slit (dotted
line in Fig. 2.1c) directly in front of the initial crack increase Ut significantly, because
the slit stops the crack. The slit is thin and negligibly influences the stiffness in loading

direction. Since the slit has a low notch effect, a high applied load is required for the



initiation of a new crack. However, if the loading situation and initial crack would rotate
by 90°, the slit would drastically decrease Ur. Porous materials are tougher compared
to the base material for all loading directions. To understand this, the author aims to

increase Ut independently of the direction of the initial crack and loading direction.






3 Prediction of fracture

Before optimizing the tensile toughness Ur, the fracture process of a specimen must be
computed. Fracture occurs when a crack breaks the specimen such that no load can
be transferred anymore. To predict this cracking process, a proper representation of a
specimen that contains a crack is required.

A specimen is a continuum body with a continuous displacement field. However, a
crack is a discontinuity inside the specimen with a discontinuous displacement field along
the crack path. At the crack tip, the discontinuous displacement field along the crack
suddenly becomes continuous. This transition from discontinuous to continuous causes
high stresses. The stress and strain field for elastic materials is even singular at the crack
tip, which means the stresses become infinite [2]. To build a model including a crack, it
is crucial to implement the discontinuous displacement field and ideally the singularity
at the crack tip. Several approaches have been presented to model cracks. They can be

mainly categorized into discrete and smeared models [20].

e A Discrete crack causes a strong discontinuity in the displacement field. A crack has
two faces and both faces must be able to separate from each other. To implement
this separation, one can distinguish two cases. In the first case, the crack path is
known in advance and in the second case, the crack path is determined during the

computation.

If the crack path is known in advance, it can be introduced as geometrical feature

along which nodes are duplicated to open the crack.

If the crack path is not known in advance, the same approach is also possible, but
the geometry needs to be updated and remeshed after every crack increment [20],
which is slow. A more efficient approach are enriched elements [21, 22|. Elements
passed by a crack are enriched with a discontinuous displacement field that allows
the separation of both crack faces. The Extended Finite Element Method (X-FEM)
developed from this idea [23]

e A smeared crack averages the discontinuity over an area and causes a weak discon-
tinuity in the displacement field. Smeared cracks are treated as damaged areas with
a low stiffness. The damaged areas have a width that influences the result signific-
antly. Several damage models have been developed to reduce this influence. The

crack band approach [24] uses an orthotropic material to only reduce the stiffness
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in the direction normal to a crack. Other approaches like gradient-enriched [25] and
phase-field [26, 27] models use a characteristic length to control the width of the

damaged areas.

In this work, discrete cracks are introduced directly in the specimen geometry in an
iterative process. In each iteration the crack propagates by an increment Aa. The stress
singularity at the crack tip is addressed by a special crack tip mesh that is explained in
the following sections. Next, criterions are needed to predict the path along which a crack

grows. The criterion should correctly predict three states in the lifetime of a crack:
M =7 M =2
o P
[ \)_ ':0’: “‘v

_8" O-» —>F |

X2 ===

(a) crack initiation (b) crack propagation

Figure 3.1: Open questions for predicting fracture in a 2D plate: (a) At which critical load F¢
and where does a new crack initiate? (b) At which critical load F, and in which
direction does a crack grow?

1. Crack initiation is the process of developing a new crack. The new crack initiates at
a surface with a finite length perpendicular to the surface. As depicted by Fig. 3.1a,
several positions are possible for the crack initiation (blue arrows). A fracture
criterion should predict the most critical position with the lowest critical load Fr

for the crack initiation.

Under certain loading conditions like rolling contact [28], cracks may also initiate
underneath the surface as ”subsurface cracks”. However, subsurface cracks are not
considered in this work. Furthermore, the term ”initiation” is not used consistently
in literature and is sometimes referred to the critical load for the ”initiation” of

crack propagation, when an existing crack starts to grow [29].

2. Crack propagation presumes that a crack already exists, either because a crack initi-
ated at a hole surface, or the specimen contains an initial crack. Crack propagation
denotes the process that an existing crack grows. Figure 3.1b illustrates that the
propagation direction (blue arrows) needs to be predicted as well as the critical load

F.. for the crack propagation.
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3. Crack deactivation: If an existing crack grows into a surface, it cannot grow further
and is deactivated. In addition, cracks may also be deactivated if they run into a

field of compressive stress.

In the following sections, three categories of criteria are explained. Fuailure criteria like
the one of Mises [30] consider the stress state at each point and compare it to a critical
stress state. Since the stress at a crack tip becomes infinite even for the smallest load,
failure criteria always predict failure at a crack tip. This does not match with experimental
results [29]. Linear Elastic Fracture Mechanics (LEFM) can predict the critical load of a
crack, but LEFM only works for existing crack and is not able to predict crack initiation
from surfaces. Finite Fracture Mechanics works on both, crack tips and smooth notches
[31].

3.1 Failure criteria

Failure criteria consider the computed local stress (or strain) tensor for each point in
a specimen. Furthermore, a failure surface is defined that depends on experimentally
obtained material parameters like the strength or the yield stress. Failure is predicted if
the local stress tensor reaches the failure surface.

Figure 3.2 illustrates this procedure. The left side shows the computed stress output
of a specimen with a heart-shaped hole subjected to a load F'. The local (in-plane) stress

tensor is computed at two points (A) and (B).

Mises stress

- Mmax. principal stress

Figure 3.2: The stress tensors at two points (A) and (B) are used to check if failure occurs. For
this, failure surfaces are plotted on the right in the principal stress coordinate system
for the Mises criterion and the (in-plane) max. principal stress criterion. Point (B)
is inside both failure surfaces and will not fail. At point (A) failure occurs according
to both criteria. Note, that oy is always greater or equal to oyy.

The right side of Fig. 3.2 shows the failure surface for the Mises [30] and max. (in-plane)

principal stress criterion in the principal component coordinate system (o, opr). To show
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whether failure occurs, the computed local stress tensors are also plotted in the principal
component coordinate system. Point (B) is inside the failure surfaces and will not fail
contrary to point (A) which exceeds the failure surfaces.

As can be seen in Fig. 3.2, the failure surfaces of the Mises criterion and the max.
principal stress criterion have different shapes and one has to decide which failure criterion
is better suited for the problem. The Mises criterion is applicable especially for ductile
materials. In this case, failure is defined when the yield stress is reached and plastic
deformation occurs [32]. This work, however, deals with cracking processes that occur in
brittle materials, where the max. principal stress criterion is better suited.

Still, the max. principal stress criterion has the problem, that it cannot be applied in
the presence of a crack, due to the stress singularity at the crack tip. Nevertheless, in some
cases the max. principal stress criterion can be used to efficiently find the most critical
position for crack initiation along a surface. For example, Li and Leguillon [33] apply a
watershed flooding algorithm to the max. principal stress, oy, around a hole and thereby
find critical positions. This is an efficient approach, because only one FEM simulation
is required to compute o1. In the next step, Li and Leguillon apply a more complicated
criterion to these critical positions. Paper D [34], presented in this thesis, also uses oy to

find the critical positions on hole surfaces.

3.2 Linear Elastic Fracture Mechanics

As mentioned in the previous section, failure criteria are not applicable in the presence of
cracks, because of the stress singularity at the crack tip. The fracture mechanics concept,
however, is designed exactly for this case. According to some authors [2], already Leonardo
Da Vinci investigated some aspects of fracture in 1500, when he tested the strength of
wires of various length and found that the strength decreases as the length of the wire
increases [35]. Since the probability of flaws (micro-cracks) in the wire increases with the
volume, it can be concluded there is a connection between material flaws and the strength
of the wire. The following sections give an overview on how to use Linear Elastic Fracture

Mechanics (LEFM) for predicting the direction of crack propagation and the critical load.

3.2.1 Griffith’s G-concept

Today’s view on fracture mechanics dates back to Griffith [36]. In 1921, he treated cracks
as very flat elliptical holes, for which Inglis [37] provided analytical equations for the
stress field. Thereby, Griffith was able to formulate an energy-based criterion according
to which a crack propagates if the change in strain energy, I, is higher than the work,
W, required to create two crack faces. This occurs if a critical displacement wu. is applied
to a specimen. In relation to the newly created crack area dA the criterion can be written

as:
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Like for the failure criteria, Griffith’s criterion can be split into a left and a right side.

The left side is called (differential) energy release rate [38]

- »

which is computed e.g. using FEM computations and which depends on the applied load,
the crack length, and the specimen geometry. The right side is denoted as the critical

energy release rate
AW

Ge="1

which is a material parameter determined experimentally.

(3.3)

3.2.2 Irwin’s K-concept

An evaluation of Griffith’s G-concept requires the energy release rate which cannot be
computed analytically for most cases. Irwin’s K-concept instead quantifies the stress
singularity at the crack tip, as illustrated by Fig. 3.3. Westergaard [39], Irwin [40], and

Williams [41] found that for brittle elastic materials the stress in front of a crack tip

1 .
o(r) =k - famape - W + higher order terms (3.4)
is related to a load factor k, a geometrical factor fsape, and the distance to the crack
tip r. Near the crack tip, higher order terms are negligible compared to the singularity
1/4/r that approaches infinity for » — 0. It is a convention to define the load factor as
so-called stress intensity factor K = k/v/27 [2]. The fracture toughness K. is then the

critical stress intensity factor at which a crack propagates.

Figure 3.3: The stress o in front of a crack tip is proportional to 1/4/r and approaches oo when
r — 0.

The K-concept allows to split the load at the crack tip into three modes, depicted by
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Fig. 3.4. For each mode, a stress intensity factor Ky, Ky, Ky can be defined. However,
in this work only 2D plates are considered, hence only mode I and mode II loadings are

possible.

(a) Mode I (opening) (b) Mode II (in-plane shear)  (c) Mode III (out-of-plane shear)

Figure 3.4: Three loading modes at a crack tip.

According to the K-concept, a crack under a pure mode I loading propagates if
K = K. (3.5)

is fulfilled. The stress intensity factor K7 is computed e.g. using FEM computations,
whereas the fracture toughness K. is determined experimentally. Analogously, for pure
mode II loadings the mode II stress intensity factor Ky is compared to the mode II
fracture toughness K. [2]. However, this simple criterion does not work for mixed mode
loadings and more complicated criteria are required in this case [42].

Irwin [40] showed, that the K-concept is equivalent to the G-concept for a plate under
mode I loading. Assuming a linear elastic material, the fracture toughness Ki. can be

converted to the critical energy release rate

-1 lane stress

G, = oW ) (3.6)
L (plane strain)

with the Young’s modulus E and the Poisson’s ratio v. The formulation depends on

whether there is a plane stress or plane strain state.

3.2.3 Mixed mode I-1I

Under a pure mode I loading, a crack propagates in a straight line. However, if there
is a mixed mode I and mode II loading, the crack propagation direction shows a kink,
as depicted in Figure 3.5a. The propagation direction « is unknown and needs to be
predicted by a mixed mode criterion. [43]

Erdogan and Sih [44] proposed the stress-based Maximum Tangential Stress (MTS)
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T

(a) Crack tip with possible propagation directions (b) Energy release rate G(«) over propagation dir-
o ection o

»

Figure 3.5: The crack grows in the direction of the maximum energy release rate. The corres-
ponding crack path is plotted as large bold arrow.

criterion. According to MTS, a crack propagates in the direction perpendicular to the
largest tension around the crack tip. The direction can be computed for a plane strain

plate from the stress intensity factors K; and Kip:

cos (%) - [Ky-sin(a) + Kyp - (3-cos (a) —1)] = 0. (3.7)

A few years later, Sih [45] developed another energy-based criterion, called Minimum

Strain Energy Density (MSED). This criterion considers the strain energy density

dIl
w.

== (3.8)

in front of the crack tip as the strain energy Il per volume V. According to MSED, a
crack propagates in the direction of the minimum . Boulenouar [46] used a ring of FEM
elements around a crack tip and computes 1 for each element. He showed that i has
several minima in the ring of elements and the global minimum is not necessarily the

physically meaningful propagation direction.

In this thesis, the focus lies on another energy-based criterion, called Maximum Energy
Release Rate (MERR) [47]. It captures the idea of Griffith, according to which cracks
grow in the direction of the maximum change in strain energy. However, for a long time it
was too complicated to compute the direction of the maximum energy release rate. Only
the development of the J-Integral in 1968 and 1973 by Budiansky and Rice [48, 49] allowed
an efficient computation of the energy release rate G(«) for a crack propagating in the
direction «. Using this, the max. energy release rate and the corresponding propagation

direction can be computed according to MERR, as illustrated by Fig. 3.5b.
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3.2.4 Computation of the energy release rate

The MERR criterion for crack propagation needs the energy release rate, G. In this
section, three approaches for the computation of G are presented. The Full FEM approach
is the most versatile, but computationally most expensive. An efficient approximation of
G is the J-Integral [48, 49]. Configurational forces are similar to the J-Integral, but are

easier to compute in FEM simulations.

3.2.4.1 Full FEM approach for crack propagation

The Full FEM approach uses two separate Finite Element Method (FEM) simulations
with the initial and an extended crack. It approximates the energy release rate G =

—(dll/dA),. by a numerical differentiation of the strain energy II with respect to the

un() - (BB e

Since this thesis considers 2D plates, the crack area A can be decomposed in the plate

crack length a:

thickness b and the crack length a. The crack increment Aa should be a small value, be-
cause the numerical differentiation converges to the exact solution (AII/AA) — (dII/dA)
for small increments Aa — 0.

Figure 3.6 illustrates the implementation of the Full FEM approach. The specimen,
depicted in Fig. 3.6a, contains a crack of length a and is either subjected to a critical
force F. or to a critical displacement u.. The specimen is meshed, such that there is an
element edge in the direction of a trial crack propagation q. This allows to open the
element edge in the next step without remeshing the specimen (Fig. 3.6b). Remeshing
would lead to additional numerical errors. If q is not known in advance, the procedure
has to be repeated for several trial directions. To open the element edge, the turquoise
nodes are duplicated and the crack propagates by Aa. It is important that the specimen
is not remeshed when the nodes are duplicated, because this would add small numerical
errors to II(a) and II(a + Aa), which would significantly influence I1(a + Aa) — II(a) and
consequently G.

If a crack propagates, one has to decide if a displacement-controlled or a force-controlled
approach should be used. The displacement-controlled approach holds the critical dis-
placement u. constant. The corresponding F(u) curves are plotted in Fig. 3.6¢ and
the strain energies II; and II; can be computed. The change in the strain energies
(AIl),, = Iy — II; with a fixed u. can be inserted into Equation 3.9, which yields G.

For the force-controlled approach, the computation of G is more complicated. The
critical force F is held constant, as depicted by Fig. 3.6d. Since a propagating crack
reduces the stiffness, the applied displacement u becomes larger for a fixed F.. This
requires additional external work All.,;, which must be considered. Figure 3.6e shows
this external work All.y that must be subtracted to obtain (AIl),, = (IIy —I1;) — Alley.
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Figure 3.6: Energy released by a growing crack: A crack growing in direction q by Aa changes
the strain energy from (a) II; to (b) IIs. The strain energy Ils depends on whether
(c) the critical displacement u. or (d) the critical force F, is held constant. (c) The
energy release Al for the displacement-controlled approach AII = Il — I and for
the force-controlled approach is AIl = IIy — II1 — Alleyt, where the latter considers
the additional external work Alley.

Next, G can be computed by inserting (AIl),,. into Equation 3.9.
A drawback of the full FEM approach is that two FEM simulations are required to

compute the energy release rate G for one propagation direction . As mentioned in the
previous section, a crack propagates in the direction of the maximum energy release rate.
To find this direction, G has to be computed for several trial directions and every time

a FEM simulation is required. Consequently, the full FEM approach needs many FEM
simulations and is too inefficient for most applications.

3.2.4.2 J-Integral

Sine the full FEM approach can be computationally expensive for obtaining the crack
propagation direction, an alternative computation of G is required. The path-independent
J-Integral, presented by Rice [48] in 1968, efficiently approximates G for a crack that

propagates in a straight line. This approach was extended by Budiansky and Rice [49] in
1973 to the vectorial J-Integral
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e -ny —t-du/dx
T = (Jy> B 7{ (w Ny —t- du/dy) (3.10)

which considers a closed path I' that includes both crack faces I'y and I'_, as depicted in

Fig. 3.7. This vectorial J-Integral approximates also the propagation direction. The first
term contains the strain energy density ¢ and the normal vector n of I'. It corresponds
to the change of the strain energy inside the region () that is enclosed by I'. The second
term corresponds to the external work performed on €2 due to a load redistribution caused
by a propagating crack. This term evaluates the gradient of the displacement vector u
and the traction t at the path I'.

Figure 3.7: Domains of a crack: The region (2 surrounds the crack tip and is mainly controlled by
the stress singularity at the crack tip. The vector q points in the crack propagation
direction. The outer contour of €2 is I'. Note, that this also includes the two crack
faces I'; and I'_. The normal vector of T' is 7.

Using the vectorial J-Integral, the energy release rate G ~ b-J-q’ can be approximated
by a projection on an arbitrary crack propagation direction ' and by multiplying with
the thickness of the plate b [50]. The direction ¢’ is a unit vector and can be varied to
maximize G according to the MERR criterion. The projection J - ' and subsequently
G becomes a maximum if ¢’ is parallel to J. Consequently, the propagation direction q
according to MERR is q = J//J2 + J2.

The J-Integral is path-independent for a crack in an infinite plate. This means that
it does not matter if the path I' surrounds just a small region around the crack tip or a
larger region around the whole crack. This is valid for an infinite plate containing one
crack. However, the region needs to be small enough to enclose only one crack at a time,
otherwise it would no longer be possible to compute G for each crack independently. To
prevent enclosing more cracks, it is common to compute J just around the a small region
at the crack tip and pay special attention to the FEM mesh in this region.

Referring to Fig. 3.8, the J-Integral can be evaluated for any of the red contours.
However, for the inner-most contour, the J-Integral may be underestimated, because the

FEM computation with the crack tip mesh is still just an approximation. A common
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Figure 3.8: The crack tip mesh accounts for the 1/4/r singularity in front of a crack tip. Quad-
ratic rectangular elements are placed in circles around the crack tip. Each circle is
corresponds to a contour. In the inner ring, the mid-nodes are shifted 25% towards
the crack tip and the inner nodes of the rectangular elements are collapsed to a single
position such that a singular stress filed can be accounted for and the quadrilateral
elements look like triangles, respectively.

approach to decide which contour to use, is to evaluate all contours and take the first

contour where the corresponding J-Integral stays approximately constant.

Although, the J-Integral efficiently approximates G, it has a few drawbacks that are

described in the following.

Similarity assumption The J-Integral assumes a similarity between the current crack
and the crack after a infinitesimal propagation of da. Figure 3.9 illustrates this similarity
assumption. The energy release rate GG is related to the gradient of the strain energy with
respect to a crack propagation of da. However, the J-Integral computes the gradient with
respect to dX instead to da. As depicted by the blue areas in Fig. 3.9, a shift of —dX
corresponds to a moving viewpoint. The orange areas show an actual crack propagation

of da with a fixed viewpoint.

Now, assume you are standing at the viewpoint and look at a region near the crack
tip. If the shift of —dX leads to the same result as a propagation of da, the similarity
is fulfilled and the J-Integral is a valid approximation for G. However, if a feature like
a hole, a boundary condition, etc. exists in the vicinity of the crack tip, the feature is
shifted together with —d X, but stays fixed in the case of a crack propagation of da. In

this case, the J-Integral is not valid.

As mentioned previously, the J-Integral can be evaluated for various contours. If one
uses a smaller contour, that encloses a smaller region, the probability of additional features
in the observed region decreases. Consequently, the similarity assumption is more likely

to be fulfilled for smaller contours.
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Similarity violated:

Similarity fulfilled:

What happens:

What you see:

Figure 3.9: Similarity between changing the viewpoint by —dX and growing a crack by da. The
viewpoint, depicted by an eye, observes a region near the crack tip. The top row shows
what really happens. In the blue columns, the viewpoint moves by dX. In the orange
columns, the viewpoint is held constant, but the crack grows by da. The bottom row
shows what you see from the viewpoint. On the left side, moving the viewpoint is
equivalent to crack growth. On the right side, there is a void included, which moves
in common with the viewpoint, but not with a growing crack. Consequently, the
similarity is not fulfilled.

Crack kinking The similarity assumption is also not fulfilled if a crack has a kink, as
depicted by Fig. 3.10. The blue contour in Fig. 3.10a is used for the evaluation of the
J-Integral. The red arrow points in the direction of the crack propagation direction q. If
the similarity assumption would be fulfilled, the cracks shown in Fig. 3.10b and Fig. 3.10c

would look the same. Obviously, this is not the case.

(a) Original crack (b) Crack tip shifted to the new position (c) Real crack propagation

Figure 3.10: If the crack propagation direction has a kink, shifting the crack tip to the new
position is inaccurate. (a) The crack propagation direction (red arrow) deviates
from previous direction. (b) The crack tip is shifted to the new position. This does
not equal (c) the real crack propagation.

Frankl et al. [51] suggested a correction method to account for crack kinking, by which
the propagation direction ¢’ is iteratively optimized in several FEM simulations. In each

FEM simulation, a trial crack increment in a direction qp, is introduced. Based on the trial
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crack increment, the vectorial J-Integral is evaluated and ¢ is updated. The optimization
stops, when (' is aligned with the actual propagation direction within a tolerance angle
as depicted by Fig. 3.10c.

However, this approach requires additional FEM simulations, and subsequently more
computation time. Crack kinking occurs in mode II or mixed mode I/II loadings. Judt
and Ricoeur [50] showed, that the J-Integral is valid for a small mode II contribution with

K11/K; < 0.1. For higher mode II contributions, a correction scheme is required.

J-Integral based on FEM results The evaluation of the J-Integral directly from FEM
results is cumbersome. The FEM approach provides a continuous displacement field u,
but the gradient of u is discontinuous. Since the traction t is related to the gradient of
u, it is discontinuous at element edges. However, the J-Integral uses Green’s theorem
that t is continuous. Consequently, alternative approaches are required to compute the
J-Integral from FEM results. The software Abaqus [52] uses the virtual crack extension

method [53]. Another alternative are configurational forces [54].

3.2.4.3 Configurational forces

As mentioned in the previous section, the evaluation of the J-Integral based on FEM
results is difficult. Configurational forces, however, can be computed easier from FEM
results and are identical to the J-Integral for elastic bodies [48]. They base upon Eshelby’s

energy-momentum tensor [55]
»mbh . — ) T FT.P (3.11)

with the strain energy density v, the identity matrix I, the deformation gradient tensor
F, and the first Piola-Kirchhoff stress tensor P. Eshelby showed that the divergence of

the energy momentum tensor
dx o
— == 3.12
dx < ox ) expl. ( )

equals the explicit gradient of the strain energy density 1) with respect to x. The explicit
gradient is basically a partial derivative for x with the deformation gradient held constant.

Equation 3.12 can be used to approximate the energy release rate per thickness:

G (dn\ [ (dV (o ., [dz
E— <%)UC— /Q(da>u deq /§;<8X)6Xpldv—q /dedv (313)

C

The energy release rate G is related to the change in the strain energy Il with respect to
the crack area A = b-a at a load u.. The strain energy Il can also be expressed as integral

of the strain energy density 1 = dIl/dV, which is the derivative of the strain energy with
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respect to the volume V. Furthermore, similarity between a crack propagation of da and a
shift of the viewpoint of —dx in the direction of the crack propagation ' can be assumed,
as explained in the previous section by Fig. 3.9. This allows to approximate G in terms

of the divergence of the energy momentum tensor 3 and the crack propagation direction

q.
For the evaluation of G from FEM results, it is convenient to reformulate Equation 3.13
such that the element shape functions h; is derived instead of 3. This approach is de-

scribed by Mueller and Maugin [56], who defined nodal configurational forces

m Oh;
gl = [0 n)nas— [ wew s S gy (3.14)
’ r 0 8x
(m‘b,f,S) (m‘b’f,V)
nodal, 7 nodal,

that are computed for each node in a crack tip dominated region ) with an outer
contour I', as shown in Fig. 3.11. The energy release rate GG is then approximated by the

J-Integral

(mbf,V)
- _Z nodalz ) (315)

1€Q

which points in the opposite direction of the summed up nodal configurational forces.
(mbf, V)
nodal,i

because the computation of

Note, that commonly only the volume nodal conﬁguratlonal forces g are summed

(mb

up, but not the surface nodal configurational forces gmodal 27

gff;l;);lsz from FEM results is tedious and they are negligible for mode I loadings with only

(mbf,S)

nodal, ¢ vanishes

a small mode II contribution [57]. This simplification is valid, because g
inside the body and only contributions from the crack faces I'y and I'_ remain. For mode
I loadings, the crack faces are symmetric and cancel out, but for mixed mode loadings,
the crack faces are not symmetric and there may be a contribution of the crack faces I'

(mbf,3)
and '_tog

odal - Schmitz and Ricoeur [57] provide a correction scheme to account for
the influence of I'y and I'_ for mixed mode loadings.

As depicted by Fig. 3.11, the nodal configurational force right at the crack tip has the
largest contribution of Jcg, but there are also some smaller nodal configurational forces
near the crack tip. These configurational forces are called spurious nodal configurational
forces and arise from jumps in the discontinuous stress field. Denzer et al. [58] showed,
that it is important to not only consider the nodal configurational force at the crack tip,

but to sum up all nodal configurational forces in the crack-dominated region 2.

Paper B [59] describes an implementation of the configurational forces. This imple-

mentation is used in Paper D [34] to predict crack propagation.
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Figure 3.11: Nodal configurational forces gflzl(l;ii\p near a crack tip. The vectorial energy release

rate Jof is the negative sum of all nodal configurational forces in the crack domin-
ated dark gray region. Note, that the actual vectorial energy release rate points in
the opposite direction.

3.3 Finite Fracture Mechanics

Fracture mechanics is useful for analyzing cracks. Stress-based failure criteria can predict
fracture at holes. But neither fracture mechanics nor stress-based failure criteria are
suitable for both, cracks and holes. Finite Fracture Mechanics (FFM), however, can be
applied to cracks as well as to holes.

FFM goes back to Hashin [60] who investigated composites and observed that cracks
initiate suddenly in a ply with a finite length and ”it is not possible or of interest to follow
the history of their development”. Based on this observation, Hashin suggested FFM as

a new framework that considers crack formations of finite lengths.
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(a) Infinitely wide plate with a crack of size a
under a critical tensile load o, ¢ (b) Critical applied stress o, for crack propagation
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>

Figure 3.12: Critical applied stress o, for (a) the infinitely wide plate predicted by (b) three
criteria: Ultimate tensile stress (UTS), Linear Elastic Fracture Mechanics (LEFM),
and Finite Fracture Mechanics (FFM).

Later, Taylor [61] reinvented FFM as an extension of LEFM, which cannot handle very

small cracks. Taylor investigated such small cracks in an infinite plate loaded by a uniaxial
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tensile load o,, as depicted in Fig. 3.12a and found that according to LEFM, the critical
load is higher than the material’s strength. This is because LEFM relates the critical
applied load o, o< Ki./y/a to the crack length a and the fracture toughness Kj.. For
small cracks a — 0, the critical applied load 0,. — oo becomes infinite, as depicted in
Fig. 3.12b. Such an infinite critical load is unphysical, especially because a plate without
a crack would already break according to the Ultimate Tensile Stress (UTS) criterion if
the applied stress o, reaches the material strength o.. Taylor showed that FFM fits
LEFM for long cracks and UTS for short cracks and thereby leads to physical results.
There are several FFM approaches and they can be divided into two groups depending

on how the size of the finite crack formation a,. is handled.

e Criteria based on the Theory of Critical Distances (TCD) [62] assume that a. is a

material parameter that relates to the material’s characteristic length ..

e Coupled Criteria (CC) [31, 63, 64] require both a stress- and an energy-based cri-
terion to be fulfilled simultaneously. In this case, a. is not a material parameter,

but a result.

3.3.1 Theory of Critical Distances

In 1999, Taylor [65] investigated the fatigue limit of specimens with cracks and notches.
He found that the fatigue limit can be predicted accurately if stress values are evaluated in
a critical distance in front of a notch or a crack tip or if the stress is averaged over a critical
distance. This critical distance is often related to the grain size in metals and ceramics [66].

Commonly, the critical distance is proportional to the material’s characteristic length [62]

2
L=t <KIC) , (3.16)

T Oc

which is a constant material parameter that is computed from the material’s fracture
toughness Ki. and tensile strength o..

Taylor proposed a sequence of Theory of Critical Distances (TCD) criteria like the
Point Method (PM) and the Line Method (LM). Figure 3.13 illustrates those criteria for
a plate with a U-notch under a uniaxial load F'. A trial crack path a is defined from the
notch surface, as depicted in Fig. 3.13a. In this thesis, the crack path is always assumed
to be normal to the notch surface.

The PM (Fig. 3.13b) uses the stress value opy = o (len/2) at a distance of l,/2 in front
of a notch or a crack tip. Contrary, the LM (Fig. 3.13c) averages the stress along a line

1 2len
oM = / o(a)da (3.17)
2 lCh 0

from the surface to a distance of 2 - [4,. Note, that the distance for PM is a quarter of



3.3 Finite Fracture Mechanics 23

1‘F

o T A
a \
> a @
272 > >
(a) Plate with a notch under len/2 2len
tensile load F' (b) Point Method (PM) (c) Line Method (LM)

Figure 3.13: (a) The stress o is extracted along a potential crack path with coordinate a, depicted
by a blue arrow. (b) The Point Method (PM) uses o at a certain distance a = [, /2.
(b) The Line Method (LM) averages the stress o froma=0toa =2l

the distance for LM. The distances are chosen such that the stresses opy and oy are
identical to the tensile strength o, if a critical uniaxial load is applied to a cracked infinite
plate. Madrazo et al. [67] provides an analytical proof for this choice of distances. The
LM and PM show a reasonable agreement with experimental results with a deviation
below 20% [67].

In PaperD [34], the authors use a failure criterion to find critical positions on a hole
surface. Next, the PM approach is used to predict crack initiation at the critical positions.

However, in some configurations LM and PM are unphysical. Cornetti et al. [31] demon-
strated this for the example of a bending beam. For a bending beam with a height
h = 2 - l4, the average stress oy of LM is always zero, because the compressive and
tensile stresses cancel each other out. A similar thought experiment can be done for PM
and a bending beam with a height h = l4,. According to PM, the stress is evaluated at
len/2 in the neutral axis, where the stress is zero. Consequently, PM and LM will never

predict fracture in these cases, even for very high loads.

3.3.2 Energy Criterion

Instead of considering stresses, one can also analyze the strain energy released during
crack initiation or crack propagation. According to the energy criterion, creating a new
crack area A. = b - a. requires a critical energy G, - A., where G. is the critical energy
release rate. Since energy cannot be generated, the energy stored in the new crack must
be transferred from other energy components, like the kinetic energy Ily;, or the strain

energy II. Considering this, Leguillon [63] proposed the energy balance

AT+ Allgy + G- Ae =0 (3.18)

for a newly created crack area A.. In the static case, the change in the kinetic energy

Alli, =~ 0 is neglected. Furthermore, it is common to rewrite Equation 3.18 and thereby
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define the incremental energy release rate

1 AII
Ginc =

b a.

> G, (3.19)

A crack of length a. will initiate if the incremental energy release rate Gy, reaches
the critical energy release rate G.. However, an assumption for the crack length a. is

necessary.

3.3.3 Coupled Criterion

Leguillon [63, 68, 69] presented a Coupled Criterion (CC) that computes the crack length
a. automatically by coupling the stress and energy criterion. Let us assume, the incre-
mental energy release rate Giy.(a, F') and the max. principal stress oy(a, F') are computed
along a trial crack path a for an applied load F. The critical crack length a. and the

critical load F, are two unknown parameters that can be found using two equations

Ginc(am FC) 2 Gc

Ul(a07 Fc) Z O¢

(3.20)

from the energy and the stress criterion. The latter evaluates the stress in a critical dis-
tance a.. Contrary to the PM approach within the TCD framework, the critical distance
is not constant. Some authors [31, 70-72] prefer using the average stress in the style of

the LM criterion. This leads to slightly different equations:

Ginc<acu Fc) 2 Gc

ac
0

(3.21)
oi(a, F.)da > a. - o,

If a linear elastic material is used in conjunction with the small strain framework and
linearized geometry, the incremental energy release rate scales quadratically with the
applied load G, o< F'? and the max. principal stress is directly proportional to the load
o1 x F. Consequently, G, and o7 can be evaluated for an arbitrary load and then scaled
to the critical load.

Figure 3.14 illustrates how to compute the critical load F. = A.F for a critical load
scale factor A\. and an applied load F. A crack initiates at a hole once the energy and
stress criterion are fulfilled simultaneously. The energy criterion (Fig. 3.14a) is fulfilled
starting at a distance apign. The stress criterion (Fig. 3.14b) is fulfilled up to a distance
alow- The load is then scaled by a load factor A, until both criteria are fulfilled at a critical
distance ac, where apign = aiow. From this intersection, depicted in Fig. 3.14c, the critical
load for crack initiation is computed.

As mentioned before, the TCD approach is not physical for some bending beams. The
CC approach, however, provides reasonable results for bending beams [31, 73, 74|, sharp
and blunted V-notches [70, 72, 75-77], circular holes [78, 79], and layered ceramics [80,
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(a) Energy criterion (b) Stress criterion (c) Coupled criterion

Figure 3.14: (a) According to the energy criterion, a crack may initiate with a length of at least
anigh after Gine exceeds G.. (b) According to the stress criterion, a crack may
initiate with a length up to ajoy until oy drops below o.. (c) According to the
Coupled Criterion (CC), a crack initiates once the energy and stress criterion are
fulfilled simultaneously at a critical length a.. This can be achieved by scaling the
applied load by a factor A, which increases Gine by a factor of A? and o1 by of A.

81]. Figure 3.15 shows a selection of specimens with V-notches and circular holes under
tensile loads. The incremental energy release rate, G, and the max. principal stress, oy,
are plotted as green and red curves, respectively.

A specimen with straight free edges can be considered as an open 90° V-notch. Fig-
ure 3.15a shows that such a specimen has a constant stress oy (red curve) over a and an
incremental energy release rate G, (green curve) that increases linearly near the crack
tip. If the specimen is wide enough, Gj,. is high enough at some point and the energy
criterion is fulfilled at lower loads than the stress criterion. Then only the stress criterion
needs to be checked. However, for very thin specimens, the energy criterion is not yet
fulfilled when the stress criterion is already fulfilled. Then the energy criterion needs to
be checked. Parvizi et al. [82] observed this switch from the stress criterion to the energy
criterion in cross-ply laminates with varying ply thicknesses.

The next model (Fig. 3.15b) is a quarter model of a specimen that contains a circular
hole. Assuming an isotropic material, Inglis [37] stated that the stress at the hole, oy, is
three times higher than the far field stress, due to the notch effect. The stress criterion is
already fulfilled for low loads directly at the hole surface, but the energy criterion is only
fulfilled further inside the specimen, when the stress has already decreased. Compared to
a failure criterion like Rankine, which predicts fracture as soon as o, reaches o., CC
allows higher loads, where parts of the specimen are already above o..

Figure 3.15¢ depicts a quarter model of a specimen with a 30° V-notch. There is a
stress singularity at the notch tip and o7 becomes infinite such that the stress criterion
is fulfilled immediately [63]. The incremental energy release rate Gy is zero at the tip
and then rises rapidly until it reaches a plateau. Like for the previous specimens, CC is
not fulfilled directly at the notch tip. Only at a finite distance from the notch tip, Gi, is

high enough to meet the energy criterion.
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Figure 3.15: Quarter models of 2D specimens with various notches under uniaxial tension. The
blue lines highlight the notches where cracks may initiate. The incremental energy
release rate Gipe (green) and max. principal stress oy (red) are plotted along the
path a.
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For large cracks, the CC approach converges to the LEFM approach. This is shown in
Fig. 3.15d. The specimen contains a crack, which is an extreme case of a V-notch with
an opening angle of 0°. The stress is infinite at the crack tip and the stress criterion is
fulfilled near the tip. Contrary to all other notches, G, is not zero at the crack tip.
Instead, the incremental energy release rate Gj,. at the crack tip becomes the differential
energy release rate GG, which is commonly used in LEFM [63]. Since the stress criterion
is fulfilled at the tip, only the energy criterion needs to be checked at the crack tip. This
approach corresponds to Griffith’s G-concept.

3.3.4 Computation of the incremental energy release rate

The CC approach requires the incremental energy release rate Gy,.. This section describes
three approaches for the computation of Gy,.. Like for the computation of the differential
energy release rate, a M approach can be used. However, this can be too slow for realistic
applications. For arbitrary smooth holes, the author developed the Scaling Law based
Meta Model with Auto-Controlled boundary conditions (SLMM+AC) that is described
in Paper C [83]. Furthermore, Leguillon [63] presented the Matched Asymptotics (MA)

approach, which is suitable for V-notches.

3.3.4.1 Full FEM approach for crack initiation

Full FEM is a common approach to compute Gj,. numerically with a series of FEM
simulations [33, 74, 83|. Like the Full FEM approach for the differential energy release
rate GG, a trial crack path a is introduced and the change in the strain energy is evaluated.
However, Gi,(a) needs to be computed at more positions along the path a.

Figure 3.16 depicts this process. Starting from an uncracked specimen (blue) with
thickness b and a strain energy Ilj, the trial crack path a is introduced normal to the
surface. Next, the crack is opened in several steps (orange specimens). It is crucial to
avoid remeshing, as this would lead to numerical errors. In each step, the strain energy II;
and the crack length a; are used to compute the incremental energy release rate Gi,.(a;)
with Equation 3.19. The computed values are interpolated linearly. Furthermore, the
incremental energy release rate for notches (contrary to cracks) starts at zero.

The Full FEM approach requires several FEM simulations to analyze a single position
on a surface. If more positions or various load cases should be considered, the number of

simulations increases significantly.

3.3.4.2 Scaling Law based Meta Model

To avoid a huge number of simulations, the author presented in his master thesis [84] a

Scaling Law based Meta Model (SLMM) for 3D holes. In Paper A [83], this approach is
extended to the SLMM-+AC approach which is more accurate and suitable for 2D holes.
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Figure 3.16: Computation of the incremental energy release rate Giy.. The blue specimen shows
the initial state without a crack and a strain energy IIy. The orange specimens depict

the specimen with a growing crack for a fixed displacement u. The corresponding
strain energy II; and the crack increment a; are used to compute Gipc.

SLMM+AC
precomputed cells

Figure 3.17: The Scaling Law based Meta Model with Auto-Controlled boundary conditions
(SLMM+AC) uses precomputed cells to approximate Ginc(a) and or(a). The pre-
computed cells are scaled to match any smooth position at a hole surface.

The SLMM approach is a two-scale approach. The larger scale corresponds to the
specimen level with smooth holes, as depicted on the left in Fig. 3.17. The specimen is
simulated using one FEM simulation to obtain the displacement field. The smaller scale

contains precomputed cells for o1(a) and Giy(a), as depicted on the right in Fig. 3.17.
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These precomputed cells can be aligned to an arbitrary position on the hole and the
precomputed results, stored in the meta model, can be scaled to obtain an approximation
of Gine(a) and o1(a) at this position. For this transfer of the results from the precomputed
cell to the specimen, methods like scaling laws, load superposition, meta modeling, and

auto-controlled boundary conditions are used.

Meta model The precomputed cells have a unconstrained curved edge on the left side
at which a trial crack (red) initiates. The top, right, and bottom sides have prescribed
displacements for a given load case. A set of load cases like tension, shear, and bending
is defined. The precomputed cell is parametrized by the curvature radius of the curved
side, the load case, and the Poisson’s ratio. Next, Gi,(a) and oi(a) are computed for
all combinations of these parameters. The results are stored in a meta model, such that
the results can be accessed at a later point based on these three parameters. Parameter

values not stored in the meta model are interpolated piecewise linearly.

Scaling laws The precomputed cells have two independent dimensions: A length di-
mension (mm) and a stress dimension (MPa). According to dimensional analysis [85]
these two independent dimensions can be used to freely chose two quantities with the
corresponding dimension. Those two quantities are the curvature radius of the free side
for the length dimension (mm) and the Young’s modulus for the stress dimension (MPa).
This allows to fit the precomputed cell to a hole with an arbitrary curvature radius and
further SLMM can predict results for an arbitrary Young’s modulus. The results Gj,.(a)

and o7(a) are then scaled in common with the Young’s modulus and the curvature radius.

Load superposition Results are stored in the meta model for the independent load
cases. However, a mixture of load cases is present inside the specimen. According to the
load superposition principle, the load mixture is represented by a weighted sum of the
independent load cases and thus Gi,.(a) and oy(a) can be computed by a weighted sum

of the stored results.

Auto-controlled boundary conditions A drawback of the SLMM approach is that it
behaves like a sub-model with displacement-controlled boundary conditions. If a crack ini-
tiates, the stiffness of the cell decreases, but a global stress redistribution over the whole
specimen is not possible, due to the prescribed displacements. Consequently, SLMM
underestimates Gi,.(a) and only works for cracks that are small compared to the pre-
computed cell. An alternative to displacement-controlled (u-controlled) boundary condi-
tions are force-controlled (F-controlled) boundary conditions. However, a F-controlled
approach would lead to an overestimated Gj,.(a).
Auto-controlled boundary conditions compute a weighting factor between the u-controlled

and F-controlled results. For this, two precomputed cells (a smaller and a larger one) are
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placed on the same position at a surface, as depicted in Fig. 3.18. For both precomputed
cells, Gine(a) is computed u-controlled and F-controlled. Next, Gi,.(a) is computed as a
weighted sum of the u-controlled and F'-controlled results. The weighting factor is found,

such that Gi,c(a) of both cells overlap. This leads to a more accurate approximation of
Ginc(a).
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Figure 3.18: The left images shows a notch. A big cell (blue) and a small cell (red) are positioned
at the notch surface. Both cells predict Gipc(a) using a displacement u- and force F-
controlled approach. The auto-controlled approach weights the u- and F-controlled
curves such that they match for the small and big cells.

3.3.4.3 Matched Asymptotics

The SLMM+AC approach works for smooth holes. For sharp V-notches, Leguillon [63]
proposed the Matched Asymptotics (MA) approach. Later, it was extended to blunted
V-notches [64, 74, 76]. The basic idea of MA is to use a generalized stress intensity
factor kya, a singularity exponent Aya, and a geometrical coefficient B to compute the

incremental energy release rate [74]

Ginc(a) = ki - a®™*71 . B (3.22)

and the stress

o(a) = kya - ™AL (3.23)

The computation of kya, Ama, and B is not straight forward, but Leguillon [63] provides
a table for \yja in dependence of the opening angle of the V-notch. The singularity
exponent is \yja = 0.5 for a crack and A\yp = 1 for a fully opened V-notch. An interesting
observation is that Gj,. always starts at zero, except for a crack with A\yja = 0.5. For a
crack, Gine(0) becomes the differential energy release rate G, as illustrated by Fig. 3.15d.
Contrary, the stress is always infinite at a = 0, except for Ayja = 1, which corresponds to

the fully opened V-notch, as depicted in Fig. 3.15a.
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4 Toughness optimization

The aim of this thesis is to find geometries that maximize the tensile toughness

UT::/"IxFuodu (4.1)
0

that is the work needed to fully break a 2D plate loaded by uniaxial tension, as depicted
in Fig. 4.1. There are several ways to improve the tensile toughness of a structure:
e.g., by using lattice structures [13, 15], introducing inhomogeneities at different scales
like in natural material as bones or nacre [3]. In this work, the author purely focuses
on introducing holes on a macro-scale above one millimeter. Several research groups
demonstrated that the position and shape of holes significantly influences the tensile
toughness [7, 9, 10]. Yadav et al. [9] found that slits (elongated holes) lead to one of the
toughest structures if the crack propagates perpendicular to the slits. However, for cracks
propagating parallel to the slits, these slits themselves may even act as cracks and thus

drastically reduce the strength and the tensile toughness.
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Figure 4.1: Maximizing the minimum tensile toughness of a plate under uniaxial tension by
varying the hole shapes. The minimum tensile toughness is computed from the
specimens with the hole shapes rotated in 0°, 90°, 180°, and 270°.

That is why the approach, presented in Paper D [34], aims to maximize the tensile
toughness for varied crack propagation directions. Figure 4.1 illustrates this objective. A
uniaxial tensile load is applied to a 2D plate that contains an initial crack in the center
of the left edge. The hole shape should be optimized. In the shown plate, the crack first
propagates from the initial crack into the hole. After this event, marked as 1, a new

crack, marked as 2, initiates at the hole. The crack propagates to the right side and fully
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breaks the specimen. During this fracture process, the force-displacement F'(u) curve is
determined and the tensile toughness Ut is computed. The procedure is repeated for
holes that are rotated by 0°, 90°, 180°, and 270°. Each time the tensile toughness Ur(p)
is computed. Next, the lowest of these tensile toughness min,(Ur(y)) is considered. This
lowest tensile toughness corresponds to a crack approaching from the worst side and this
lowest tensile toughness should be maximized.

One can make a few considerations to manually optimize the hole shape. In general,
the area under the F'(u) curve should be maximized. This can be done by increasing the
force or the displacement. Typical patterns to increase the toughness are circular holes
aligned in a row or a grid [9, 10], as depicted in Fig. 4.2. The holes stop cracks and new
cracks have to initiate at higher forces. However, holes reduce the overall stiffness and
subsequently the forces. Consequently, there is a tradeoff between more holes which stop
cracks more often and a higher overall stiffness. Liu [10] performed a parameter study
and highlighted some circular hole alignments that have a higher toughness than a solid

plate.
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Figure 4.2: Removing material by adding new holes reduces the stiffness.

Furthermore, the hole shape plays a crucial role, as illustrated by Fig. 4.3. Yadav
et al. [9] investigated various hole shapes like slits and circular holes. They found that
slits in loading direction (blue specimen in Fig. 4.3) stop cracks and require the highest
work to break the specimen compared to the investigated geometries. Contrary, a slit
perpendicular to the loading direction, as depicted in orange in Fig. 4.3, reduces the
critical load due to the notch effect [71].

As the slit becomes thinner, its curvature radius becomes smaller. Damani et al. [86]
showed in this case that the critical load also becomes smaller until a critical curvature
radius at which the slit can be seen as a crack [2, 37]. Figure 4.4 illustrates the much
lower critical load for such a cracked specimen (orange) compared to a solid specimen
(blue) with the same cross section.

Slits aligned parallel to the loading direction increase the tensile toughness, whereas

cracks and slits perpendicular to the loading direction reduce it. Consequently, slits can be
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Figure 4.3: An elongated hole (slit) reduces the critical load at which a crack initiates due to the
notch effect.

TRu Tﬂu

FAcritical load

w
S E—

P -

=

Figure 4.4: A crack greatly reduces the critical load.

only optimized for one crack propagation direction and lead to a worse tensile toughness
in the 90° rotated case. An alternative to slits that avoid this issue are stress relief notches
or holes [87]. Figure 4.5 qualitatively compares the F'(u) curve of a specimen with a single
circular hole (blue) with a specimen that contains two additional stress relief holes above
and below the hole in the center (orange). First, the crack propagates, starting from the
initial crack. This occurs at the first drop in the F'(u) curves. Due to the additional holes,
the stiffness of the orange specimen will be slightly smaller. Next, a new crack initiates at
the center hole and here, the critical force of the orange specimen is greater, because the
two stress relief holes deflect the stress from the centered hole. Consequently, the orange

specimen has a higher tensile toughness.

Stress relief holes can also lead to stable crack propagation or even crack arrest. In
most scenarios, a crack will propagate in an unstable manner in tensile tests. That means
that the crack continues to propagate without further load increase until it hits a surface.
The blue specimen in Fig. 4.6 shows such an unstable crack propagation that appears
in the F(u) curve as a drop in the force at a certain displacement. However, during the

work on Paper D [34], the authors found some hole geometries where a crack propagates
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Figure 4.5: Additional holes placed above and below the center hole relieve the stress at the
center hole and lead to a higher critical load for the crack reinitiation (second peak).
The first peak corresponds to the crack propagation of the initial crack.

in a stable manner or even arrests. The orange specimen in Fig. 4.6 shows such a case.
The specimen contains two stress relief holes above and below the crack path. The crack
starts propagating from the initial crack. This causes the first drop in the orange F'(u)
curve. Then, the crack propagates between the two holes. Since the two holes shield the
stress from the crack tip, a higher critical load is required, which leads to a stable crack
propagation. At some point, the critical load for the crack propagation becomes even
higher than the critical load for the initiation of a new crack. This point (2) depends on
the material parameters and the exact geometry. The original crack then stops (arrests)

and the new crack propagates in an unstable manner into the right surface. After this,

the original crack finally propagates further into the top hole.
FA
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Figure 4.6: Unstable crack growth (blue) and stable crack growth (orange): For the orange
specimen, the crack starts growing (1), which causes the first drop in the force.
Then, the crack stops (2), because the holes above and below shield the crack tip
and an initiation at the purple cross is favored. After the newly initiated crack grows
into the right edge, the first crack starts again (3) and grows into the top hole.

In addition to these considerations, an optimization algorithm was used to find tough

structures. For the optimization process, two crucial issues were addressed. The first issue
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is the highly non-linear objective to maximize the tensile toughness. This objective has
multiple local maxima and the evaluation of one hole design takes several minutes. Con-
sequently, an efficient optimization algorithm is required which can escape local maxima.
The second issue is the representation of arbitrary holes. For optimization, it needs to be

possible to create new holes with smooth contours or modify and delete existing holes.

4.1 Optimization algorithm

In this section, the ”Truncated Breadth First Search with Limited depth” (TBFSL) op-
timization algorithm developed by the author and published in Paper C [88] is described.
Common topology and structural optimization methods work well for objectives like min-
imizing the compliance [89], but they do not perform well for objectives with many local
optima. To optimize the tensile toughness, a global optimization algorithm is required
that can escape local maxima and requires as few evaluations as possible.

Variable Neighborhood Search (VNS) [90-92] algorithms are such global optimization
methods. The idea of VNS is to explore the neighborhood of the currently best design.
If no improvement was achieved in this neighborhood, the neighborhood expands until a

better design is found or the termination criterion is met.

. material . hole
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Figure 4.7: TBFSL iteration: The optimization variables f;; are aligned in a grid and are assigned
either to a material or a hole. In this iteration, up to three variables vary in a
rectangular region (white framed) with an edge length of 2.

The TBFSL algorithm follows the idea of VNS and is suitable for spatial 2D problems.
It aligns binary variables into a 2D grid, as depicted in Fig. 4.7. The variables represent
either a material or a hole. Starting from an initial design, all designs in a certain
neighborhood are evaluated until an improvement is found. The neighborhood is defined
by two parameters: the size of the region to modify Ar,.. and the number of differing
variables Ady.x. The latter describes how many variables can be changed in one iteration.
The region size Ary. corresponds to the perimeter of a rectangle. All variables changed
in one iteration have to lie inside a rectangle of this size Arpy... In the case of Fig. 4.7,
Ad = 3 variables change inside a rectangle of size Ar = 2. Note, that TBFSL first

starts iterating designs closest to the current design with Ad = 1. If no improvement is
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found, the neighborhood expands to Ad = 2 and so on until it exceeds Adp,.x. Then, the
optimization terminates.

In Paper C [88], the authors showed that TBFSL performs better than alternative
common global optimization algorithms like Genetic Algorithms [93-96] and Simulated
Annealing [97]. The algorithms TBFSL, GA, and SA were assessed with an example
problem: the endpoint displacement of a bending beam loaded by its own weight under
gravity was minimized. Figure 4.8 depicts the bending beam that is fully constrained on
the left side. The endpoint displacement u is measured at the top right corner. The dark

gray squares are fixed to be material to guarantee a connection to the top right corner.

f11 f12 f13 f14 f15 f16 f’_ JF18
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ﬁl-l ﬁl-Z ﬁl-3 ﬁl-4- ﬁl-S ﬁl-6 f4-7 f4-8

Figure 4.8: Minimizing the endpoint displacement u of a cantilever beam loaded by its own
weight under gravity g. The design space is highlighted by a violet frame.

The authors found that TBFSL is more than ten times more efficient than GA and SA,
in the sense that it needs more than ten times fewer iterations for the same result. For

this reason, TBFSL was chosen for the tensile toughness optimization problem.

4.2 Representation of hole shapes

In the previous section, geometries represented by square pixels were optimized. Such
designs are not suitable to maximize the tensile toughness, because each sharp corner of
a square pixel acts as notch, which decreases the toughness. Consequently, a method to
generate smooth holes is required.

Figure 4.9 illustrates the smoothing approach used in Paper D [34]. The optimization
algorithm alters variables f;; aligned in a 2D grid. These variables are assigned to so-
called support points which are shown as spheres in Fig. 4.9a. These support points are
interpolated using Radial Basis Functions (RBF) [98, 99]. The RBF approach interpol-
ates a value at a certain position "P” by a weighted sum of all support point values.
The weighting factors depend on the distance of the position ”"P” to the support points.
Support points closer to ”P” have more influence than support points far away from ”P”.

In the next step, a new plane, depicted in grey in Fig. 4.9b, is defined at a level between

the orange (material) and green (hole) values. The hole shapes are then generated by
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(a) RBF interpolation of binary variables (b) Contour extraction of the interpolation

Figure 4.9: Generating smooth geometries from the variable grid. (a) The variables are interpol-
ated. (b) The interpolation is cut at a certain level and the contour (black line) is
used as hole geometry.

intersecting the RBF interpolation with the plane.
A drawback of this approach is that the hole surface can never cross the position of the
support points. To compensate this, the optimization is performed multiple times with

support points aligned in various grids.

4.3 Optimization result
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Figure 4.10: Start plate (blue) and plate (orange) optimized in Paper D [34] with the F'(u) curve.

In Paper D [34], the TBFSL algorithm and the representation of holes shapes are used
as described before to optimize the tensile toughness of a PMMA plate. All optimization
runs started with a solid plate, as depicted blue in Fig. 4.10. The orange plate is the result
of the optimization. It has several holes into which the crack propagates such that it has
to reinitiate at a higher load. The critical load for crack reinitiation is further increased
by stress relief holes that are placed above and below the initiation positions. The F'(u)
curve of the orange plate shows a much tougher material response compared to the blue
curve. The tensile toughness of the orange plate is about 4.5 times higher than the tensile

toughness of the blue plate.
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5 Compilation of the thesis

The second part of this thesis contains the following appended papers. Paper A-Paper C
are published in peer-reviewed journals under the creative commons license CC-BY 4.0.
Paper D has been submitted to a journal and is under review. Table 5.1 lists the contri-

butions of the author.

Paper A: M. Rettl, M. Pletz, C. Schuecker, Efficient prediction of crack initiation from
arbitrary 2D notches, Theoretical and Applied Fracture Mechanics 119 (2022) 103376.
10.1016/j.tafmec.2022.103376.

Paper B: M. Rettl, S. Frankl, M. Pletz, M. Tauscher, C. Schuecker, ConForce: Compu-
tation of configurational forces for FEM results, SoftwareX 26 (2024) 101718.
10.1016/j.s0ftx.2024.101718.

Paper C: M. Rettl, M. Pletz, C. Schuecker, Evaluation of combinatorial algorithms for
optimizing highly nonlinear structural problems, Materials & Design 230 (2023) 111958.
10.1016/j.matdes.2023.111958.

Paper D: M. Rettl, M. Pletz, C. Schuecker, Optimizing the hole geometry of 2D plates
for maximum tensile toughness, 10.2139/ssrn.4962118. under review in Engineering Frac-

ture Mechanics.

Table 5.1: Contribution of the author to the papers.

Contributions Paper A Paper B PaperC PaperD
Conceptualization 80 % 50 % 80 % 60 %
Method development & implementation 100 % 60 % 100 % 60 %
Numerical study 100 % 80 % 100 % 70 %
Writing — Original Draft 80 % 80 % 80 % 60 %



https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.tafmec.2022.103376
https://doi.org/10.1016/j.softx.2024.101718
https://doi.org/10.1016/j.matdes.2023.111958
http://dx.doi.org/10.2139/ssrn.4962118
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6 Conclusions

Damage-tolerant materials are required for many engineering applications. This work
presents a method to make specimens more damage-tolerant. This can be done by op-
timizing the tensile toughness, which is the work required to fully break a specimen. To
compute the tensile toughness, the whole fracture process including crack initiation and
propagation must be predicted. Crack initiation can be predicted by the Coupled Cri-
terion that involves the incremental energy release rate. However, the incremental energy
release rate is computationally expensive to compute, especially if the initiation position is
not known in advance. In Paper A, the author developed a scaling law based meta model
that is able to efficiently and accurately approximate the incremental energy release rate
and subsequently predict crack initiation. Since the presented approach is very efficient,
it can be applied to every possible initiation position and state the most critical one.

After a crack has initiated, the crack propagates in a certain direction once the critical
load is reached. In this work, the direction of the maximum energy release rate is assumed
to be the crack propagation direction. Like for the crack initiation, this requires the com-
putation of an energy release rate. Contrary to the crack initiation, now the differential
energy release rate is required which can be computed using FEM simulations. However,
this needs to be done for every possible propagation direction to find the direction of
the maximum energy release rate. Many FEM simulations would be required to do so.
As a more efficient alternative approach, the J-Integral can be used to approximate the
propagation direction. More precisely, Configurational Forces are used to compute the
J-Integral, because Rice’s original formulation of the J-Integral cannot be computed using
FEM results. The implementation of the Configurational Forces is available as a Python
package and as Abaqus Plugin, as presented in Paper B.

With the developed methods, it is possible to predict the fracture process and evaluate
the tensile toughness. However, optimizing the tensile toughness is a highly non-linear
problem with many local maxima. In Paper C, the authors developed the ”Truncated
Breadth First Search with Limited depth” (TBFSL) optimization method that is suitable
for such a problem. The idea of TBFSL is to search for better solutions in the neighbor-
hood of the current solution. If no better solution is found, TBFSL extends the search
radius in the neighborhood. The TBFSL algorithm was assessed against common global
optimization algorithms like Genetic Algorithms and Simulated Annealing. For this, a
test problem was defined: the endpoint displacement of a bending beam loaded by its own

weight should be minimized by adding and removing material in the design space. To
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obtain a similar solution, TBFSL needs on average a lower number of FEM simulations
compared to the Genetic Algorithm and Simulated Annealing.

Finally, Paper D describes the optimization of the tensile toughness of a 2D plate with
arbitrary-shaped holes. The fracture process was predicted using the Configurational
Forces implementation of Paper D. The TBFSL optimization algorithm maximized the
tensile toughness and yielded designs with a tensile toughness that is more than 4.5 times
higher compared to a solid design.

This work is a first step in understanding toughening mechanisms as they occur in
natural materials. Based on observations in natural materials, the author demonstrated a
method to optimize the toughness of engineering materials. The author showed that the
toughness can be increased even for brittle base materials by adding holes. These holes
can stop crack propagation, which is an important toughening mechanism. In contrast to
the problem investigated in this work, many natural materials combine several materials
with various properties. Such natural materials can be seen as guideline to further increase
the toughness of engineering materials. For example, one could extend this work and add
inclusions instead of holes to a base material. The inclusion could be a softer material.
Furthermore, it is important to validate the predictions of the fracture process with real

experiments.
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ARTICLE INFO ABSTRACT
Keywords: An efficient two-scale approach for predicting mode I crack initiation from 2D notches based on the Coupled
Coupled criterion Criterion is proposed. On the scale of the local model, a voxel model containing the notch simulates the

Finite element analysis
Fracture mechanics
Meta-modeling

displacement field. The crack model is introduced on the smaller scale and is defined in an image space. Based on
the notch curvature, the precomputed crack model can be transformed to any position on the notch surface. The
displacement field of the local model is fitted at the boundaries of the transformed crack model by predefined
deformation modes and results can be obtained by a superposition of precomputed crack model results. By
introducing the crack in the crack model, the stiffness of this model is reduced and thus, the incremental energy
release rate can be inaccurate. Therefore, a boundary relaxation approach is used to obtain more accurate energy
release rates. It is shown that the method is very efficient as it requires only 3:20 min to analyze 50 positions on a
notch compared to 2:21 h of a conventional approach using full FEM simulations. Thereby, the method is reliable
in identifying the critical position. The predicted failure index at this position deviates by at most 10.8%. Since
the crack model limits the length of initiating cracks, Irwin’s length K2 /62 of the material must lie below 2.53
times the radius of a circular hole under uniaxial tension. For a brittle material like Al,O3, notches with a
curvature radius above 31pm can thus be analyzed.

In contrast to defining the critical distance as a material parameter,
Leguillon’s Coupled Criterion (CC) computes the critical distance by
combining a stress- and an energy-based criterion [5]. The CC within the
finite fracture mechanics framework investigates the instantaneous
initiation of a finite size crack [6]. Experiments with V-notched bending
beams of PMMA, PS, or brittle ceramics show good agreement with the
CC [7-10], whereas uniaxial tensile tests on PMMA plates containing a
hole are predicted mediocrely by the CC [11]. However, compression

1. Introduction

Notches are inevitable in engineering components and often lead to
failure. Failure is commonly predicted using stress-based approaches.
Such criteria like the maximum principal stress criterion define a
material-dependent failure surface that must not be exceeded by the

computed stresses, otherwise, failure will occur [1]. The stresses are tests on plates with a hole show a relative error between the CC pre-

computed for each position to check if a component survives the applied dictions and the average experimental applied stress of at most 20%
load. For the computation of an arbitrary-shaped component, only one [12]

FEA simulation is required. This makes these approaches versatile and
efficient, but they lack accuracy for some cases. For sharp cracks, the
computed stress at the crack tip rises to infinity regardless of the applied
load and each stress-based criterion immediately predicts failure,
whereas experiments show that even in the vicinity of cracks, failure
doesn’t occur until a critical load is applied [2].

The Theory of Critical Distances (TCD) honors this finding by aver-
aging the stress from the surface of the notch to a critical distance into
the material. The averaged stress must not exceed the strength, other-
wise, failure will occur. The critical distance is assumed to be a material
parameter [3]. Unfortunately, this assumption is not plausible, as Taylor
demonstrated with the example of a bending beam [4].

Currently, there are two possibilities to implement CC. The first one,
called Matched Asymptotic approach (MA), is extensively discussed in
the literature for sharp and blunted V-notches [5,7,8,13,14] and plates
containing a circular hole [13,15]. The MA approach is a two-scale
approach with a far and a near field scale. It is an efficient and accu-
rate method, but it is limited to relatively simple geometries [12] and is
not versatile enough for engineering problems. The second method
discretizes the geometry using the Finite Element Analysis. We call this
method Full FEA. It is indeed versatile and accurate enough to handle
complicated geometries, but several FEA computations are necessary
that significantly increase the computation time, especially if Full FEA
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E-mail address: martin.pletz@unileoben.ac.at (M. Pletz).

https://doi.org/10.1016/j.tafmec.2022.103376

Received 14 January 2022; Received in revised form 29 March 2022; Accepted 25 April 2022

Available online 30 April 2022

0167-8442/© 2022 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/).



57

M. Rettl et al. Theoretical and Applied Fracture Mechanics 119 (2022) 103376
Nomenclature Superscripts
Q quantity in real space
Acronyms Q quantity in virtual space
TCD Theory of Critical Distances
cC Coupled Criterion i arameters
MA Matched Asymptotic r notch surface
FEA (FEM) Finite Element Analysis (Finite Element Method) s position on the notch surface
SLMM  Scaling Law Meta-Model c curvature of the notch surface
DC Displacement Control a virtual crack length
FC Force Control ap, -, a, introduced virtual crack lengths
AC Auto Control Lh,b,r length, height, thickness, radius
Al,O3 Aluminium oxide L Irwin’s length
PMMA  Poly(methyl methacrylate) Pmin ratio hem to Lim
PS Polystyrene P+ Psotia>Proten. €1€ment densities
E Young’s modulus
Coordinate systems v Poisson’s ratio
Xy sp.ecimen coordinate system @, Wor displacement vector
é}] , aligned normal to the notch surface Up reference value of a deformation mode
En virtual space coordinate system

Matrix and vector convention

N
Q = (Q;); vector and summation notation
0 = (Qi);;, matrix and summation notation

Subscripts

Q. critical quantity
Qup upper bound for Q.
Qiow lower bound for Q.
Qumax maximum quantity
Quin maximum quantity

Qsx,Qy,Qyy tensor components in xy
Q:z, Qzy, Qqy  tensor components in &n

Q maximum principal

Qrc force-controlled quantity

Qmc mixed-controlled quantity

Q. corresponds to elements

Qrunl corresponds to the full FEM

Qm corresponds to the local model
Qem corresponds to the crack model
Qrp corresponds to a reference point

D, Day, Dimp - set of deformation modes

F reaction force

K stiffness matrix

¥ difference of stiffness matrices

c stress

o material strength

£,y normal strain and shear strain

I strain energy

Gine incremental energy release rate

G, material fracture energy

Kie material toughness

If, FI load factor and failure index

Aoy Al scaling variables

Neracks number of introduced virtual crack lengths
Nficc, Nricy  NUMber of sampling points

Tpos number of positions on the notch surface
Nelim number of voxel elements

Aups absolute tolerance

Arel relative tolerance

AGiy, Ao maximum relative effect by changing a parameter
Apl applicability factor

max

must be applied to several candidate positions, because the critical po-
sition on a notch is not known. Li [16] uses a sophisticated watershed
floating process to find critical positions, but the method is still not
efficient enough for engineering problems. Furthermore, cohesive zone
models (CZM) provide close predictions to the CC but need computa-
tionally expensive non-linear analyses and need to be manually placed
on critical positions on the notch [17-19]. For engineering problems,
stress-based or TCD approaches might be inaccurate in some cases. The
CC on the other side agrees well with experiments, but its imple-
mentation lacks either in versatility when using MA or in efficiency
when using Full FEA. CZM are not practical for arbitrary shaped notches
if the crack path is not known a priori.

The goal of this work is to propose a novel implementation of CC that
is efficient, versatile, and accurate enough for engineering problems.
Therefore, we use FEA computations, as with the Full FEA approach, and
a multi-scale model, as with MA. We use two FEA models. The local
model contains the whole notch and is implemented as a voxel-model,
because it is easy to create a voxel-model from an image of a notch.
The crack model contains the crack and predicts the stresses and the
incremental energy release rate needed by the CC. The crack model is
used like a submodel of the local model. One drawback of using sub-
models is the assumption that the crack is small compared to the size of

the submodel [20]. Therefore, we propose a relaxation mechanism for
the boundary conditions of the crack model that weakens the assump-
tions and gives accurate predictions. Furthermore, the crack model is
precomputed in advance for a given material. Like Budinger [21], we
utilize a scaling law and a meta-model. This allows us to apply the
precomputed model to arbitrary notch geometries efficiently and
versatilely.

Crack initiation in brittle materials often leads to unstable crack
propagation and component failure. To state whether crack initiation
and subsequent failure occurs, we define a failure index that predicts
crack initiation if it becomes 1 or higher. We validate the proposed
method with the Full FEA approach and show that the most critical
failure indices for four examples deviate at most 10.8%. However, the
method needs only a few minutes to compute the failure index along a
whole notch surface, whereas the Full FEA takes several hours to do so.

2. Methods

The aim of this work is to provide efficient, versatile, and accurate
predictions of crack initiation at a notch using the Coupled Criterion
(CCQ). For that purpose, the maximum principal stress o1(7) along a vir-
tual crack path 5 and the strain energy I1(a) for the virtual crack with
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various crack lengths a is required. Fig. 1 depicts the two possibilities
Full FEA and our novel approach SLMM to calculate o1(5) and I1(a) at a
position s = s, on the notch. Both methods start with a model containing
a notch. For example, a strain tensor can be used as a boundary condi-
tion at the margins of the notch model. The surface of the notch is
described as a cubic B-spline.

(Fx(s) >
Ty(s)

where s defines the position on the spline [22]. The position s is defined
as the path length from the starting point. The first approach Full FEA is
described in detail in section 2.2.1 and uses one FEM analysis to
compute the max. principal stress o1(#) and the strain energy I1,. Further

analyses are necessary with various introduced crack lengths a; to
compute the strain energies I1(a;) = IT;. The second novel approach

—

T'(s) = (€]

SLMM uses a voxel-model to compute the displacement field U (x,y).

The curvature c(s) is derived from the spline ?(s). These parameters are
transformed into image space. Quantities in the image space are marked
by an apostrophe. Next, a precomputed crack model in the image space
predicts the stress tensor ¢ (') as well as the strain energy IT (a ). After
the back transformation to the real space, o1(n) and I1(a) are computed.

2.1. Coupled criterion (CC)

The CC states whether a crack initiates at a specific position P of a
notch under a certain load. Therefore, CC needs the strength . and
fracture energy G. of the material as well as the computed stress and
strain energy curves along a virtual crack path 7. As shown in Fig. 2a-c),
we assume a crack path # normal to the notch surface straight into the
material and we use the maximum principal stress o1(77) that is evaluated
in a model without a crack. In contrast, the strain energies II; are
computed in models containing a virtual crack with lengths a;. The
strain energy I1(a) is interpolated piecewise linearly.

The incremental energy release rate.

I, — I(a)

ha ifa>0

Gim'(a) = (2)

oi2 fa=0
m
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is the difference of the strain energy without a crack Ilp and with a
virtual crack I1(a) in relation to the area of the virtual crack surface b-a,
where b is the thickness of the specimen and a is the length of the virtual
crack. According to the energy criterion depicted in Fig. 3a), initiation is
possible for a length @, and above where G, is higher than the fracture
energy G.. The energy criterion thus results in a lower bound a, for the
crack length a..

On the other hand, the stress-criterion depicted in Fig. 3b) states that
initiation is only possible up to a length a,, where the max. principal
stress oy is higher than the strength o.. Consequently, the stress criterion
gives an upper bound for the crack length q,.

In linear analyses, a load factor If > 0 can be used to scale the load
linearly. The max. principal stress ojlf is proportional to the load fac-
tor, whereas Gi,.xlf? is scaled quadratically. The CC shown in Fig. 3c)
computes the critical load factor If, such that the energy- and stress-
criterion are fulfilled simultaneously at the crack length a.. Further-
more, a failure index FI = 1/If, is defined [23]. There are three possible
statements:

1. FI < 0: No crack will initiate.

2. 0 < FI < 1: No crack initiates under the current load, but if the load is
scaled by If , initiation will occur.

3. 1 < FI: A crack will initiate under the current load.

2.2. FEM models

This section describes the used FEM models. The Full FEA approach
computes the max. principal stress o;(y7) and the incremental energy
release rate Gj,(a) directly, whereas the local model and the crack
model are used within the novel SLMM approach to compute oy() and
Ginc (a)~

2.2.1. Full FEA

Full FEA is a common approach to implement CC. As depicted in
Fig. 1, Full FEA uses fully modeled FEM analyses. The models contain a
virtual crack with increasing length a. In total, 1 4+, virtual crack
lengths a; are introduced from ap = Omm to a,. We chose the maximum
crack length a, as described in section 2.3. In each simulation, the strain
energy II; is evaluated. In the first simulation with a = ap, the max.

(a) = I,
a= Omm’

Fig. 1. For a given notch defined by the
spline F(s) the max. principal stress
oi(n) as well as the strain energies I1(a)
along the virtual crack path 1 are eval-
uated at a position s = s,. This can be
done either by the Full FEA approach
that uses several FEM analyses or by our
novel SLMM approach that calculates

l(a) = I,
a = ay

the displacement field W(x,y) with a
voxel-model and the notch curvature

Precomputed crack model: c(s) with the spline I'(s). These parame-
Ty ters are passed to a precomputed crack
AO (7)) model that is computed once in an
L , image space for a given material and
Voxel-model: I]I II ((1 ) = HO predicts o1(n) and II(a).
ulx,y) a’ = 0 mm
) EH(G)
a; an o1(1)
L
“~_Notch-geometry: |
D c(s) Mm'@@) =1, M'@)=I1I,
I'(s) a' =aq a' = ay
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Fig. 2. a) CC is applied on the position P on the notch surface. The crack grows normal to the surface into the material. b) The maximum principal stress o;(n) is
evaluated along the crack path 1. c¢) The virtual crack is introduced with various lengths a; and the strain energy IT; is computed for each a;.

Tinc

(

all

> 1] > 1]

e =ay = q

Fig. 3. a) According to the energy criterion, crack initiation is possible for a length a, and above, where the incremental energy release rate G, is greater than the
fracture energy G.. b) According to the stress-criterion, crack initiation is possible up to a length a,, when the max. principal stress o, is greater than the strength c.. c)

The load is scaled by a load factor If that is proportional to o;«If and Gipc If2, According to CC, the critical load factor If, is chosen, such that both criteria are fulfilled

at the same crack length a..

principal stress oy(y) is additionally computed. With the calculated IT;
and o1(n) values, the CC is applied as described in section 2.1.

We use quadratic 2D elements with reduced integration. At the
model borders, the mesh size is L 1 = 0.1-I where [ is the length of the
model. In the region around the virtual crack, a fine mesh size Iy 2 =
0.01-a, is used. The mesh parameters L ,; = (101, 1, 101,2) are validated in
section 3.1.3. During the virtual crack growth, we only add new nodes at
one crack side, but do not remesh the model. This reduces numerical
errors.

2.2.2. Local model

In contrast to the Full FEA approach, the novel SLMM approach uses
two FEA models. The local model is one of them. We implemented it as a
voxel model such as in Fig. 4a,b) because a pixel image of a notch can be
easily transformed into a voxel mesh. Furthermore, a voxel mesh in-
terpolates a displacement field T (x,y) much faster than an unstructured
mesh. Fig. 4a) depicts the material density p, which is almost zero
Pooteh = 0.01 (white) inside the notch and one p;,q = 1 (gray) in the full
material region. The element Young’s modulus E; = p-E weights the
material Young’s modulus E by the material density p. Fig. 4b) shows the
deformed model under uniaxial vertical tension. The local model has a

length [, and a height h;,,. We chose the element size
Lim = 0.001-/-him, such that the model contains approximately
TNeiim ~ 10° linear rectangular fully-integrated 2D elements. The mesh
size is validated in section 3.1.3.

2.2.3. Crack model

The crack model is the second FEA model used by SLMM besides the
local model. Fig. 5 shows the crack model and Table 1 lists its parame-
ters. The crack model is defined in an £ ;' image space. Quantities in the
image space are marked by an apostrophe. Section 2.3 describes how the
left curved side approximates a notch surface, how the Young’s modulus
E’ and other dimensions are scaled to the real space, and how the cur-
vature ¢ is used by a meta-model. The Poisson’s ratio v depends on the
material. We use a structured mesh with quadratic rectangular and
reduced integrated 2D elements. The selection of the element size [

el,cm
as well as the number of introduced crack lengths ng.. is argued in
section 3.1.3.

The deformation modes shown in Fig. 6 define the boundary con-
ditions of the crack model. A deformation mode.
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a) lel,lm b)

llm |

Fig. 4. The local model is implemented as a voxel model. a) The undeformed
mesh depicts the element density p, which is almost zero (white) inside the
notch and one (gray) in the material. The element size 1., model length I,
and model height h, are shown. b) The displacement field U(x, y) that results
from a FEM analysis deforms the voxel mesh.

AE

an
7 12 ']’
c ¢ —> | [5-
§' }
7 !
cm,e cm

’

Fig. 5. Crack model with curvature ¢, length I._, height h'Cm and maximum

cm?

crack length a. The extension length l’mE goes toward the curved surface. The

crack model is defined in the & n'-image-space.

Table 1

Crack model parameters.
Young’s modulus E 1 MPa
Poisson’s ratio v -1t 0.5
Length [ 2 mm
Height R 2 mm
Maximum crack length a, 1 mm
Curvature ¢ —1 to 0.5/mm
Element size lfmm 0,01 mm
Number of cracks Neracks 10

) e (FlEo)

o) = (1)) ®

defines the displacements in &- and n'-direction with arbitrary 2D
functions f: (¢ ,n') and f, (¢ ,n') respectively. These functions are scaled

by a reference value u,; that can be any nonzero value. The unit of ﬁ; (&,
n') is (mm) and the 2D functions f:;(& ,#') and f,;(¢ ,#') can have a unit
we call “unit(f;)”. The unit of uy; is (mm-unit(fi) ! )

To define the &- and 5 -displacements independently, one of the

Theoretical and Applied Fracture Mechanics 119 (2022) 103376

functions f: (&, ') or (£ ,7) is set to zero for each deformation mode

E’;(f’,n'). Fig. 6 depicts the deformation modes {ﬂ’l (&,7))i=1,2,3,6,
7,8,9,10 } for é&-deformations on the left side. The n-function f; ;(&,#7) is
set to zero for them. On the right side the deformation modes {71 (GR]

i=4,511,12,13,14,15,16 } for n-deformations with f; ;(&,17) = 0 are

shown.
The final deformation.
s <"‘;1PJ>§'7’7Y> = Z u;{P.i‘W;(E?n’) @

u €D’

is a linear combination of deformation modes where dimensionless
reference point displacements ugp; act as scaling variables. Reference

points are used in the FE software to apply a displacement as boundary
condition or to evaluate reaction forces. This procedure, also known as
the linear superposition principle, allows the results to be precomputed
for each deformation mode independently and then simply be summed.

The U;(fy,n’) functions used in the analysis are collected in the set D'
The final deformation 7 (u;wi, 5’7;7’) defines the displacements along
the boundaries of the crack model, except the left curved side which is
not constrained.

The 2D functions are not limited to the £’ image space as fi(& , 1),
but are later used in the &n real space as f;(&, ) as well. So, we omit the
apostrophe for ¢ and 7 when we speak of them. In this work, the 2D
functions are generated using the scheme.

J(&n) = & withpe, py € [0, 1, 2]andp; +py > 0. )
Note that the units of the functions unit(f) = (mmP: ™) depend on the

powers p; and p, and consequently are not uniform.

For accurate predictions, the full set of deformation modes D, =

{ﬂ'; (E,7)fi=1-16 } is neither required nor recommended. By acti-
vating and deactivating each deformation mode, we found that the
subset D;mp = {ﬁ;({,n’)\i = 1---5} is capable to sufficiently fit the
deformation field at the circular cavity shown in the results section 3.1.1

in Fig. 13 under uniaxial tension with a coefficient of determination of at
least R? > 0.9. The effect of using [;,,, instead of D, is shown in section

3.1.3. Fig. 6 highlights ﬁ;(g',n’) € ID;mp by red frames. In the following

section, we use only D' = Dynp»> and disregard other deformation modes.

Knowing the deformation modes D', the crack model can be pre-
computed. As shown in Fig. 1 the crack model contains a virtual crack
with increasing length a'. Like for the Full FEA approach, 1 e
virtual crack lengths g; are introduced from a, = Omm to a,. This pro-

cedure is repeated for each deformation mode. Therefore, the corre-
sponding reference point displacements.

g = { = K ithi k= 1-[D| ©
of the k-th repetition are used in I (u;{P,ib cf',ﬂ') to apply only the k-th

deformation mode as a displacement-controlled boundary condition.
The cardinality |D’| is the number of deformation modes in the set D'

The reference point reaction forces Fyp, ; (a]i) are computed and depend

on the virtual crack length a}. The stiffness matrix.

Kii(@) = Froa () inv (16r,0) @
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Fig. 6. Polynomial deformation modes for displacements in &-direction (left) and n-direction (right). The red framed deformation modes are important for the crack

initiation and are collected in the set [I]>;mp
the reader is referred to the web version of this article.)

is computed with Fy, ; (a]'-) and the inverse inv (u;zp’ik) of the reference
point displacement matrix. For simplicity, we use the notation Uy, =

(u‘Rpi)i, Frp (a}i) - (F;{R,. (a}i) )l_ and K (a]’.) - (K;k (a}t) )i_k with i,k =

1---|ID'| and j = 0-++Ngreks. Knowing the stiffness matrix, the strain en-
ergy.

i (%7;2},) =K <a]',>.7;zp ®)

can be evaluated for any virtual crack length a} and arbitrary reference

point displacements U gp. The incremental energy release rate.

J
Gy (0 mim, uRP) = O%
——

=u RP%M rP> Va > Omm (C))

is computed by a matrix function ¥’ ( ) The components of ¥ < ) are
interpolated piecewise linearly along a'. The piecewise linear interpo-
lation W (a') preserves the positive semi definiteness of W' (a]> This
release rate

guarantees a incremental

G;nc (a’ ’ H>RP) .

In contrast to the Full FEA approach, the max. principal stress is not
computed directly. Instead, the components of the 2D stress tensor.

non-negative energy

. All other modes are ignored in the following sections. (For interpretation of the references to colour in this figure legend,

(10)

6.(1) = [”égk(’i') ‘7;1;,/((’7\) :|

”ﬁg.k(’i.) 0-;||],k )

are interpolated piecewise linearly along the virtual crack path ;" in the
simulations with a virtual crack length of a.
The final 2D stress tensor.

O_~<n.77;“)>: Z 5;((’7‘)""1@,1' an
k=i=1-|D’|

is a linear combination that weights the stress tensors 6, (y') with the

corresponding reference point displacements ugp;. The max. principal

stress o; <;1',7RP> is the highest eigenvalue of the stress tensor
s =
7 (1 o)

2.3. Scaling law Meta-Model (SLMM)

The scaling law meta-model uses the local model and the crack
model described in the previous sections to predict the max. principal
stress o1(n7) and the incremental energy release rate G, (a). The local
model exists in the real space, whereas the crack model is defined in an
image space. The next section describes how quantities are transformed
from one space to another.

2.3.1. Scaling approach

The dimensional analysis defines how a physical system is converted
to another equivalent physical system [24]. In this work, we want to
convert between the image space containing the crack model and the
real space containing the local model. Therefore, scale factors 4; are
introduced for all dimensions. We use a dimension system with the two
dimensions, length (mm) and stress (MPa), and introduce the two cor-
responding scale factors 4 and A,. Quantities and factors corresponding
to the image space are marked with an apostrophe. To show how the
scale factors are used, we first define a quantity in the image space.
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Q' = ¢ -mm”-MPa™ (12)

with a dimensionless factor ¢ and a unit (mmP-MPaP°) which is defined
by its powers (p;,ps). To transfer the quantity to the real space.

Q = g-mm” -MPa” = ¢ -(};-mm)"-(1,-MPa)"™ 13)

the length and stress units are multiplied by the scale factors. Such scale
factors are commonly used to apply the CC [25]. It is crucial to convert
all relevant quantities of a physical system because converted quantities
must not be used alongside non-converted quantities.

The stress scale factor.

E
As(E) = = 1
(B) =1 (14)
is the ratio between the material Young’s modulus E and the Young’s
modulus E used to simulate the crack model in the image space. The
length scale factor.

ac, o) =% (15)
c

is chosen, such that the converted curvature of the crack model in the

image space ¢ -4;* fits the notch curvature in the real space c. If ; and ¢

are known and ¢ is searched, it is possible to rearrange the above

equation to.

CY (C,M) = C'ﬂ] . (16)

As shown in Fig. 7, crack models with various curvatures ¢’ can be
scaled by a factor 4 such that they fit the curvatures c(s) at arbitrary
positions s on the notch surface. In Fig. 7, the first crack model a) has a
higher absolute curvature |¢'| = 0.1mm~! than the second crack model
b) with |¢'| = 0.05mm™'. Therefore, the scale factor for model a) is twice
as high as the one for model b) to fit the local curvature of the notch
surface. At position s;, both crack models are relatively small and since
the virtual crack is introduced up to a length of half of the crack model
a, = l.n/2, the max. principal stress o1(a), and the incremental energy
release rate G;,.(a) can be predicted only up to a small a,. One possibility
to reduce this limitation is to simulate several crack models with various
curvatures ¢ and choose the best one, as described in section 2.3.5.

a) b)
c' =
¢’ =—-0.1mm™? —0.05mm™1
h=4 41, A=
o
c'é/4 &~
f =]

=1 lem, |4, =0.5
(HEE s

11:0.3 A]=015
O o
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With the known scale factors 4, and A, all other quantities can be
transferred between the image and real space. The quantities maximum
crack length a,, cell length L,,, and cell height h., all have the unit
(mm?!-MPa®) and are scaled by 4 = A 12 as.

a,(4) = a/"vl]
lem() = Lok - a7z
hem(A) = I, A
To scale a quantity in the opposite direction from the real space to
the image space, the signs of the scale factor’s powers are inverted. For
example, the virtual crack length a and the coordinates  and & have the
unit (mm!-MPa®) and are scaled to the image space by ;.

a(a, ) =ai™
n(mA) =na"
E(E k) =&a" 18)

The deformation modes are converted first from the image space

T,(€.,n), to the real space U;(¢,n). Then, the corresponding dimen-
sionless reference point displacements ug,; are fitted in the real space.

To transfer the deformation modes 7; (€,17') from the image space to the
real space (&, 7), the reference values u,; and the 2D functions f;(& , )

must be scaled. The functions f;(¢,5) are simply converted to f;(£,7) by
inserting the real space coordinates & and 7. The reference values uy,

have units (mm-unit(f,-)’l) that depend on the unit of f;. Since the

functions we use are polynomials f;(&,57) = &+ 5P, their units can be
expressed as (mmPs*71). Consequently, u,; have units (mm' 1) and

are scaled by 4 = 4, 747710 as,
uoi(h) = 1y -y P 19)

The transformed deformation modes.

TiEn b)) = um(x,)-@gz Z; > €D (20)

and the dimensionless reference point displacements uRPi(URp'i) = Ugp;

Fig. 7. The curvature in the crack model ¢’ is set to —0.1mm! and —0.05mm™" for two crack models depicted in the columns a) and b). The crack models can be
scaled by a factor A, such that they fit the notch curvature c(s) at arbitrary positions s on the notch surface.
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are inserted into the final deformation in the real space.

7(”RP,I‘757’77/11) = Z up Wi (€,1, 4).- D

7,5|D
The crack model provides the max. principal stress o, <a‘, ﬁgp> and

the incremental energy release rate G, (a', H'RP> in the image space.

Both quantities are transferred to the local model in the real space. The
max. principal stress has the unit (mm°-MPa') and is scaled by 1, = A0,
to.

61(01,46) = 04 22)

The incremental energy release rate has the unit (mm’ -MPal) and is
scaled by 44} = 4+

Ginc (Gv

inc?

My 2) = Giocdidg (23)

2.3.2. Curvature fit of the local notch surface

In the previous section, we aligned scaled crack models to a notch
surface, such that the scaled curvature of the crack model fits the cur-
vature of the notch surface. Therefore, the curvature c of the notch
surface is necessary. Fig. 8 shows how c is determined. The local model
in Fig. 8a) contains a notch. A closed cubic B-spline T (s) = (Tx(s),Ty(s))
describes the surface of the notch. At a specific position s = s,, the axis &
tangential to the notch surface is computed as shown in Fig. 8b). The
normal axis 1) is perpendicular to the tangential axis &. Next, ng . points
are sampled equidistant along the spline ?(si) = (xl-7 yi) in the interval

s € [ e 54l

. Our choice of ng . = 11 is argued in section 3.1.3.

The height h., is chosen in an iterative process described in section
2.3.5. Fig. 8c) shows the sampled and transformed points (xi, yl-)«m»(fi,
n;) in the ép-coordinate system.

2.3.3. Displacement field fit

Once the curvature is extracted, the boundary conditions of the crack
model are determined. To this end, the displacement field of the local
model is computed by a FEM analysis. Fig. 9a) shows the resulting
deformed local model. Fig. 9b) shows the scaled crack model placed at a
specific position s, on the notch. The displacements of the voxel mesh
are interpolated onto ny;, points on the three straight edges of the crack
model boundary. Our choice of ng;,, = 28 is argued in section 3.1.3. The
interpolated displacements are then transformed into the &n-coordinate
system, as shown in Fig. 9¢). The final deformation H)(uRp'h & n, /11) and

an offset vector W = (goﬁ-, r]off) fit the transformed displacements 7j

using the method of least squares by varying the reference point dis-
placements U'rp and. U o

a) : b)
S
14
r L
X
>
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min e — Dot (24)

— =
Urp, U of

7/ — W(MRP,th?Jl)

The offset vector W handles the translation which does not intro-
duce any deformation to the crack model. The fitted reference point
displacements ﬂ}v(s, hem, Lm, ¢) depend on the position s as well as on
the cell height h,, the cell length L,, and curvature c.

2.3.4. Meta-Model

As demonstrated in Fig. 7, it is possible to scale and align a crack
model to any notch regardless of the curvature ¢’ as long as both are
either convex or concave. However, for notches with a high absolute
curvature |c| and crack models with a small absolute curvature |c’|, the
scaled crack model can only predict a crack up to a small length a,.
Therefore, we recommend using crack models with various curvatures ¢
and then choosing the best one. As shown in Fig. 10, the proposed meta-
model consists of n.,, crack models with curvatures c;, ranging from
Crin =—1mm~! to ¢, = 0.5mm~!. We set ng,, = 16, such that crack
models are computed in 0.1 mm~? steps. The minimum curvature c,;, is
determined by the sharp corners of the curved side that distorts the finite
elements, whereas the displacement fit only works properly if ¢, is not
too big.

Each crack model is computed as described in section 2.2.3. The

components of the stiffness matrix K (a ,c ), as well as the components

of the stress tensor 6 <11', Ugps c‘) and incremental energy release rate
Gipe (a',ﬂ’Rp,c'> are computed for each model and are interpolated
piecewise linearly for the curvature ¢. The max. principal stress o; (11",

Ugp, c’> is the greatest eigenvalue of 6’ <r]’ e c').

2.3.5. Application of the SLMM

In the previous section, crack models with various curvatures are
precomputed in advance and an interpolation scheme is given. In this
section, we describe an iterative process to find the best crack model in
the meta-model for one position on a notch. The best crack model pre-
dicts Giyc(a) and o1(n) up to a possibly large virtual crack length a, and
fulfills all constraints defined in the next paragraph.

The code fragment (27) contains pseudo code to find the best crack
model. First, the height h.,, of the scaled crack model is set to a multiple
@min Of the voxel element size L m, because we observed that the scaled
crack model must cover a minimum number of voxel elements to
calculate the reference point displacements properly. Our choice of
@min = 10 is argued in section 3.1.3. Next, the length scale factor 4, is
computed. With 4, all other quantities such as the cell length [, the
curvature ¢, and the reference point displacements wgp can be calcu-

lated in the real space as well as in the image space as [, ¢, and Ugp.

cm

c)

h >E
cm/2

_ hcm/z

Fig. 8. Computation of the local notch curvature c(s). a) A position on the notch surface is specified by s = s;. b) A coordinate system with a tangential axis &, and a
normal axis —1 is defined, and ny;. points are sampled on the notch surface. c¢) The sampled points are transformed to the &n-coordinate system and are fitted by a

quadratic polynomial using the method of least squares.
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a)
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Fig. 9. Computation of the reference point displacements Urp. a) Displacement field U (x, y) of the voxel mesh. At the position s = s,, a coordinate system &n is

aligned. b) The crack cell is placed onto the notch surface and the displacements of W(x, y) are interpolated at ng,, sampling points (gj, nj) on the crack model

border. ¢) The interpolated displacements H’j (arrows) are fitted by a linear combination of the deformation modes (golden line) defined in Fig. 6.

¢’ (mm™1)

< !
-1 -0.5 0 0.5

Fig. 10. Crack models with various curvatures ¢ are evaluated. Results f(c'),
like G, and ¢ are interpolated piecewise linearly.

inc

a) b) c)

Fig. 11. Invalid crack cell alignments. a) The scaled crack cell exceeds the local
model. b) The scaled crack cell intrudes into the notch. ¢) Undercut distorts the
curvature fit.

Then, we can check if the scaled crack model violates one of the
following constraints:

1. The scaled crack model must not exceed the local model as shown in
Fig. 11a)

2. The scaled crack model must not intrude into the notch too much as
shown in Fig. 11b). We allow at most two sampling points of the
displacement fit to lie inside the notch.

3. The notch must not have an undercut in the region where the cur-
vature fit is performed as shown in Fig. 11c). Consequently, the ¢;
values of the sampled points must either increase or decrease
monotonically with the sampled s; values.

4. The curvature in the image space must fulfillc . <c¢ <c

min —

max*

5. The curvature fit (¢, ¢) = c-£2 should approximate the notch surface
sufficiently. To check this, the variance of the fitted curvature

Afitc L E2 2
Var(c) = i ('Ii —¢C 5,‘)

_ =/ 25
(”ﬁl.c - 1)'2?“ f? @3

is computed for the sampled &; and #; values [26]. An accurate fit of the
notch surface fulfills.

Var(c)-h < Ayps + Aver|c-h] . (26)

In this work we use conservative settings for the absolute tolerance of
Aus = 0.01 and for the relative tolerance of A,; = 0.1.

If one of the constraints 1, 3, 4 or 5 is violated the iteration is
stopped. If constraint 2 is not violated, the current length scale factor is
assigned to A;pes: : = 4;. Then, we try a larger scaled crack cell hey, := hep-
(1 + Ajnc) and repeat the loop. Our choice of A;,. = 0.1 increases the
scaled crack cell in each iteration by 10%. After the iteration stopped,
Aibest is used as length scale factor.

hem = @min * lelim

repeat loop:
A = hem

hem
If constraint 1 or 3 or 4 or 5 is violated:
exit repeat loop
If constraint 2 is not violated:
A best =4
hem = hem - (1 + Ajne)

A= Al,best
hem = 4;- h,cm

(27)
Now, all quantities of the crack model in the real space and in the
image space are calculated such as the curvatures c(s, hem), ¢ (¢, 41) and

the reference point displacements U gp(s, h, [, ), 711? <URP>. The crack

model predicts the max. principal stress o (;177 ﬁ'RP, c') along the virtual
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crack path ' (1, 4;) and the incremental energy release rate G, . <a', Uy,

c'> for various virtual crack lengths a'(a, ). After those values are

transformed back to the real space to Giy (G}, 41, 4s) and oy(o}, 45), the
CC computes a critical crack length a. and a failure index FI.

2.4. Boundary relaxation

When a crack grows, the displacement field in the whole component
is influenced. However, our displacement-controlled (DC) submodel-like
approach SLMM only considers the region inside the scaled crack
model near the crack and neglects the additional deformation outside.
So far, we assumed that the influence of the crack growth on the global
displacement field outside the scaled crack model is neglectable. This
assumption is only fulfilled if the crack is considerably smaller than the
crack model. However, by introducing larger virtual cracks that can
have a length up to half of the crack model length, this assumption is
violated and the DC approach underestimates Gi,.(a), as can be seen in
Fig. 12.

Fig. 12 shows two scaled crack models of different sizes as gold-
colored curves (DC) used for the same position on a notch. The two
scaled crack models are expected to return the same Giy(a). The first
model predicts Ginc(a) up to a virtual crack length of a,, whereas the
larger second model predicts Gj,.(a) up to a, 2. Since the first model is
smaller than the second model, the first model underestimates G;,.(a) for
the same crack length a more than the second model, because it con-
siders the influence of the crack growth in a smaller region inside the
model and neglects it in a greater region outside the model. The devi-
ation between the smaller and the larger model is most visible at the
maximum virtual crack a, ; length of the first model.

2.4.1. Force-controlled boundary conditions

An alternative idea to the DC approach would be a force-controlled
(FC) approach, where reference point forces ka are applied instead of
fixing the reference point displacements Ugp(s, h, L, c). The easiest way
to do so is to compute the reference point displacements H);zp(ﬁkp) =
Urgp in the image space first because the stiffness matrix K (a’,¢’) in the
image space is already known. For the unnotched model with a virtual
crack length @ = Omm, the boundary conditions are not affected by a
crack, so the DC and FC approaches are identical. The unnotched model

yields the reference point forces F ppypc (K;),YRP> =K, Uy with

K,(c) =K (¢ =Omm,c) and the displacement-controlled T gp. The FC

Force control

A Ginc

Auto control

Q1 Qn,2

Fig. 12. Two crack models (1) and (2) of different sizes are applied to the same
location on a notch. Both crack models predict the incremental energy release
rate Gi,(a) both force-controlled (FC) and displacement-controlled (DC). At
a,1, both FC and DC are inconsistent. The Auto-Controlled (AC) approach tries
to minimize this inconsistency at a,; and therefore gains more accurate results.

10
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forces F gp pc (K;), E’Rp> and the stiffness matrix K (a',c’) result in the

FC reference point displacements.
7;{P.FC (K, ?;{P,FC> -k '?;{P.FC' (28)

Since K'(a',¢') and thus @ pp e (K’, F;{P_FC> depend on the virtual
crack length @, the incremental energy release rate G, <a’, ﬁ;(m, c'>

—}’ .
Frprc 1s

evaluated for the unnotched model with a virtual crack length @’ = Omm

can be computed along the virtual crack length a'(a, 4).

In contrast, the max. principal stress o; <r]’, Uppre (K;,,

and a stiffness matrix K,(c'). G, (a", 7RP‘FC,C’> and o, (a', 7RP> are

then scaled to the local model to yield Gin (G, 41, 4s) and 61(oy, As). As
depicted in Fig. 12 as dark blue curves, the FC approach overestimates
Ginc. While o1 is independent of the DC or FC approach, Gj,. is under-
estimated by DC and overestimated by FC.

2.4.2. Scaling law Meta-Model with auto-controlled boundary conditions
(SLMM + AC)

The auto-controlled (AC) approach mixes the DC and FC approaches.
Therefore, mixed reference point displacements

Ugpme <H’RP., H)RP’FC,W> = (1 —w)- Ugp +W-Ugppc weight the DC and
FC reference point displacements Ugp (URP,AI> and Ugp e (K',

FRP_FC> by a weighting factor w.

As can be seen in Fig. 12, the incremental energy release rates of two
scaled crack models (1) and (2) diverge the most at a virtual crack length
ay, 1 for the golden DC and the dark blue FC approach. The AC approach
tries to minimize divergence between (1) and (2) by varying the
weighting factor w in an interval w € [0, 1]. Therefore, we continuously
insert previously defined quantities (a', 4, G, , --+) into the incremental
energy release rate.

inc?

G (G )G (G (), T )€ () ) () ).
(29)

such that only the independent quantities virtual crack length q,
position on the notch s, material’s Young’s modulus E, length scale
factor 4 and weight factor w remain free and we can express G, (a, s, E,
A1, w) as a function of these independent quantities. The size of the two
scaled crack models is controlled by the length scale factor 4,. The first
model is half as big as the second model, so the length scale factor is
A1 = 0.5-25. The length scale factor 4, of the second model is
computed as described in section 2.3.

We can now compute two incremental energy release rates Giy (a, s,
E, A1, w) for the smaller-scaled crack model (1) in Fig. 12 and Gi,c (a,s,
E, A2, W) for the bigger scaled crack model (2) up to a max. crack length
ofa,; =a, (/11‘1). As already mentioned, the incremental energy release
rates of the two models of different sizes deviate from each other for the
DC approach with w = 0. Furthermore, the incremental energy release
rates deviate also for the FC approach with w = 1. However, there is one
weighting factor w at which the incremental energy release rates fit
together. The weighting factor w can be found by minimizing the de-
viation of the incremental energy release rates at a virtual crack length

«Qn1
miﬁ“Gne (ﬂn,1 8, E Ay, W) — Gine (an,] 8, E Ay, W) Hz (30)

As shown in Fig. 12, these red SLMM + AC curves do not deviate so
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Fig. 13. Application of the Full FEA, the auto-controlled SLMM (SLMM + AC) and the displacement-controlled SLMM (SLMM) at a circular hole. A strain of e,x = 0,
eyy = 0.1 and v,, = 0 is applied to the model borders. SLMM underestimates Gi,. at longer virtual crack lengths in b), whereas the auto-controlled boundary con-
ditions of SLMM + AC are a good approximation. The max. principal stress o; in c) is computed out of the stress components in d), e) and f) and shows good

agreement of the SLMM/SLMM + AC approaches compared to the Full FEA.

much from each other, and they are a better approximation for G;,.. The
weight factor is computed for each position on the notch separately and
is, therefore, a function w(s) of the notch position s. In the further
analysis, the results obtained from the scaled crack model (2) are used,
because they cover a wider virtual crack length range from Omm to a, ,.

3. Results

The aim of this work is to provide a novel method to apply the CC in
an efficient, versatile, and accurate manner. In this section, we first
compare the accuracy of the novel SLMM approach with a Full FEA
approach and experimental data. Then, we consider the efficiency and
finally we explain when SLMM can be used for different materials given
in Table 2. If not stated otherwise, we use a plane stress state and a
Poisson’s ratio of v = 0.35.

3.1. Accuracy of SLMM and SLMM + AC

To assess the accuracy of SLMM and SLMM + AC, we compare their
results to those of the Full FEA approach for two notch geometries. A
circular hole geometry is validated with experimental data out from the
literature. Furthermore, model parameters are validated with the help of

Table 2

Mechanical material properties. Literature provides values for K. that are
converted to the fracture energy by G. = K2 /E under the assumption of a plane
stress state. Irwin’s length 1o, = K2 /62 refers the toughness K. to the strength

Ce.
J oc.(MPa) E(MPa) Lp (mm)
G. )
PMMA [15] 1298 70.5 2,960 0.773
PS [15] 632.3 30 3,100 2.18
Al O3 [27,28] 40 400 300,000 0.75

a complex-shaped notch.

3.1.1. Circular notch

Fig. 13a) shows a rectangular model with 100mm side length that
contains a circular hole with a radius of r = 20mm. The boundary
conditions at the model margins are defined by the strains £,x =0, &,y =
0.1 and y,, = 0. The plate material is PMMA as defined in Table 2. The
stresses and the incremental energy release rate are predicted by Full
FEA, SLMM, and SLMM with auto-controlled boundary conditions
(SLMM + ACQ) at three positions on the cavity. In addition, all three
approaches calculate the failure index FI over the entire circular hole.
The height of the scaled crack cells is set to h = 38.7mm for SLMM and
SLMM + AC.

Fig. 13 shows good agreement between Full FEA, SLMM + AC, and
SLMM. The incremental energy release rate Gj,. of SLMM in Fig. 13b)
shows a big deviation compared to Full FEA at longer virtual crack
lengths a, whereas SLMM + AC agrees better with Full FEA due to the
boundary relaxation approach. This approach influences G;,. but neither
the stress components oy, 6yy, and oy, in Fig. 13e-f) nor ¢;. Conse-
quently, the stresses are identical for SLMM and SLMM + AC. At the
cyan position in Fig. 13d), the stress component oy, of SLMM and SLMM
+ AC differ from the Full FEA values. However, this influences the max.
principal stress o7 in Fig. 13c) only by —7.7%. The most critical failure
index FI occurs at the red position and is overestimated by SLMM and
SLMM + AC by 7.96% and 7.98%, respectively.

SLMM + AC agrees well with full FEA computations of a circular
hole. We further validate SLMM + AC using the work of Sapora et al.
[15], who provide experimental data as well as analytical CC predictions
for specimens shown in Fig. 14. The specimens are made of PMMA and
contain a circular hole of various radii r. A crack initiates at the hole
when a critical force F, is applied.

Since the specimens have a thickness of 10mm, we assume plane
strain conditions and compute the fracture energy as G. =Kz (1 —v?) /E.
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Fig. 14. The right image shows a specimen with a thickness of 10 mm and a circular hole of a certain radius r. Crack initiation occurs at the circular hole once a
critical force F, is applied. Sapora et al. [15] provide experimental data and analytical CC predictions for various radii r € [0.25, 0.5, 1.0, 2.0] mm. SLMM + AC agrees
well with values provided in the literature, except for r = 0.25 mm at which SLMM + AC is not applicable, because of a restriction discussed in section 3.3.

The Poisson’s ratio is v = 0.38. We used Abaqus [29] to simulate the
displacement field in the local model and then applied SLMM + AC to
the right side of the circular hole.

Good agreement is obtained between SLMM + AC predictions,
analytical CC predictions, and experimental data. The maximum devi-
ation between SLMM + AC and analytical CC is 4.5% for a hole radius
r = 0.5mm. However, SLMM + AC is not applicable for the smallest
radius r = 0.25mm, because of a restriction discussed in section 3.3.

3.1.2. Complex-shaped notch

The following Fig. 15a-c) illustrates the SLMM + AC and Full FEA
results of a complex-shaped notch under three load cases. In the first
row, a strain of &y = 0.1,&y, = 0.0,7,, = 0.0 is applied to the model
boundaries, whereas in the second row, & = 0.0,&,y = 0.1,7,, = 0.0 is
used and the third row shows the deformation, due to a strain of ¢,, =
0.0, &yy = 0.0, 7,, = 0.1. The plate material is PMMA as defined in
Table 2 for all three cases. The first picture in each row depicts the
deformed notch and defines and enumerates critical positions. The
second plot in each row shows the failure index FI over the position of
the Full FEA and the SLMM + AC approaches. At positions close to s =
120mm, the geometry has a complex detail highlighted by point A in
Fig. 15a) that leads to a discrepancy between both methods. The
discrepancy is a result of the approximations made during the defor-
mation and curvature fit. However, SLMM + AC finds all critical posi-
tions. The right plots show the computation of CC for the notch position
with the highest load factor. Whereas the stresses of the SLMM + AC fit
the stresses of the Full FEA well, the incremental energy release rates
deviate for longer virtual cracks. The auto-controlled boundary condi-
tions cannot fully compensate for the assumption made by the
submodel-like approach, and this leads to a deviation.

3.1.3. Validation of model parameters

At many points during the development of the SLMM method, it was
necessary to make assumptions. They were tested as the tool was
developed. Here, we justify the selection of the parameter values varied.
Those parameters are the number of sampling points in the curvature fit
N, the number of sampling points in the displacement fit ng,, the
number of introduced crack lengths n..s, the set containing the
deformation modes D, the minimum size ratio of the scaled crack model
@min> the mesh size in the crack model L, the number of elements in
the local model ngm and the mesh size of the reference model L .
Their influence on the max. principal stress ¢; and on the incremental
energy release rate G, is listed in Table 3.

12

Therefore, one parameter v at a time is set once to its default value
v = v; and once to a modified value v = v,. SLMM and Full FEA analyses
are performed with both settings v; and v, in the model shown in
Fig. 15a) at position (1) and the max. principal stress o1(57,v) as well as
the incremental energy release rate Gi,(a,v) are calculated. The
maximum relative effect on o1(17,v) and Gi,.(a,v) over the virtual crack
path 5 or the virtual crack length a are computed as.

Aoy = 100%-max{1 — o1(17,v1)/o1(n,v2) }
0

AGi, = 100%-m:1x{1 = Ginc(a,v1)/Ginc(a,v2) }° @D

The observed effect is less than 1% and hence neglectable n ., ngi.,
L1, cm and Ly rui. The results of the five deformation modes in Dy, differ at
most 2.5% from the results of the 16 deformation modes in D,,. The
number of voxel elements n,,, in the local model leads to an acceptable
effect of at most 3.9%.

The number of virtual crack lengths n, introduced in the crack
model does not influence Agj, but significantly influences AGj,.. The
piecewise linear interpolation Gi,(a,v2) does not look smooth, which
explains the high effect. However, the interpolation Gi,(a,v:) looks
smooth.

As described in section 2.3.5, the scaled crack model must be at least
@min = 10 times larger than the voxel element size, because each scaled
crack model must cover a minimum number of voxel elements to fit the
reference point displacements Urp properly. At position (1), the scaled
crack model exactly fulfills this minimum requirement of being ¢,
times larger than a voxel element. Consequently, Ugp is fitted with
@min = V1 Dot as accurately as with ¢, ;, = v, which leads to a larger
scaled crack model that covers more voxel elements. However, for
@min = V2 the notch curvature c is fitted not as accurately as with ¢,,;, =
v1. This dilemma of either fitting Ugp OF € accurately, is not completely
resolved at position (1) and leads to a high relative error that is also the
main cause for the deviation of Gj,. in Fig. 15a).

3.2. Efficiency of SLMM + AC

A primary goal of this work is to evaluate all positions on a notch in
terms of crack initiation efficiently. Note, that the focus is on method
development. Further improvements are possible by code optimizations,
whereas the most time-consuming tasks are the FEM analyses. To
investigate crack initiation on n,. positions of a notch, Full FEA needs in
total rpos: (Meracks +1) FEM analyses, whereas SLMM + AC only needs one
FEM analysis for the voxel-model.
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A strain of gy = 0.0, &,y = 0.0,y = 0.1 is applied to the model boundaries.

Fig. 15. Comparison of SLMM + AC results with Full FEA results. The left images depict the deformation of the notch and define and number critical positions. The
failure indices are plotted in the middle images. The right images show the application of CC on the most critical positions.

The precomputation of the crack model needed by SLMM + AC does
FEM analyses for each curvature ¢ of the crack model, for each defor-
mation mode |D| and for each introduced virtual crack length (Mcracks +
1) including a zero-length crack. In total, ngy:|D|- (Neracks +1) FEM ana-
lyses are necessary. However, the precomputation is performed only
once for one material and can be used again for other notch geometries.

The runtimes of SLMM + AC and Full FEA are further compared on a
local PC with 16 GB RAM, an Intel® i5-6500 CPU with 4 cores, and 3.2

13

GHz clock rate. SLMM + AC and Full FEA is written in Anaconda Python
3.7 [30] and in Abaqus Python 2.7. Abaqus 2017 [29] is used for the Full
FEA approach as well as the precomputation of the crack models. To
avoid the dependency on the commercial Abaqus software during the
application of SLMM + AC, the voxel model is implemented purely in
Anaconda Python. SuperLU [31], provided by SciPy [32], solves the
linear equation system, which arises from the voxel model.

The precomputation takes 1 h 46 min to compute the crack model in
advance. SLMM + AC takes 2 min 48 s to simulate the voxel mesh with
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Table 3

Validation of model parameters. In the model shown in Fig. 15a), analyses are
performed at position (1) twice for each listed model parameter. Once with the
default setting v; and another time with the modified setting v,. The maximum
effect over the virtual path length for the max. principal stress and the incre-

mental energy release rate are computed.

Parameter V1 V2 Aoy AGinc
Nfitc 11 21 0.4% 0.7%
ity 28 58 0.4% 0.9%
Meracks 10 5 - 14.2%
D Dimp Dan 2.5% 1.2%
Pmin 10 20 5.4% 17.21%
Li, cm/mm 0.01 0.02 0.0% 0.6%
Melim 10° 5.10° 1.9% 3.9%
Ly, fun i, 0.1% 0.1%

V2

10% voxel elements and 0.66 s to predict one position on the notch,
whereas the Full FEA needs 2 min 50 s for each position.

3.3. Applicability of SLMM + AC

SLMM + AC should not only be efficient and accurate as discussed in
the previous sections but should also be a versatile tool that can be used
for different notches and different load cases. However, SLMM + AC
computes results only up to a virtual crack length of a, and therefore has
some restrictions which we discuss in this section.

According to the CC and scaling laws the equation.

/

g G/nc a’( -E GCE
Gl ey

(0)(a))’ ~~oich O
—— —

simulation leh

(32)

is fulfilled for an initiating crack of length a. = 4-a.. Both sides of
equation (32) are dimensionless. The left side contains quantities cor-
responding to the precomputed crack model in the image space, whereas
the right side contains the notch curvature c and Irwin’s length L, which
is a material property composed of the fracture energy G, the Young’s
modulus E, and the strength o..

SLMM + AC is only applicable if the length of the initiating crack a. is
not bigger than the maximum predictable virtual crack length a,.
Furthermore, the left side of equation (32) increases monotonically with

0
<4

A
w] X o
: >PS
‘E 10°% /4 PMMA
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increasing a., if o1 decreases and Gj,. increases along the crack path.
Consequently, evaluating the left side at the max. predictable virtual
crack length a. = a, results in an upper bound which we call applicability
factor.

Gul) E s,
(1))~ 7

We use the notch radius re|c| " and Irwin’s length L, instead of the
notch curvature ¢ and the material properties G, E, and o.. Inequality
(33) can be used to provide a lower limit for the notch radius r > L,/
Apl, .. and therefore, check if SLMM + AC is applicable to a problem.

We investigate the applicability for four problems: Two notch ge-
ometries each under two load cases. Fig. 16 depicts specimens with a
circular hole in a) and b) as well as specimens with a blunted V-notch in
¢) and d). Uniaxial tension (¢xx = 0.0,&yy = 0.1,y,, = 0.0) is applied to
the specimens a) and c), whereas b) and d) are loaded with pure shear
(exx =0.0,eyy = 0.0,7,, =0.1). The radii r of the circular hole and the
blunted V-notch are varied. The crack model is aligned to the position
marked as s, and has a length of I, = 1.95-r for the circular hole and
lcm = 2.15-r for the blunted V-notch. This corresponds to a curvature of
! in the virtual space. The crack model is placed hori-
zontally on the right side of the notch for uniaxial tension a) and c),
under 45" for specimen b) and 10" for specimen d), see Fig. 16. In the
case of more complex notches, a smaller crack model in relation to the
radius might be necessary to fit the notch surface. Then, the applicability
factor Apl,,,, drops and must be recomputed.

The applicability factor is Apl,,, = 2.53 for a), Apl,,,, = 4.68 for b),
Apl,... = 3.06 for c) and Apl,,,, = 0.964 for d). The differences between
the tension load for the circular hole a) and the blunted V-notch c) are
rather small. The shear deformation for a circular hole corresponds to a
rotated tension load, so the deviation between a) and b) is due to the
rotation of the load. The shear load for the V-notch d) reduces Apl, ,,, by a
factor of about 3 compared to the tension load in c). For the computa-
tions, a Poisson’s ratio of v = 0.35 and plane stress conditions were used.
However, we checked Poisson’s ratios between v = 0.01 and v = 0.49
for specimen a) and observed only a small change of Apl,_,, between 2.29
and 2.96. A plane strain state leads for specimen a) to an applicability
factor of Apl,,,, =1.97.

The applicability factor can be used to check whether SLMM + AC is
applicable to a problem. Therefore, Fig. 16 plots equation (33) in a

(33)

max

1
Apl . ==
r

¢ =—0.6mm~

o

Fig. 16. The applicability of SLMM + AC is discussed with the help of four specimens a-d). SLMM + AC is applicable to a specimen with a certain radius r and a
material with a certain Irwin’s length 1., if the point (r, 1) lies below the line corresponding to the right specimen and load case.
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diagram where Irwin’s length L, is plotted over the radius r. For the four
cases a-d), separate lines are plotted. The region below a line is feasible
for SLMM + AC. This allows finding the minimum notch radius r for a
given specimen, material and load case. As depicted by line (1), a radius
r of at least 0.03mm is required when a notch made of Al;O3 under
tension is investigated, whereas the specimen d) requires a radius r of at
least 0.09mm (2). The notch radius must be greater than 0.9mm (3) for a
PMMA specimen depicted in d) and greater than 2.3mm (4) if poly-
styrene is used instead.

4. Conclusions

A fully automated and efficient method is proposed to predict crack
initiation for arbitrary shaped notches and load cases using the Coupled
Criterion (CC) in a 2D model. However, the notch must not contain a
sharp edge or crack. The method splits a crack initiation analysis into
two steps. In the first step, crack models are precomputed for one ma-
terial and five unique deformation modes. In the second step, these pre-
computed results are scaled to an actual notch using dimensional anal-
ysis, linear superposition, and meta-modeling. Furthermore, we propose
a relaxation method for the boundary conditions to increase the accu-
racy of the incremental energy release rate prediction. The results are
compared to those given by a Full FEA approach, which uses fully
modeled finite element analyses.

Our main findings are:

1. The proposed method is tested with three load cases and can identify
the most critical position on a notch with a complex shape. The
prediction of the failure index at the most critical position is in all
examples too conservative. The failure index is overestimated by up
to 10.8% compared to predictions made by the Full FEA approach.

2. The proposed method is considerably more efficient than a Full FEA
approach. Analyzing 50 positions on a notch takes 3 min 20 s with
our novel method compared to 2 h 21 min with the Full FEA
approach on a 4-core desktop computer.

3. Due to the multi-scale approach, only small initiating cracks can be
predicted. Depending on the ratio of strength and fracture toughness,
the notch geometry, and the load case, it is thus possible to investi-
gate notches with a curvature radius above a limiting value. For a
circular hole specimen under uniaxial tension, Irwin’s length of the
material must lie below 2.53 times the radius of the circular hole.

The proposed fully-automized and fast approach can be extended to
3d or can be used in models that feature crack growth as well.
Furthermore, the method can help to model and thus optimize hetero-
geneous materials.
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ABSTRACT
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ConForce is a tool for evaluating nodal configurational forces (CF) from FEM results. ConForce supports 2D plane
strain and 3D volume elements in a solver-independent manner. Furthermore, large displacements in static load
cases are considered. ConForce accesses previously generated and compiled C code from Python via a C code
binding. This compiled C code is provided for predefined element types, but can be regenerated for other element

Abaqus types. ConForce also includes an Abaqus plug-in with a graphical user interface. This Abaqus plug-in allows to
easily add CF to the Abaqus output file.
Metadata computation method for the vectorial J-Integral of Budiansky and Rice
[13]. CF relate the energy release with a change in the reference
Nr  Code metadata description Please fill in this column configuration [4] that may be a movement of an inhomogeneity or crack
€l Current code version ) L05 ) growth [3]. Furthermore, CF can be computed in the post-processing of a
C2  Permanent link to code/repository https://github.com/mrettl/conforce . . . . .
used for this code version FE analysis without additional simulations.
C3  Permanent link to reproducible Another benefit of CF as well as of the vectorial J-Integral is that in
capsule FM they predict the energy release rate and the direction of maximum
G4 Legal code license MIT energy release rate [14-16]. However, for curved cracks or mixed-mode
(C:: ggft:v:erizgl:ﬁ i};t:;:iﬂls and l(:}lftthon 3.7, Abaqus Python, C loadings, the direction might be inaccurate and correction schemes are
services used necessary [6,12].
C7  Compilation requirements, operating ~ Operating systems: Windows 64-bit, Although, CF are popular, most commercial FEM codes do not pro-
environments and dependencies Linux 64-bit vide an output of CF. An exception is Ansys [17] that provides a CF based
i‘l’; the gl(;lf;n: Abaqus 2017 to evaluation of the crack tip J-Integral. We started developing ConForce
FO:?;: Python package: NumPy, for the paper of Frankl et al. [6] and make it publicly available in this
SymPy work.
For the implementation of additional We consider two formulations of CF, which we call motion-based
element types: GNU C-compiler formulation (MBF) and displacement-base formulation (DBF). The
C8  If available, link to developer https://conforce.readthedocs.io MBF approach was presented by Mueller and Maugin [3] for elastic and
documentation/manual ] A . N i
C9  Support email for questions martin.pletz@unileoben.ac.at non-linear elastic materials in the large strain framework. Based on the

1. Motivation and significance

Configurational forces (CF) are used in shape optimization [1], mesh
optimization [2,3], and to study material inhomogeneities [4].
Furthermore, CF are a generalization of the scalar J-Integral of Rice [5]
widely used in Fracture Mechanics (FM) [3,4,6-12] and an alternative

* Corresponding author.
E-mail address: martin.pletz@unileoben.ac.at (M. Pletz).
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Helmholtz energy density ¥, the identity matrix I, the deformation
gradient F, and the first Piola-Kirchhoff stress tensor P, the Eshelby stress
tensor or energy-momentum tensor

SMBD —g.; — FTP @
is defined [18] in the reference configuration. According to Mueller and

Maugin [3], the nodal CF for the i node and its corresponding shape
function h; are computed using two integrals:
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Oh; oh;
oM = / (zMB5) N) X B / S MBF) x4V

oz 7 2

(MBE.S)

(MBF, V)
nodal, i 8,

Snodal, i
The first integral yields g'rey " and is evaluated over the surface 0.%
of a body .%. It uses the Eshelby stress Z™B) | the surface normal vector
N, the i shape function h;, and the reference position vector X. The

second term g™ Y)

hodal i CONtains a volume integral over the body ..

Following the work of Miiller and Maugin [3], we compute only the

gl(:ff;’ ;/) and neglect the surface integral gflh:::]“si)

uation of the surface integral from FEM results introduces numerical

errors. Neglecting gy,

boundary. In FM, g(MBF’S)

nodal, i
which might lead to inaccurate results [12].

Gurtin [19] describes the DBF approach for the evaluation of CF for
infinitesimal deformations: First, a modified Eshelby relation

.
OB — gy (a—U> P
ox

~ 0, because the eval-

is valid for nodes not lying on a physical

is often neglected for nodes on crack faces,

3

is defined. Compared to Eq. (1), the deformation gradient is replaced by

the gradient of the displacement vector U. Next, the nodal CF g(DBF‘S)

nodal, i’
ggg;,\{)’and g‘(:zgifv ; are defined similar to Eq. (2). In absence of body

forces, the CF of the two approaches are the same 31(12351). i = gr(llff;)‘ ; [191.
Analogous to the MBF approach, the surface integral is neglected.

The MBF and DBF formulations of CF are valid for linear and non-
linear elastic materials in the large strain framework. However, exten-
sions for dynamics [4,11], plasticity [9,10], and the small strain

framework [7] have been proposed.
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2. Software description

ConForce can be used either as a Python package or as an Abaqus
[20] plug-in. The Python package can be installed from PyPi [21]. The
user can pass FEM results of any FEM code to a function that computes
the nodal CF. The Abaqus plug-in reads the energy density, stresses,
coordinates, and displacements from an Abaqus output database (ODB)
file, computes the nodal CF, and writes them back to the ODB file.

2.1. Software architecture
As shown by Fig. 1, ConForce is split into three packages:

e conforce_gen: Symbolic computation, code generation and compila-
tion of the package conforce.

e conforce: Methods for the computation of nodal CF.

e conforce_abq: Abaqus specific package for working with ODB files
that is used by the Abaqus plug-in.

The packages run either in Python 2.7 (conforce_abq/conforce) or in
Python 3 (conforce gen/conforce). The package conforce is cross-
compatible between Python 2.7 and Python 3. We use the deprecated
Python 2.7 for the Abaqus-specific part, because Abaqus up to version
2023 uses Python 2.7. To develop and maintain ConForce as an up-to-
date Python package, conforce_gen and conforce are executable in Py-
thon 3.

Additionally, a plug-in file conforce_abq_plugin.py is provided that
contains code for a graphical user interface (GUI). This GUI can be
opened in Abaqus by clicking on the toolbar entry Plug-ins -> Conf.
force.

Package ‘conforce_gen’

ConForce already provides of element

a number

type

- codegen.py

Generates and
compiles code

conforce_gen imports

Computes symbolically:

gnodal,i = f ..dv

expressions.py

element_definitions.py

Defines element types:
Nodes

shape functions
Integration scheme

generates

compiles generates

Contains the method:
compute_CF(...) > Gnodal i

binds

=]

generated C-code

compiled binaries e

A

imports

conforce_abq

main.py

Contains the method:
apply(ODB) -> ODB

i

imports

conforce_abq_plugin.py

Graphical user interface

Language

@ rython 3

Symbols

Package

@ rython 2.7
@l c
@ cinaries

File

Fig. 1. Components of ConForce. The package conforce_gen generates the package conforce, which is cross-compatible between Python 2.7 and Python 3 and
computes nodal CF. The Abaqus-specific package conforce_abq reads and writes nodal CF from and into the ODB file. The plug-in script conforce_abq_plugin.py

contains code for a graphical user interface.
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implementations for Windows 64-bit and Linux 64-bit. The conforce_gen
package allows additional element types to be implemented or compiled
for other operating systems. The package is used to generate the package
conforce. The element types are defined in a reference space by the
coordinates of their nodes and integration points, by their shape func-
tions and their weights of the integration points. The module ele-
ment _definitions.py contains these data. A new element type can be
added by writing its element information into element_definitions.py.
The module expressions.py uses this element information of ele-
ment_definitions.py for the symbolic computation of the nodal CF,
which is performed by the package SymPy [22]. From the symbolic
computation, the module codegen.py generates the Python module cf c.
py and the C-code file _cf c.c in the package conforce. Furthermore, _cf c.
¢ is compiled using the GNU gcc compiler into _cf c.dll for Windows
64-bit or _cf c.so for Linux 64-bit.

Package ‘conforce’

This package is cross-compatible between Python 2.7 and Python 3.
The method compute_CF of the module cf c.py provides an easy and fast
computation of the nodal CF. The module cf c.py binds to the binaries
_cf c.dll and _cf_c.so via the ctypes package. The computation itself is
performed by the binaries efficiently.

Package ‘conforce_abq’

This package contains Abaqus-specific Python 2.7 code. The module
main.py provides a single function called apply, which reads displace-
ments, stresses, and energy densities from an Abaqus ODB file and adds
nodal CF to the same ODB file.

Plug-in script ‘conforce_abq_plugin.py’

The plug-in script conforce_abq_plugin.py defines a GUI, which can
be opened in the Plug-in toolbar of Abaqus CAE. Once the user clicks the
apply button in the GUI, the apply function of the package conforce_abq
is called and nodal CF are computed for a selected Abaqus ODB file.

2.2. Software functionalities

ConForce can be used either as Abaqus plug-in or as a stand-alone
Python package for Python environments with version 3.7 or higher.

2.2.1. Python package

The Python package for Python 3.7 and higher can be installed from
PyPi with pip. pip install conforce

This installs the packages conforce and conforce_gen as described in
Section 2.1 and already contains compiled binaries. ConForce is able to
process the element types listed in Table 1. The element types are named
according to the Abaqus convention [20]. Element names starting with
“CPE” are continuum plane strain elements in d = 2 dimensions. The
prefix “C3D” stands for continuum d = 3 dimensional elements.

The standalone version of ConForce requires the user to provide the
node coordinates X_at nodes in the reference configuration, the node
displacements U_at_nodes, the energy densities e_at_int_points, and the

Table 1

Element types currently supported by ConForce. The brackets define the number
of dimension d, the number of nodes n, and the number of integration points ips
ordered as (d, n, ips).

Shape function Linear Quadratic
Integration order Full Reduced Full Reduced
Triangular CPE3 CPE6
2D 2,3,1) (2,6,3)
Quadrilateral CPE4 CPE4R CPE8 CPE8SR
2,4,4 2,4,1) (2,8,9 (2,8,4)
Brick C3D8 C3D8R C3D20 C3D20R
(3,8,4) 3,81 (3, 20, 27) (3,20, 8)
3D Tetrahedron C3D4 C3D10
3,4, 1) (3,10, 4)
Triangular Prism C3D6 C3D15
(3,6,2) (3,15, 9)
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Cauchy stress tensors at the integration points S_at_int points. The
detailed data structure is explained in the online documentation.

Code snippet 1 shows how to compute nodal CF with these data for
one 2D element. First, the module cf ¢ from the package conforce is
imported. Next, the method compute CF is called. The nodal CF are
computed using the MBF method for one element el=1 of type "CPE4R"
with d = 2, n =4, and ips=1 as defined in Table 1. From the numbers el,
d, n, and ips, the shapes of the arrays X_at_nodes, U_at_nodes, e_at_int_-
points, and S_at_int_points is derived as described in the code snipped.
For example, X_at_nodes is an array of shape (el, n, d). Note, that the
order of the nodes and integration points inside the arrays must match
the order defined in the Abaqus documentation for each element type.
Unlike Abaqus, the Cauchy stress tensors in S_at_int_points are given as
full (symmetric) stress tensors instead of vectorized tensors. This pre-
vents confusion about the ordering of tensor components. Finally, the
function returns the contribution of the element to the nodal CF. The
user has to sum these contributions for each node. For cases with various
element types, the method compute_CF must be called for each element
type.

Code snippet 1: Computation of nodal CF for an element with four nodes
and one integration point in two dimensions. from conforce import cf c cf c.
compute_CF(

# supported methods are "mbf" or "dbf"
method="mbf",
# same element type names as Abaqus
element_type="CPE4R",
# coordinates of nodes
# in the reference configuration
# shape of array (el, n, d)
X_at_nodes=[[

[0., 0.1,

[1.,0.1,

[1.,1.],

[0., 1.1,
11,
# displacement of nodes
# shape of array (el, n, d)
U_at_nodes=[[

[0.0, 0.01,

[0.1, 0.01,

[0.1, 0.0],

[0.0, 0.01,
11,
# energy densities at integration points
# in the reference configuration
# shape of array (el, ips)
e_at_int_points=[[10.]],
# Cauchy stress tensors at integration points
# shape of array (el, ips, d, d)
S_at_int_points=[[[

[100., 0.0],

[0.0, 0.0]
111,

)

# Result array of shape (el, n, d):

# array([[[50., —5.1,

# [-50., —5.1,

# [-50., 5.1,

# [50., 5.111)

2.2.2. Abaqus plug-in

The second way to use ConForce is the Abaqus plug-in provided with
ConForce in the release folder. The downloaded folder needs to be
placed into the plug-in directory of Abaqus CAE. A new entry named
“Conf. Force” will appear in the “Plug-ins” toolbar the next time Abaqus
CAE is started. Clicking on this “Conf. Force” entry will open the GUI
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shown in Fig. 2.

The GUI allows to select an ODB file opened in the current Abaqus
window. The simulation should use the large strain framework by
setting the NLGEOM flag to ON. The ODB file must contain at least the
following field outputs:

o displacements (U)
e stresses (S)
e energy densities (such as SENER)

In addition, the ODB must have been opened with the read-only
check box unchecked, such that the new output can be written to the
ODB file by the plug-in.

The computation method defines if the MBF or DBF formulation is
used. The next text field considers the field output name of the energy
density. ConForce supports elasticity and should consider the elastic
strain energy density “SENER”. However, Kolednik et al. [9] suggest
adding the plastic energy density “SENER+PENER” to account for small
strain plasticity. The next section in the GUI is called “field output” and
states which output should be written to the ODB file. In the case shown
in Fig. 2, only the nodal CF are written to the ODB file. After the
computation, they are available for visualization in Abaqus by changing
the field output to “CONF_FORCE". Fig. 3 depicts an example of nodal CF
as a vector plot in Abaqus. Note, that biquadratic elements are used and
hence the mid-side nodes have higher CF than the corner nodes of an
element.

¢ Configurational Force Computation

odb:
Compute the requested field output in this odb.

select odb: | D:/my_model.odb

computation method:
Define how CONF_STRESS and CONF_FORCE are computed.

select method: \motion based formulation Eﬂ

energy density:

The energy density can be any scalar field output
that is computed at the integration points. Multiple
field outputs and floats can be combined using:

+ =%/

define energy density: | SENER

field output:

Write requested field outputs into the selected odb.
request field output:

[[] Deformation Gradient (DEF_GRAD)

[ First Piola-Kirchhoff Stress (FIRST_PIOLA_STRESS)
[J Configurational Stress

name of configurational stress: ’ CONF_STRESS l

[4 Configurational Force

name of configurational force: [CONF_FORCE |

Fig. 2. Graphical user interface of the Abaqus plug-in.
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Uy

Fig. 3. Schematic vector plot of computed nodal gﬂ'ﬁ V) (red) on a model of a

crack in Abaqus under a tensile load uy.

3. Ilustrative examples
3.1. Two-phase bar

The two-phase bar shown in Fig. 4 is used for the validation of
evaluated interface CF with literature [4]. The bar has a height h =
10 mm, a length [ = 20 mm, and a thickness t = 1 mm. An interface is
located at [; = 10 mm. The left side is fully constrained and along the
right edge a displacement u = 0.1 mm is applied. The bar consists of two
bilinear plane strain elements. The left element’s Young’s modulus of
E; = 210 GPa is twice the Young’s modulus of the right element (E; =
105 GPa). Hence, the strain energy increases when the interface is
shifted to the right. Transversal strain is neglected by setting the Pois-
son’s ration to zero (v = 0).

Kolling and Mueller [4] provide an analytical solution of the energy
release rate for a horizontal shift of this interface:

_2142 E| E, hl(E1 —Ez)
B (E +E)

J
G ~ 11.67— (€]
m

The energy release rate G states, that if [; increases by a small Ax, the

90BJI9IUI
S
i
1
\II
2

=
o
Q.
o
@

/] L

Fig. 4. Two-phase bar with a stiffer material E; and a less stiff material Es.
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strain energy increases by Ax-11.67J/m. For the validation, the two-

phase bar is simulated in Abaqus. ConForce computes horizontal
(MBF, V

nodal g’ B +) of 5.86 N in nodes A and B. The sum of those forces is
J
G~586 N+586 N= 11.7257 ()

which corresponds well to the analytical result.

3.2. Mode I and mixed-mode loaded crack

This example considers a circular model that is depicted in Fig. 5.
The model contains a crack with a crack tip that is located at the origin of
the model in the center of the disk. The model is loaded by a displace-
ment field associated with stress intensity factors K; and Kj;. Anderson
[23] provides the corresponding displacement field:

u(p, K1, Ku) = uk, (¢, K1) + ug, (@, Ku)

u, (¢, K1) = ZILI 25 o <%) (K — 1+ 2sin’ (%))
Vo | o (% (K +1 —2cos® (%))
" . (6)
" ot [ 2 0)
26V2n | (% <K 1 — 2sin? @))
k=3—4v

Thisu(g, K;, Ky ) is applied at the outer ring with radius R = 50 mm in
the circular model. The shear modulus is defined by G = E /(2 +-2v) with
the Young’s modulus E = 210 GPa and the Poisson’s ratio v = 0.3 for a
linear elastic material. The model has a thickness of t = 1 mm.

The model is meshed using fully-integrated bilinear plane strain el-
ements and uses nonlinear geometry. The mesh size at the outer edge is
8 mm and is refined towards the region .. This region is a square with
an edge length of 2.8 mm and a mesh size of 0.05 mm.

3.2.1. Pure mode I loading
For this load case, we choose K; = 20 MPa,/m and K;; = 0 MPa/m.
For a plane strain state, the applied energy release rate G, calculates as

K2-(1-12)/E = 1733.33]/m? [23]. Two simulations are performed. In
the first simulation, CF,, = Zgiﬁaﬁ’v) = [~1738.31, 0.00] J/m? and the
J-Integral G; = 1738.66] /m? are computed inside .. The energy release
rate according to ConForce is Gog = |CF /|, =1738.31J/ m?2. We chose a
generously-sized region .o/ to account not only for CF at the crack tip, but
also for so-called spurious configurational forces in the vicinity of the
crack tip [24]. In the second simulation, one node is closed and hence

u(p, 20 MPay/m, 0 MPay/m)
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the crack tip moves leftwards by the distance of one element edge length
Aa = 0.05 mm. From the associated change in the strain energy AII, the
energy release rate can be written as Gy = AIl/(t-Aa) = 1735.24]/m?.
The energy release rate Gcr deviates less than 0.3% from G,pp and also
agrees well with the Gap; and G.

3.2.2. Mixed-mode loading

For this load case, we choose K; = 20 MPay/m and K = 10 MPa/m.
The nodal gsowc?;‘v) are summarized to the resulting configurational forces
CF3 = [-2149, 1686] J/m? and CF;5 = [-2155, 1697] J/m? for the
regions #3 and #,s. Additionally, Abaqus is used to compute the
vectorial J-Integral for both regions as J; = [2147, —1689]J/m? and
Jis = [2154, — 1699]J/m?. The energy release rates are estimated as
the magnitude of the resulting configurational forces and vectorial J-
Integrals. This results in Gscr = |CF3|, = 2731 J/m?, Giscr =
|CF15‘2 = 2743 J/mz, G3‘J = |J3‘2 = 2732 J/l‘l’lz, and G15_’_] = |J]5|2 =
2743 J/m?.

The results show, that the CF do not vary when the size of the
evaluation region is increased by a factor of five. However, this is not
always the case. Schmitz and Ricoeur [12] provide a correction method
when CF vary with the size of the evaluation region. Furthermore, the
results computed by the Abaqus J-Integral and ConForce are almost
identical up to the fourth digit. Except for the flipped signs, which is
intended.

4. Impact

Though configurational forces can contribute in many fields such as
inhomogeneous fracture mechanics or topology optimization, their use
is limited today. The results of FEM models provide all the information,
but implementing the evaluating of CF is an obstacle to research groups
that would need them. ConForce provides an efficient CF implementa-
tion that has been tested and documented to such groups. Therefore,
ConForce facilitates the use of configurational forces.

5. Conclusions

A Python package and Abaqus plug-in for the computation of nodal
configurational forces is presented. This allows an efficient and accurate
evaluation of configurational forces from FEM results. ConForce sup-
ports common 3D and plane-strain 2D elements. For each element type
the equations are solved symbolically and then written in C-code, which
is compiled and is accessible in Python through a C-code binding. This
makes ConForce fast enough to be applied to FEM models with many
thousand nodes.
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Fig. 5. Two load cases of a crack model. At the dashed green boundary, a displacement field u(¢, K;, Ky) is applied. The nodal g(MBF'w are summed a) inside the

nodal

region ./ or b) inside the regions #’3 and #35. The model’s deformations are magnified by a factor of 100 for visualization purposes.
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Optimizing highly nonlinear structural problems can be very challenging due to the large number of
parameters. Classical compliance minimization does not work for such problems. Common optimization
algorithms also do not find good solutions. This work evaluates both commonly used optimization algo-
rithms and algorithms not yet used in topology optimization. The algorithms are evaluated using a simple
nonlinear problem: minimizing the end displacement of a cantilever beam fixed on one side and loaded
by gravity. The global optimum for a coarse mesh grid is computed by simulating nearly 60 million pos-
sible topology designs using a Brute-Force search. We use this benchmark to evaluate the computational
cost and objective values of known and newly developed optimization methods. The known methods are
binary-coded Genetic Algorithm, Simulated Annealing, and Free Shape Optimization. The Reduced
Variable Neighborhood Search (RVNS) has not yet been applied to topology optimization. We provide
two implementations of RVNS: Breadth-First Search with a limited search depth (BFSL) and with an
optional restriction for the size of the simultaneously modified area (TBFSL). According to the benchmark,
TBFSL is the most efficient approach. For the optimization on a finer mesh grid, TBFSL is combined with a

multi-grid approach to further increase efficiency.
© 2023 The Author(s). Published by Elsevier Ltd. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

For many engineering problems it is important to optimize the
geometry of a component to achieve the desired behavior. In topol-

* Corresponding author.

ogy optimization, the geometry in a given design space is opti-
mized in terms of an objective function [1,2,3,4]. In many cases,
the objective function is compliance, which should be minimized
for a fixed volume. Virtual densities for each element are used as
variables. If the variables are continuous, it is possible to compute
the gradient, which is required for many commonly used optimiza-
tion methods such as sequential quadratic programming [5]. How-
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ever, the final design requires a clear distinction between material
and voids. This can be done by penalizing intermediate densities
and introducing a threshold. Another approach uses discrete vari-
ables that can only be set to either zero or one. A disadvantage of
using discrete variables is that a gradient cannot be computed by
deriving the objective function. Therefore, non-gradient-based
methods such as Genetic Algorithm (GA) [6,7,8,9], Simulated
Annealing (SA) [10,11,12], or Particle Swarm Optimization (PSO)
[13] need to be used. Recently, neural networks have gained atten-
tion as surrogate models to further accelerate the optimization
process [14].

Shape optimization [15,16] is an alternative approach that
selects either a linear combination of shape functions (such as
splines, NURBS, etc.) that represent the geometry, or nodes lying
on the surface of a geometry that are moved directly [17,18]. Note
that shape optimization cannot change the topology but only the
outer shape of the structure.

Existing topology and shape optimization approaches work well
for objective functions such as the compliance, but they do not per-
form well for highly nonlinear objective functions containing many
local optima. The goal of this work is to develop optimization algo-
rithms for such complex problems and to compare them with
existing algorithms.

As an example for structural optimization, a cantilever beam
loaded by its own weight is used. The objective is to minimize
the vertical displacement of the topmost right point of the beam,
while the left side is fixed. Changing the geometry strongly affects
the load on the structure, making the problem highly nonlinear
with many local optima.

The example of a dead weight-loaded beam is studied using
existing optimization methods such as GA, SA, and Free Shape
(FS). GA and SA are common methods for combinatorial optimiza-
tion and FS is a shape optimization that describes each point of the
geometry boundary independently. Furthermore, combinatorial
optimization methods are proposed that have not yet been used
in topology optimization. They are based on Breadth-First Search
and Reduced Variable Neighborhood Search [19]. The Breadth-
First Search first varies many elements individually before varying
combinations of a few elements. However, since the Breadth-First
Search would generate too many design proposals, restrictions on
the search are required. Therefore, the newly developed optimiza-
tion methods Breadth-First Search with Limited depth (BFSL) and
Truncated Breadth-First Search with Limited depth (TBFSL) limit
the number of design proposals. For a rather coarse mesh, these
methods are evaluated against a Brute-Force (BF) computation of
all existing beam designs.

To optimize a finer mesh, the TBFSL method is embedded in a
Multi-Grid (MG) approach, which first optimizes a coarse mesh,
and then transfers the result to a finer mesh, which is optimized
again, and so on. For the best geometry found on a fine mesh,
the vertical displacement of the topmost right point of the beam
is negative, so this point moves upward.

2. Methods
2.1. Example problem definition

In this work, the geometry of a cantilever beam under dead load
is optimized. Fig. 1 shows the design space of the beam, which has
a length of 120 mm and a height of 40 mm. The objective is to min-
imize the endpoint displacement u at the top right point. The grid
elements in Fig. 1 contain either material or no material. All nodes
at the left edge are fixed. A gravity g acts as a body force. The mate-
rial and load parameters are listed in Table 1. The cantilever beam
is simulated using the Finite Element method. Linear geometry and
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Fig. 1. Example problem definition for the optimization: The endpoint displace-
ment u of the cantilever beam loaded by gravity g to be minimized in the following.

Table 1

Material and load parameters used in the example problem.
Young’s modulus E 200MPa
Poisson’s ratio v 0.45
Density p 1000kg/m>3
Gravity constant g 9.81m/s?

a plane stress state with a linear elastic material are assumed. Self-
contact is not considered. Isoparametric rectangular eight-node
elements with reduced integration are used. The linear solver uses
a preconditioned conjugate gradient method [20] with a symmet-
ric successive over-relaxation [21] preconditioner and an over-
relaxation factor of 1.6. The model setup, the FEM code, the linear
solver, and the optimizers were written in-house and implemented
in JAVA.

Removing material results in less bending stiffness, but also less
gravitational force on the beam. This nonlinear load makes it diffi-
cult to find an optimal design. In addition, the design must satisfy
some constraints because not all combinations of filled and empty
grid elements are valid. Designs that contain at least one freely
movable element result in a singular stiffness matrix that cannot
be solved and are therefore invalid. The black and gray elements
in Fig. 2 represent a valid design in the design space. The red ele-
ments are not valid, because they can move or rotate freely. The
design space

11 1
1 dp - duy dj € {0,1}
D Ne _ d: el.x ) ) 1
(Na) B W
1 dN 2 dN N,

ely elyNVelx

is the set of all valid designs d with a certain number of cells per
row and per column N = (Nelx, Nel_y). Adesignd € D <N |> directly
— €l — €l

assigns the value dj to the element in the i-th row and j-th column.
Avalue of dj = 1 turns on the i, j-th element, while a value of d; = 0
turns off the i, j-th element. The left column and the top row of ele-
ments always have a value of 1 and are thus turned on. For finer
meshes, the size of the fixed left and top elements decreases, and
the variable design space grows. Since turned-off elements do not
contribute to the gravity load, the load vector depends on the
design.
The best design

d.i, € arg min (objective(d)) (2)

deD (N )
—el

minimizes the y-displacement u at the upper right endpoint. An
objective function u = objective(d) simulates the design d and com-
putes the endpoint displacement u.



84

M. Rettl, M. Pletz and C. Schuecker

H =
] HE B

Materials & Design 230 (2023) 111958

- Fixed elements

Allowed elements

. . Not allowed elements

Fig. 2. Example design in the design space D((3,11)). The topmost elements and leftmost elements are always turned on. Other elements are either turned on (d;; = 1) or off
(dij = 0). Elements that would result in a free body motion and rotation are not allowed.

The exact solution dy;, of Eq. (2) is called the global optimum.
No other design in the design space can have a smaller endpoint
displacement than this exact solution. However, the global opti-
mum is often extremely difficult to find. Many optimization algo-
rithms use information gained from previous computations to
find a possible good design. These algorithms tend to find only a
locally optimal design that is surrounded by designs with a higher
endpoint displacement. To increase the probability of finding the
global optimum, the entire design space should be explored uni-
formly. A number of optimization methods are defined below,
which are then used to optimize the beam geometry. Appendix A
contains the detailed algorithms of the optimization methods.

2.2. Common methods in topology optimization

2.2.1. Brute-Force search (BF)
The Brute-Force BF (N ) search, see Appendix A.1, exhaustively

—el

explores the entire design space D (N > exhaustively by evaluat-

—el

ing every possible design in it, and then selects the best design
d,in. Thus, BF guarantees to find a global optimum. However, the

number of simulations Ny, = (9(2”“‘) grows exponentially with

the number of variables Nyar = (Nejx — 1 Ney — 1). For this reason,
global optima are rarely reported in the literature for structural
optimization problems. For small problems, sophisticated
branch-and-cut approaches can find a global optimum [5]. How-
ever, branch-and-cut approaches require a problem-specific for-
mulation and they cannot be easily applied to other problems. In
contrast, BF is a general-purpose method that can be applied to
any problem whose input arguments are enumerable and finite.
BF is a common method in cryptography for breaking weak ciphers
[22], but it is rarely used in topology optimization.

2.2.2. Random Sampling (RS)
Random Sampling RS (N 1’u“m>' see Appendix A.2, randomly
—el

and uniquely samples designs d € D(N ) until it finds a design

—el
with an endpoint displacement u less than or equal to an endpoint
displacement limit uy;,,. Like BF, RS does not use any information
gained from the computation history, such as good design patterns
or gradients. Unlike BF, RS guarantees a globally optimal design
only if the limit uy, is equal to the globally optimal endpoint
displacement.

2.2.3. Genetic algorithm (GA)

Since BF is computationally too expensive for complex prob-
lems, metaheuristic algorithms are used to approximate such prob-
lems [23,24]. These algorithms do not necessarily find the global
optimum, but they do find a good design.

One group of commonly used population-based metaheuristic
algorithms is Genetic Algorithms (GA), which are inspired by nat-
ural evolution. Genetic Algorithms differ in the description of the

problem and in the implementation of the evolution process.
Binary-coded GA represent variables as zero or one and are suit-
able for linear or nonlinear combinatorial problems [6,7,8,9,25].
Based on reported GA implementations, we implement a binary-

coded Genetic Algorithm GA(d,N,-ec,Pmllt,Nco\,), see Appendix A.3.
This GA takes an initial population d, a number of recombinations

Niec per generation, a mutation probability Py, for each element
per generation, and a number of generations without improvement
Ny for the convergence check.

The GA process consists out of selection-, recombination-, and
mutation steps. The GA is initialized with a random population.

o (o).,

with Np,, random designs. Each design is simulated and the fitness.
fitness(u) = exp (—u) (4)

is computed using the simulated endpoint displacement u. The
exponential function guarantees a positive fitness that increases
as u is minimized. In the selection step, designs are randomly sam-
pled. The probability of sampling is proportional to the relative fit-
ness of a design.

The recombination step finds N random pairs out of the sam-
pled designs and uses a block crossover operator as described by
Kane [9]. The mutation step takes the designs from the combina-
tion step and computes a random real number between zero and
one for each variable in a design. If the number is less than the
mutation probability Pmy, the variable is flipped d; := 1 — d;.

In the mutation step, any design can be generated with a non-
zero probability. This includes the globally optimal design. Conse-
quently, GA is guaranteed to find the global optimum as the num-
ber of iterations approaches infinity. In reality, however, GA stops
at some point and does not guarantee a globally optimal design.

The recombination and mutation step can produce invalid
designs with free moving elements. A constraint handling method
is required to handle invalid designs [26]. We use a repair method
to make designs valid by removing free movable elements.

The designs are then passed on to the next generation which
starts with the selection step again. We use a simple convergence
check that defines a maximum number of generations without an
improvement Ncoy.

The parameters Npop, Nrec, Pmye are optimized using Bayesian
Optimization from the Python package scikit-optimize [27]. The
goal is to minimize the relative costs that are defined in section
2.4. A Bayesian Optimization uses a stochastic surrogate model
and tries to optimize the expected improvement [28]. This leads
to a population size N, =93, a number of recombinations per

generation Nyec = 34, and a mutation probability Pmy = 5.5- 1074,
The maximum number of iterations without any improvement
for the convergence check is set to Ny = 5. An alternative to the
Bayesian Optimization would be an adaptive Genetic Algorithms
as described by Balamurugan [6], where the parameters are
adapted online during the optimization.
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2.2.4. Simulated Annealing (SA)

Another metaheuristic algorithm is Simulated Annealing (SA)
[10], which is inspired by the crystallization process during the
annealing of metals. To work properly, SA must be able to generate
each design in a finite number of steps. Then, SA converges to the
global optimum, if the annealing process is slow enough [10,23]. In
this work, however, a faster annealing process is used, that does
not necessarily converge to the global optimum.

Like GA, SA is often used to approximately solve difficult com-
binatorial problems that cannot be solved exactly within a reason-
able computational time [29]. Unlike GA, SA considers only one
design at a time instead of maintaining an entire population. SA
has already been used for structural optimization. Shim [11] opti-
mizes a cantilever plate under tension and Jung [12] uses SA to,
design of a resonator.

Our implementation of SA(d, T, /r, Nit), see Appendix A.4, takes
an initial design d, an initial temperature T, a cooling rate /r, and
a number of iterations Nj.. SA modifies the current designs by flip-
ping a random variable d;; := 1 — dj. If the design becomes invalid
due to freely movable elements, another variable is flipped instead.
Next, the change Au of the endpoint displacement u between the
modified and the unmodified design is computed. If the endpoint
displacement u improves and Au <0, the modified design is
accepted.  Otherwise, the probability of acceptance
Paccept (AU, T) = exp (—Au/T) is computed by the Boltzmann distri-
bution. If the modified design is not an improvement, it is still
accepted if a random number between zero and one is less than
Paccept(Au, T). This allows SA to jump out of local optima and
explore other designs.

The temperature T decreases by a cooling rate /r in each itera-
tion, and the Boltzmann distribution becomes narrower and nar-
rower. As a result, the acceptance probability decreases, and
worse designs are rejected more often. SA continues to exploit
the region near the current design more until it finds a better
design and stops after a certain number of iterations Nj;.

Grid search is used to find efficient optimization parameters.
Therefore, fixed values are defined for each parameter and all com-
binations are computed. The optimized parameters are an initial
temperature T = 0.1mm, a cooling rate it = 0.999, and a number
of iterations N =50000. Adaptive Simulated annealing
approaches [10] automatically adjust the cooling rate. Note that
T is called temperature only for historical reasons, but it has the
same unit as the endpoint displacement u.

2.2.5. Free Shape optimization (FS)

Shape optimization is a widely used approach to optimize
geometries. It either optimizes parameters of given shape func-
tions [16] or shifts nodes on an edge [17]. In contrast, our imple-
mentation of the Free Shape FS(d) optimization, see Appendix
A.5, takes an initial design d as input and successively switches
on and off elements lying on the edge of a corresponding design.
Since FS is not able to generate all designs from the design space,
FS cannot guarantee a globally optimal design.

Fig. 3 shows an iteration of FS. Green strokes indicate edge ele-
ments that can be added to the design, while orange strokes indi-
cate removable elements. Starting from an initial design, FS
modifies the design by swapping one element at a time. If the mod-
ified design is not an improvement, the element is reset to its orig-
inal state and another edge element is considered. If the modified
design is an improvement, FS accepts the modified design and
starts modifying elements on the edge of the new design again.
This is repeated until all elements on the edge are switched on
or off and no improvement is found.
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Fig. 3. Geometry modification options in Free Shape (FS) optimization.

2.3. Novel methods in topology optimization

2.3.1. Breadth-First search with Limited depth (BFSL)

The Breadth-First Search with Limited depth BFSL(d, Ad.x), see
Appendix A.6, takes an initial design d and a maximum search
depth Adp.x as input. Breadth-First Searches are used in a wide
variety of combinatorial applications, ranging from finding mini-
mal gene subsets for tumor classification [30] to task selection
problems with limited resources for radar applications [31], but
they are not yet used for topology optimization.

BFLS can be also be classified as a Reduced Variable Neighbor-
hood Search (RVNS) [19]. Mladenovi¢ and Hansen [32] proposed
Variable Neighborhood Search (VNS) algorithms that perform a
local search. If no improvement is found, the search gets stuck in
a local optimum. To escape, VNS searches for an improvement in
a certain neighborhood and increases this neighborhood until a
better solution is found or the termination condition is satisfied.
RVNS skips the local search and relies entirely on the neighborhood
search. Recent research on VNS methods has been done primarily
in computer science [33], and VNS has already been used to opti-
mize a truss structure [34].

BFSL systematically defines the neighborhood by a parameter
Adnax in a way for spatial problems. Fig. 4 shows how BFSL tra-
verses designs in a stochastic breadth-first search with limited
depth Adpax. This means that BFSL first evaluates designs that are
Ad =1 elements different from the current design. These designs
are evaluated in a random order. If no improvement is found, BFSL
evaluates designs that differ Ad =2 elements from the current
design. This is repeated with increasing Ad up to the maximum
depth Adn.x. However, as soon as a design is an improvement over
the current design, the improved design becomes the new current
design. Then, BFSL starts again to evaluate designs that differ by
Ad =1 element, and so on. BFSL stops when all designs differing
by at most Adn.x elements have been computed and no improve-
ment has been found. The number of such enumerated designs
without an improvement

Admax NV T
Neov(Admax Nvar) <> 1 < .*) (5)

1

depends on the maximum search depth Ad.,x and the number of
variables N,,;. Note, that N, is within the binomial coefficient
and that N, increases rapidly with Ny,;.
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Fig. 4. Schematic of the Breadth-First Search with Limited depth (BFSL) algorithm. Designs that are at most Admay different from the current design are explored until a better
endpoint displacement u;,; is found. This is repeated until no improvement can be found anymore.

If the maximum search depth is at least as large as the number
of variables Adua.x > Nyar, every design from the design space is
guaranteed to be generated. In this case, BFSL, like BF, guarantees
a globally optimal solution. However, for problems whose local
optima are also global optima Adn.x = 1 is sufficient to find the
optimum. For realistic problems, the smallest Ad,.x necessary to
find the global optimum is somewhere between 1 and Ny,;.

2.3.2. Truncated Breadth-First search with Limited depth (TBFSL)

In addition to BFSL, the Truncated Breadth-First Search with
Limited depth TBFSL(d, Admax, ATmax), See Appendix A.7, allows only
simultaneously modified elements that are at most Ary,,x elements
apart. As can be seen in Fig. 5, the distance Ar between different
elements is computed using the I; norm. Like BFSL, TBFSL is not
yet used for topology optimization.

The additional distance restriction reduces the required number
of iterations without any improvement.

Admae (2 (Arpax +0.5)% — 1 )

Ncov(AdmaXy Armavaar) S Nvar : i1 i

(6)

before TBFSL stops. Unlike BFSL, the number of iterations depends
only linearly on Ny,;.

To guarantee a globally optimal design, the maximum search
depth should be to be at least as large as the number of variables
Admax > Nyar, and the maximum distance Arp.x should be at least
as large as the distance between the two most distant variable
elements.

2.3.3. Multi-Grid optimization (MG)

To find a good optimum, a stepwise refinement of the grid is
performed in the following procedures. The idea of solving a prob-
lem on grids with increasing refinement is not new: It is already

used for multi-grid solvers [35,36] and is also applied to very dif-
ferent problems such as image processing with multiscale opera-
tors [37,38], prediction of local stress fields [39], or decoupling of
variables from the FEM mesh [40]. However, automatic stepwise
refinement has not yet been applied to topology optimization.

The Multi-Grid MG(d, (N ,Al), (N ,A2>,-~> optimization,
-1 -2

see Appendix A.8, takes as input an initial design d and a sequence
of mesh sizes N and corresponding optimization algorithms A4;.
1

Fig. 6 shows the mapping process from a coarse mesh to a finer
mesh. MG starts with an initial design d. First, a coarse voxel mesh
is optimized using one of the previously mentioned algorithms.
When the optimizer has converged using the coarse mesh, a finer
voxel mesh is generated, and the geometry is mapped onto this
mesh. Each new design element looks for the nearest element in
the coarse mesh and takes its value. The finer mesh is then opti-
mized based on the mapped design. This process is repeated until
the desired grid size is reached.

Since a voxel in the coarse mesh covers a larger region, turning
an element on or off will result in a completely different design.
Consequently, the coarse mesh optimization explores a wide vari-
ety of designs. The fine mesh optimization, on the other hand,
turns on or off smaller elements in the finer mesh and exploits
similar-looking designs.

Whether MG guarantees a globally optimal design depends only
on the algorithm run on the last mesh. If that algorithm converges
to the global optimum, then so does MG.

2.4. Efficiency benchmark

When all valid designs d in a design space D are computed
using BF, the rank k of each design can be computed according to
the endpoint displacement u. The best design has rank k = 1 and
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Fig. 5. Schematic of the Truncated Breadth-First Search with Limited depth (TBFSL). Unlike the BFSL approach, an additional distance restriction forces elements that have

changed from the previous design to be at most Arp.x elements away from each other.
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Fig. 6. The Multi-Grid (MG) approach maps an optimized 6 x 2 design to an 8 x 3
design that can be further optimized.

the rank of the worst design is equal to the number of valid designs
in the design space k = |D|.

The rank is used to compare the optimization algorithms. All
optimization algorithms require a different number of simulations
Nsim and find designs whose rank k varies. If one method finds a
better design with a lower rank, but the other method is faster
with fewer simulations Ny, it is not clear which method is the

better one. Therefore, a performance measure is needed for com-
parison that considers both, the rank of the design k and the num-
ber of simulations Ny;,,. The idea of our performance measure is to
compare the number of simulations of an optimization method
Nsim, with the number of simulations RS needs on average to find

an equal or better design with rank < k, Nsim. The latter can be cal-
culated as

—RS ) ) Dl — k
51m(k) ZELI . P(1|k) =1+ | . |+ - @

with the number of designs \ID| in the design space D. The aver-

age number of simulations of RS NSlm is computed by weighting the
iterations i by their probability under the condition of finding a
design with rank < k. This probability

P(ilk) = k. ﬁ 1ok
T oD-i+1 L. D-j+1
——— j=1

find in i—th iteration —
do not find in previous iterations

= NHG(i 1| |D, |B] ~ k. 1) ®)

is a special case of the negative hypergeometric distribution NHG as
described by Johnson [41]. This distribution considers a population
of size |D| in which |D| — k designs have rank > k. From this popu-
lation, unique designs are sampled until a design with rank < k is
selected. Then the sampled designs are counted, excluding the last
one. The count is equal to i — 1.

Now, the performance of an optimization algorithm that
returns the k-th best design after Ny;,, simulations can be measured
in terms of the relative computational cost.

N sim
RS
k)

¢(Nsim, k) = 9)

sim(
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The smaller the relative cost, the more efficient the optimiza-
tion algorithm is.

3. Results and discussion

The cantilever beam defined in section 2.1 is optimized using
the previously defined optimization methods. Therefore, all possi-
ble designs are computed on a coarse grid according to the BF
method and the optimization methods are compared with each
other. Then, the cantilever beam is optimized on a finer grid using
a multi-grid approach.

For the comparison of the multi-grid optimization, the methods
are evaluated in terms of computational time, which was obtained
using a desktop computer with an Intel i5-6500 CPU with 3.2 GHz,
four logical and physical cores, and 16 GB RAM. Since solving the
FEM system is only part of the code written, the elapsed real time
is used as the computation time. One optimization simulates up to
four designs in parallel.

3.1. Brute-Force search on a coarse grid

In this section, all designs d € D((8,5)) are computed using BF.
Since the first row and column elements are fixed, there are
7 x 4 = 28 binary variables. Thus, 2°® = 268 435456 element com-
binations are possible. However, most of these combinations con-
tain freely movable elements and are therefore invalid. Only
59554032 designs are valid. The computation of all valid designs
takes about 10hours. Therefore, the effective average computation
time for a simulation is 0.56ms, but since we run four simulations
in parallel, the real average computation time for a simulation is
2.24ms.

Fig. 7 plots the endpoint displacement u and the number of ele-
ments for each design in a two-dimensional histogram. The color of
each box corresponds to the number of valid designs in that region.
Note the logarithmic scale of the color bar. Almost all designs have
between 20 and 35 elements and an endpoint displacement u
between 0.0mm and 0.1mm. The computation of all valid designs
d € D((8,5)) allows to rank the designs according to their endpoint
displacement u.

The geometry of four designs, labeled a-d in Fig. 7, is shown in
Fig. 8. The best design with rank k, shown in Fig. 8a, has the lowest
endpoint displacement, which is actually negative, so the beam
moves up at the end. In contrast, the worst design in Fig. 8b has

— 077 6
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g 0.4 E10% =
© &
a 0.3 1 (28
= 3%
£F10° @
E 0.2 1 5
9] @
-g' 0.1 _102 %
S ©
0.0 - g
T T T T T T _101 x
box size \ 5
.EE} 0.1 mm i 10°
1
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Fig. 7. Results of the BF computation of all valid designs d € D((8,5)). The designs
are grouped by the number of elements on the x-axis and the endpoint displace-
ment u on the y-axis. The color of each box indicates the number of designs
contained in that box. The designs labeled a-d are shown in Fig. 8.
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a large mass hanging at the end that pulls the endpoint down.
The lightest design in Fig. 8c contains only the 12 fixed elements
in the left column and the top row. The heaviest design in Fig. 8d
contains 40 elements. Note that the deformations drawn are scaled
by factors between 10 and 1000.

3.2. Benchmark on a coarse grid

The results of the Brute-Force search on an 8 x 5 grid, presented
in the previous section 3.1, are used to compare the optimization
algorithms to each other. Therefore, the ranks k and relative costs
c are computed as described in section 2.4.

Table 2 lists the resulting ranks and relative costs of all opti-
mization algorithms. The algorithms are ranked according to their
efficiency. Since most algorithms are stochastic and the result of a
single run is not representative, 100 runs with randomly chosen
initial designs d = random(D) are performed for each algorithm.
Each cell in the table shows the observed 25%, 50% (median),
and 75% percentiles of the 100 results obtained. In addition, the
probability density distributions of the relative costs c are plotted
in the last column of Table 2. The probability density distributions
are estimated using the kernel density estimator of scipy [42],
which uses Scott’s rule [43].

BF always finds the best design with rank k =1 as shown in
Fig. 8a. However, BF is the most inefficient algorithm with a rela-
tive cost of ¢ = 200% because it simulates every valid design.

As can be seen in Table 2, RS is on average about twice as effi-
cient as BF, since it finds the best design on average after simulat-
ing half of the designs. If a much higher number of repetitions of RS
were performed, the relative cost csoy, = 79.496% would approach
the theoretically correct average relative cost of 100%.

SA has about half of the median cost csoy, = 52.265% of RS. Fig. 9
shows a typical design optimized with SA. After BF and RS, SA is the
least efficient optimization method for this problem. After 10000
iterations, the temperature drops to T = 0.1mm-
0.999'%°%° ~ 45.10"°mm and the probability of accepting worse
designs is negligible. Accepting worse designs would be necessary
to escape a local minimum and explore further regions. Exploring
further regions is crucial to achieving a good design but is not very
likely after 10,000 iterations. SA mainly exploits the actual local
minimum for the remaining 40, 000 iterations.

The next best approach is BFSL(d, 4) with a search depth
Adpax = 4. Although the initial design d is chosen randomly,
BFSL(d, 4) most often finds the same design with rank k = 202 as
shown in Fig. 9b. This is the best design found by any of the opti-
mization algorithms except BF, while BFSL(d, 4) requires on aver-
age Ngmsoz = 13356 simulations and causes only csoy ~ 4.5% of
the cost of RS.

FS is the algorithm that requires the fewest simulations with
Ngimsoz, = 47. However, the optimized designs have high ranks.
Fig. 9c shows an optimized design with cavities. FS does not vary
elements within the design and cavities appear only when the ini-
tial design d contains the cavities. Consequently, the optimized
design is highly dependent on the initial design, and since the ini-
tial design is randomly chosen, the relative costs vary over a wide
range with a 25% percentile of ¢354 ~ 0.4% and a 75% percentile of
Cr5% ~ 8.0%.

GA provides both a low median rank ks, = 508 and a low num-
ber of simulations Ngim 50, = 967. This results in an average relative
cost of c¢sgy, ~ 0.873%. Fig. 9d shows a design optimized by GA.

TBFSL(d, 4,2) is an extension of BFSL(d, 4) that restricts the
modified elements to be at most Arpn.x = 2 elements away from
each other. This additional restriction significantly reduces the
number of simulations from about 1 3356 to about 330. At the
same time, the median rank increases only slightly from 202 to
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Fig. 8. Specific designs shown in Fig. 7.

247. Fig. 9e shows the result with rank k = 247 and the dashed
contour illustrates the design with rank k = 202. Five elements
are different between the two designs and the different elements
lie in a rectangular area of size 3 x 4. This corresponds to an [;-
norm of |3] + |[4| = 7. Consequently, TBFSL would be able to go
directly from the 247 th best design to the 202 nd best design if
the search depth was set to Ad.,x = 5 and the search radius was
increased to Arpm. = 7. However, this would significantly increase
the number of simulations and TBFSL would lose its performance
advantage over BFSL.

The most efficient methods are BFSL(d,1) and TBFSL(d,1,0)
with a search depth Adn.x = 1. Fig. 9f shows a design optimized
by BFSL(d,1) and TBFSL(d,1,0). Actually, BFSL(d,1) and
TBFSL(d, 1,0) are identical because the additional constraint of
TBFSL has no effect when only one element is modified at a time.
However, Table 2 shows different results for the two methods.
The reason for this is that with a search depth of Adn.x = 1, the
optimizer falls into the very first local optimum, and the result thus
depends strongly on the random initial design.

3.3. Parameter study for TBFSL

Fig. 10 shows the effect of the TBFSL parameters, the maximum
search depth Ad,,.x and the maximum size of the modified region
Armax, on the relative costs and the ranks of the optimized designs.
Each parameter setting is run 100 times to compute the median
relative cost csoy, and the rank ksoy. The interquartile range (IQR)
is a measure of scatter and is calculated as the difference between
the 75% and the 25% percentiles.

The IQR is shown in Fig. 10a. As explained in the previous sec-
tion, all methods with a search depth of Adp,x = 1 (blue) are iden-
tical, but scatter due to the dependence on the random initial
design. Since the maximum distance between two variable ele-
ments on this 8 x 5 grid is 9, the additional restriction of TBFSL

has no effect for settings with Arp.x=9, so that
TBFSL(d, Admay, 9) is identical to BFSL(d, Admay).

All investigated parameter settings have costs < 10% of the RS
approach, which is highlighted by a horizontal red line in
Fig. 10a. The relative costs on the logarithmic scale increase signif-
icantly with the search depth Adn.x. As the distance Arpax
increases, the relative costs increase until they plateau at
ATmax ~ 6.

Although running TBFSL or BFSL with a search depth Ady.x = 1
is the most efficient approach, the ranks of the optimized designs
are higher. Except for Adm.x = 1, all settings result in optimized
designs with ranks < 300. When the size of the modified area is
Armax > 4, the ranks ksgy, decrease slightly.

3.4. Multi-grid optimization

This section compares the performance of the multi-grid (MG)
optimization with that of a single-grid optimization. Therefore,
both approaches optimize the design using a final grid of size
48 x 16. This grid contains 47 x 15 = 705 variables compared to
7 x 4 = 28 variables of the previous 8 x 5 grid. It is no longer pos-
sible to perform a brute-force optimization on the finer grid
because the number of designs is on the order of 2’ ~ 10*'?. Con-
sequently, the rank of an optimized design cannot be computed
and RS cannot be used as a benchmark method as in the previous
section. Therefore, the optimization methods are thus compared
directly by considering the optimized endpoint displacement u as
well as the computation time t. Since TBFSL is the most efficient
optimization algorithm for the 8 x 5 grid, it is used within the
multi-grid and single-grid approaches.

Table 3 shows the results of the single-grid approach for the
48 x 16 grid. We use a search depth of Ad.x = 4 and limit the size
of the modified area to Arp.x = 2. Due to the long computation
time of up to 6 : 42h for one optimization, only 11 runs are per-
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Results of the used optimization algorithms. Except for BF, each algorithm is repeated 100 times. BF is computed once. The figures in the last column show an estimated
probability density distribution of c. The black point marks the median. The red line indicates the average number of simulations RS would need to get the same or a better design.

Optimization algorithm Percentile Endpoint displ. u(mm) Rank k(1) Simulations N, (1) Relative costs
(%) S 2 r =
& & 2%

| IS S —

BF (N ) —0.00986 1 59554032 200.00
-el

25% —0.00986 1 13216395 44.385
RS (’Yel’ 70'00986”‘"‘) 50% —0.00986 1 23671511 79.496
75% —0.00986 1 43164841 144.960
SA(d,0.1mm, 0.999, 50000) 25% 0.00589 267 50001 22.480
50% 0.00621 622 50001 52.265
75% 0.00641 1182 50001 99.345

rE——
BFSL(d, 4) 25% 0.00562 202 11411 3.862
50% 0.00562 202 13356 4.474
75% 0.00562 202 16331 5.567

—
FS(d) 25% 0.00680 4186 36 0.401
50% 0.00751 28810 47 2.319
75% 0.00823 122505 58 8.062

presm——
GA((d)1<i<93,34,5.5 10 475) 25% 0.00595 296 813 0.566

- 50% 0.00623 508 967 0.875 \

75% 0.00643 1290 1114 1.896

a—
TBFSL(d, 4,2) 25% 0.00562 202 264 0.103
50% 0.00582 247 330 0.126
75% 0.00582 247 391 0.149

—
BFSL(d, 1) 25% 0.00582 247 81 0.044
50% 0.00632 875 101 0.099
75% 0.00671 3224 116 0.551

a—
TBFSL(d, 1,0) 25% 0.00582 247 86 0.045
50% 0.00593 299 105 0.065
75% 0.00667 2851 126 0.304

—

formed instead of the 100 runs in the previous section. The number
of simulations Ny, the computation time t, and the optimized
endpoint displacement u for each of these runs are sorted by the
endpoint displacement. Runs that result in the median endpoint
displacement for the single-grid and multi-grid optimizations are
treated as representative runs. Compared to the coarse designs of
the brute force optimization, much better designs in terms of end-
point displacement can be found for this finer grid.

Table 4 lists the results of the 11 MG runs, sorted by the end-
point displacement from the best run to the worst run. Like the
one-grid approach, MG starts with a random initial design d.
Unlike the one-grid approach, MG uses 9 grids of increasing num-
ber of cells. For each grid, the grid size and an optimization algo-
rithm A are passed to MG. Since the simulation on a coarse grid
is faster than that on a fine grid, higher values Adp.x and Arpax
can be chosen on the coarse grid. As defined in Table 4, MG first
optimizes the initial design on a 10 x 10 grid using the algorithm
A;, which performs a TBFSL optimization with Ady.x =4 and
Armax = 6. The resulting design is then optimized on a 12 x 12 grid
using the optimization algorithm 4,. This continues until the
desired grid size of 48 x 16 is reached.

Compared to the one-grid approach in Table 3, MG takes a med-
ian of about half the time of the single-grid approach and provides
a better median of the endpoint displacement. Furthermore, the
computational time of MG scatters less, as can be seen by from
the IQR, and is therefore more predictable.

Fig. 11a shows this process of increasing the grid size. The end-
point displacement is plotted over the total computation time and

the line colors correspond to the grid sizes and TBFSL parameters
as shown in the legend.

Most grid sizes are not multiples of the previous grid size and
therefore do not match exactly. If a design is scaled to the next grid
that does not exactly match the previous design, the design is
scaled imprecisely and the endpoint displacement may be worse.
This effect can be seen in Fig. 11a at the transition from the brown
20 x 14 grid to the pink 22 x 15 grid. However, the multi-grid opti-
mization quickly recovers the previous endpoint displacement.

A drawback of MG is the higher number of parameters intro-
duced. The size of each grid has to be selected, as well as the TBFSL
parameters Admax and Arnax. In this example, 36 parameters have
to be specified before the optimization starts. Algorithms such as
Bayesian Optimization are designed to find such parameters that
have to be known in advance. However, methods using interpola-
tion schemes or surrogate models like Bayesian Optimization are
not suitable for such high-dimensional problems, because they
have to evaluate the multi-grid approach with an exponential
number of parameter combinations [28]. Therefore, the authors
manually selected the optimization parameters based on the
observations made in the previous section. Since the 8 x 5 design
from above is already limited in the possible variants, a starting
mesh with a grid size of 10 x 10 is used. The parameters Admax
and Arpax of the used TBFSL are derived from the parameter eval-
uations in Fig. 10 for the initial design. It is assumed that the
designs vary less each time the mesh is refined. Therefore, the
parameter Adn.x is reduced to 2 for the final mesh. This speeds
up the computation significantly, since the computational time
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Fig. 9. Examples of optimized designs for each of the optimization algorithms listed in Table 2. The plotted deformation is scaled by a factor of 100. TBFSL(d, 4, 2) adds an
additional constraint in addition to BFSL(d,4) and therefore returns on average a slightly worse design (e) compared to (b). The dashed line shows this difference.

10°
Admax IQR
—.— 1 —&3 C50%
107'{—9— 2 —a— 4 BFSL@A)
Q
10-2+ TBFSIr(d, 4,2)
10—3_

8 9

0123 4567
Afinax
(a) relative costs

ks09

Fig. 10. Effect of the search depth Adm.x and modified region size Arm, on the median relative cost csoy, the interquartile range (IQR), and the median rank ksoy. The
horizontal red line in (a) marks the relative cost of RS. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this

article.)

for one iteration significantly increases with the number of ele-
ments. A simulation on a 10 x 10 grid is 10 to 50 times faster than
a simulation on a 48 x 16 grid.

Fig. 11b shows the convergence curves of the single-grid (blue)
and multi-grid (red) runs. The representative runs (those with the
median endpoint displacements out of a sample of 11) are high-
lighted and marked with c and d. Fig. 11c shows the final endpoint
displacements and the computational time of all runs. As can be
seen in Fig. 11c, most of the multi-grid runs (red points) require

10

less computation time than the single-grid runs (blue points),
although the multi-grid approach at the median requires about
three times more simulations. Furthermore, the multi-grid runs
tend to have a smaller endpoint displacement and return a good
design quite reliably within a reasonable time, while the one-grid
results show more scatter.

However, the worst design a is achieved by the multi-grid
approach which is shown in Fig. 12a. Since only one of the multi-
grid designs has such a large endpoint displacement, this run can
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Results of 11 runs performed on a 48 x 16 grid using TBFSL with a search depth Adm.x = 4 and a of the modified area size Arpa = 2. The initial design d = random(D(48, 16)) is
chosen randomly for each run. The runs are sorted by the endpoint displacement.

Optimization algorithm Run Simulations Ny, (1) Computation time t(s) Endpoint displ. u(mm)

TBFSL(d, 4,2) 1 364675 22312 -17.62
2 222134 13047 -16.95
3 359095 23296 —14.08
4 416722 24102 -9.01
5 131115 8174 -8.84
6" 243381 15869 —6.69
7 259145 18483 —3.68
8 144951 9666 -3.37
9 157372 5972 -2.85
10 161641 7132 -1.57
11 193293 15868 —-0.58
Median 222134 15868 —6.69
IQR 149614 11478 8.44

1" representative run

Table 4

Results of 11 runs performed on nine grids starting from a coarse 10 x 10 grid and going up to a fine 48 x 16 grid. Each grid is optimized using TBFSL with a search depth
Adnmax = 4 and a decreasing size of the modification range Arpay. The initial design d := random(D(10, 10)) is chosen randomly for each run. The runs are sorted by the endpoint

displacement.

Optimization algorithm run Simulations Ny, (1) Computation time t(s) Endpoint ispl. u(mm)
MG(d', ((10, 10), A; : d — TBFSL(d, 4, 6)),((12, 12), A : d — 1 927706 8358 —14.98
TBFSL(d, 4, 6)), (14, 12), 43 : d — 2 731563 9599 -14.94
TBFSL(d, 4, 5)), 3 1037718 11385 —-14.92
((16,12), A4 : d — TBFSL(d, 4, 5)). (18, 13), As : d — TBFSL(d, 4, 4)), 4 826378 8693 —14.18
((20, 14), A : d — TBFSL(d, 4, 3)),((22, 15), A7 : d — TBFSL(d, 4, 3)),  ° 733592 11022 -14.18
(24, 16), As : d — TBFSL(d, 4, 2)), (48, 16), A : d — TBFSL(d, 4,2))) 6 700784 7591 -13.98
7 658132 6741 -13.75
8 588992 6681 ~13.67
9 588461 7813 ~13.52
10 648319 7009 ~13.48
11 707768 7286 ~0.40
Median 707768 7813 -13.98
IQR 126760 1999 0.96

1" representative run

E 0.0 7L/@ grid; Adpmay ; Atinax
E —10x10;4;6
3 257 —12x12;4;6
- ——
£ —14 x12;4;5
g —5.01 H —16 x12;4;5
§ —18x13;4;4
‘_9.‘ —7.5 1 —20x14;4;3
5 22 x15;4;3
§ ~10.0 | ——24 X 16;4;2
8_ 48 X 16;4;2
2 _125- (:2 ‘
Q

0 1 2

computation time (h)

(a) convergence curves of
MG with various grid
sizes

endpoint displacement u (mm)

—104

—151

T T T

0 2 4
computation time (h)

(b) convergence curves for
multi and one grid
approaches

endpoint displacement u (mm)

—104

—15+

® o multigrid @
® one grid

| o‘.' (@\;

0 2 4 6
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(c) optimized endpoint
displacement over
computation time

Fig. 11. Comparison of the multi-grid (red) and the single-grid (blue) approach. For one multi-grid optimization, (a) plots the endpoint displacement over the computation
time for the varying TBFSL parameters Adma.x and Arma. All eleven cases of the single-grid and the multi-grid approaches are plotted in (b), and the optimized endpoint
displacement u and the computation time for all runs of each approach are shown in (c). The annotated designs a-f are plotted in Fig. 12. (For interpretation of the references
to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 12. Designs shown in Fig. 11 as a-f. The drawn deformation is scaled by a factor of 0.5. Self-contact and large deformations are not considered.

be considered a statistical outlier. The three designs labeled e, f,
and c in Fig. 11a are snapshots of the representative multi-grid
run after the first, next-to-last, and last refinement. They are
shown in Fig. 12e, f, and c. The basic principle of the final design
c is already present in the coarse design e after a few minutes. After
about an hour, the design f is obtained on the 24 x 16 grid. This
design already looks very similar to the final design. The remaining
hour is used to optimize the design on the finest grid.

The best design b is obtained using the single-grid method and
is shown in Fig. 12b. Designs a and c obtained by the multi-grid
approach appear less complicated than the designs b and d of
the single-grid approach. One reason could be that complicated
features are destroyed during the imprecise scaling to the next
grid. As a result, the multi-grid approach yields a design that is less
grid dependent than the single-grid approach.

4. Conclusions

This work evaluates a number of optimization methods for
highly nonlinear structural problems is evaluated. As an example
problem, a discrete 2D plane stress cantilever beam under dead-
weight load is optimized using these methods. This problem is
found to be both simple and highly nonlinear. Commonly used
methods such as Brute-Force search, Random Sampling, Simulated
Annealing, Genetic Algorithm, and Free Shape optimization are
compared with our methods BFSL, TBFSL which are based upon a
Reduced Variable Neighborhood Search and a Breadth-First Search.
These methods have not yet been applied to topology optimization.

Each optimization method differs in the quality of the result as
well as in the number of simulations required. For a comparison,
both quality and number of simulations need to be considered.
Therefore, an efficiency measure is introduced that indicates how

12

many simulations are required compared to how many simula-
tions would be required by Random Sampling to archive the same
or better quality.

The Brute Force search always finds the global optimum, but it
is twice as inefficient as the Random Sampling. In contrast, Simu-
lated Annealing is twice as efficient, the Free Shape optimization
is about 43-times more efficient, the Genetic Algorithm is about
114-times more efficient, and BFSL and TBFSL are up to 1540-
times more efficient than the Random Sampling. However, except
for the Brute Force search, none of the optimization methods finds
the global optimum.

Since TBFSL is most efficient, it is also used to optimize a finer
mesh grid. Therefore, TBFSL is applied once directly to the fine
mesh grid. Alternatively, TBFSL is applied successively to multiple
grids that become finer and finer until the desired mesh size is
reached. It turns out that this multi-grid approach finds, on aver-
age, a better beam design in about half the computational time
compared to the direct approach. The settings of the multi-grid
optimization were chosen manually in this work and could be opti-
mized in future work.

Note that the optimization algorithms studied rely on a model
that computes fast enough to run thousands of iterations in a rea-
sonable time frame. For realistic applications of finite element
models, this may not be the case.

Furthermore, since the resolution of the FEM mesh is coupled to
the representation of the variables, a finer FEM mesh significantly
increases the number of variables and the optimization time. To
overcome this problem, the FEM mesh can be decoupled from
the variable representation either by radial-basis function interpo-
lation [40] or by recently developed neural networks [44].

The newly developed optimization methods allow for the opti-
mization of highly nonlinear structural problems for applications
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that were previously not feasible due to high computational times.
The authors plan to use them in the design of heterogeneous mate-
rials with high energy dissipation.

Data availability

The main results of the optimizations in section 3 are provided
as csv files in the supplementary data. The results from the brute
force computation will be made available on request.
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Appendix A. Algorithms

A.1. Brute-Force search

BF evaluates all designs in the design space D (N 1) for a given grid
—el

size N

—el
designs can be simulated independently, BF can be parallelized
very well.

1 and thus always finds the globally optimal design. Since all

Umin = 00
foralld e [D(N ) do:
—el
u := objective(d)
if U < Upn:
Umin = U; dmin =d

1.
2
3
4,
5
6
7.  return (Umin, Amin)

A.2. Random search

—el

RS randomly draws unique designs d € D (N ) until it finds a

design with an endpoint displacement u < u};,,. Then RS immedi-
ately returns the current u and d. The computed designs are stored

in Dgrawn. Consequently, D <N 1) {Dgrawn contains only designs that
-e

have not been computed yet. Line 4 selects a random design out of
these fresh designs.

1. RS (N I7u“m>
2. Ddrawn = J

3. forn::l,~--,'D<Nl>'do:
— el
4. d:= random<D<N ){[D )
-el drawn
5. u := objective(d)
6. Ddrawn := Ddrawn U {d}
7. if u < tyjm:
8. return (u,d)

A.3. Genetic algorithm

GA takes as input a list of initial designs d, a number of recombi-

nations Niec, @ mutation probability P, and a maximum number of
iterations without improvement N.,. GA uses selection steps,
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recombination steps, and mutation steps as described in section
2.2.3 to optimize the design. Note that the cachedObjective function
uses a cache that stores previously simulated designs. This prevents
surviving designs from being simulated again. When GA computes
the objective function in parallel, the parallel workers must wait
for each other every iteration before the selection step can be per-
formed. Consequently, GA does not parallelize as well as BF.

1. GA(d, Nuee, Pt Neov)

2. Npop := length(d)

3. Upin := 00; Ny := 0

4. repeat while not stopped:

5. u:= (cachedObjective(d:)); i,
6. if Upin > min (u):
7. Umin := Uj := Min (u);dmm =d;
8. Ny =0

9. else if ney < Neoy:

10. Neov == Neoy + 1

11. else:

12. stop repeat loop

13, f = (fitness(u;));jen,,,

14. d := selection (d, f)

15. d:=recombination (d, Nrec)
16. d:= mutation (d, Pmut)

17. retiurn (Umin, Amin)
A.4. Simulated Annealing

SA starts with an initial design d, a temperature T, and a cooling
rate /r that decreases the temperature in N;, iterations. Note that
the name “temperature” is misleading, so T has neither a kelvin
nor a degree Celsius dimension. T must have the same dimension
as the endpoint displacement u for line 7 to be valid.

The modify(d)-function randomly flips an element of a design
d. The flipped element must not lead to a freely movable element.
The random({¢ € R|0 < ¢ < 1})-function draws a real random
number between zero and one.

1. SA(d, T, ir, Ni)
2. Up := U = objective(d);dy,, :==d :=d
3. forn:=1,--- Nj do:
4. d := modify(d)
5. u := objective(d)
6 Au:=u—u
7 Piccepe :=min (1,exp (—44))
8. if Paccepr > Tandom({& € R|0 < & < 1}):
9. v:=ud:=d
10. if U < Upin:
11. Umin = U;dpin :=d
12. T:=ir-T
13.  return (Umin, dmin)

A.5. Free Shape optimization

FS takes an initial design d and tries to find better designs by
modifying only elements on the edge.

1. FS(d)
2. Umi := objective(d);dp, :=d
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3. foralli,j do:

4 ifdjisanedgeind

5 d:=d

6 dy:=1-d;

7. u' := objective(d)

8 if U < Unin:

9 Umin = u,?,dmin = d,
0 restart line 3

1

1
1 return (Umin, Amin)

A.6. Breadth-First search with Limited search depth

BFSL examines designs that differ from the current design d by
at most Adn.x elements. Whenever an improvement is found, BFSL
accepts the improved design and restarts evaluating designs that
differ from the improved design by at most Ad = 1 elements. Line
4 lists all designs that differ by at most Ad elements, and line 5
shuffles this list. Note that the vec(d) function makes a vector
out of a two-dimensional array d, so the 1-norm || ||, is a vector
norm, not a matrix norm.

BFSL(d, Admax)
Unin := objective(d); dp, :=d
for Ad:=1,---,Adax do:
d = (d’ € D|Ad = \|vec(d’ - dmm) |\])

d.— shuffle(c_l)

1.
2
3
4
5
6. fori:=1,--- ,length(d) do:
7 u; := objective(d;)

8 if U; < Upin:

9 Umin = Uj; dmin = di

10 restart line 3 with Ad :=1
11 return (Umin, Amin)

A.7. Truncated Breadth-First search with Limited search depth

Like BFSL, TBFSL examines designs that differ from the current
design d by at most Adn.x elements. Furthermore, different ele-
ments are separated by at most Ary,.x. The distance between differ-
ent elements Ar(d,dy;,) is computed using the vector 1-norm.

1. TBFSL(d, Admax, ATmax)
2. Umin := objective(d);dpin :=d
3. forAd:=1,---,Adnax do:
d cpA= ||vec(d - dmm> I
/\Armax > Ar(d,dmm)
d.— shuffle(d)

4, d:=

5

6 fori:= 1,~-~,length(d) do:

7. u; := objective(d;)

8. if U; < Upin:

9 Umin = Uj; dmin = di

0 restart line 3 with Ad := 1
1. return (Umin, dmin)
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A.8. Multi-grid optimization

MG maps the current design d to a given problem with size N

using the scale(d,N) function and then applies an optimization
algorithm A to the scaled design.

;. MG(d, <1y1,,41>, (IYZ,A2>, )

dpip -

3. for (N,A) = (N ,A1>, (N ,A2>, ... do:
_ -1 -2

4, dpin := scale(dmm, N)

5. (umin, dmin) = A(dmin)

6. return (Umin, dmin)

Appendix B. Supplementary material

Supplementary data to this article can be found online at
https://doi.org/10.1016/j.matdes.2023.111958.
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Abstract

A tough material response is important in many fields and can be achieved for brittle materials by adding
holes. In this work, a FEM approach is presented to maximize the tensile toughness of pre-cracked 2D plates
by adding arbitrarily shaped holes. The initial crack is stopped by a hole and a new crack must initiate at a
higher load. This fracture process is predicted using Taylor’s Point Method and Griffith’s criterion, which
is estimated by Configurational Forces. The toughest plate, optimized in a level-set like approach, achieves

a tensile toughness 4.5 times higher than a solid plate in all load directions.

Keywords: Fracture mechanics, finite element method, crack paths, optimization

1. Introduction

Common engineering materials are usually either strong or tough [1]. Most applications, however, re-
quire a material that is both strong and tough but still retain an acceptable stiffness; where strength is either
the yield stress or the ultimate stress, and toughness is either the resistance to crack propagation or the total

energy to failure (the integral of the o(g) curve) [2].

Some natural materials are both strong and tough due to their heterogeneous, hierarchical structure
[3, 4]. The toughening effect is a result of the combination of strong but brittle base materials with ductile
materials of lower stiffness and yield stress. Depending on the mechanical properties of the two materials
and the interface between them as well as the geometrical arrangement of the phases on the various hier-

archical levels, additional damage mechanisms can be activated such as crack deflection, crack trapping,
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PM Point Method

CC Coupled Criterion

LM Line Method

PMMA Poly(methyl methacrylate)

ABS Acrylonitrile butadiene styrene

FEM Finite element method

RBF Radial basis function

TBFSL  Truncated breadth first search
with limited depth

VNS Variable neighborhood search

nomenclature

q scalar quantity

q physical vector (2. order tensor)

q sequence

sub- and superscripts

corresponds to:
a FEM simulation
crack initiation
a critical value for crack
propagation or initiation
support points
fixed support points
variable support points
the grid for the variable support
points
asynchronous worker processes
the optimal design
the i-th optimization iteration
the k-th crack increment in a
fracture simulation
a crack increment
the critical load for crack propagation
of the i-th crack according to LEFM
the critical load for initiation at j-th
hole according to PM

symbols
X ,Xmid

U, Umax, Uload

X ImyLa =

K1, Kie

lch
min
UT

a, ap
Aa
l

12

d, lg, how, lhigh

f
fi

Wi

Lot
X

r
[y
dTBFSL

I'TBFSL

position vector, center of the plate
normal vector

a number

stress, max. principal stress

strain

force

displacement, max. applied
displacement, applied displacement
dimensionless load factor
stiffness

Young’s modulus

Poisson’s ratio

stress intensity factor, fracture
toughness

energy release rate

vectorial J-Integral

material’s characteristic length
tensile toughness

minimum tensile toughness

for the rotated plates

crack length, initial crack length
crack kink angle in a crack increment
side length of plate

rotation angle of plate

dimensions of the support points
RBF function value

threshold value

weight of i-th support point for the
RBF interpolation

length scale for RBF kernel
design space

all hole contours

hole contour of i-th hole
parameter of TBFSL optimization
algorithm

parameter of TBFSL optimization
algorithm

secondary crack initiation, friction between microcrack surfaces, and crack bridging. In addition, the hier-

archical structure can limit the reduction in failure stress caused by initial flaws, making the structure more

damage tolerant.




20

25

30

35

40

100

These mechanisms have been investigated in natural materials such as nacre [5, 6], deep sea sponges [7],
and bone [8]. Some of these mechanisms are already employed in engineering structures such as layered
composites [9, 10], materials with architectured micro-structure produced by high plastic deformation [11],
block-copolymers such as ABS [12], or additively-manufactured structures [13]. In order to develop mi-
crostructures for even tougher materials, a fundamental understanding of these damage mechanisms — and
parameters controlling them — is crucial. In natural or artificial heterogeneous materials, however, many of

those mechanisms can occur at the same time and possibly on several length scales.

An example of simplified versions of heterogeneous materials are layered structures, which have been
shown to efficiently stop cracks due to the effects of inhomogeneous stiffness [10], inhomogeneous yield
stress [14, 15], or residual stresses [16]. Once a crack has been arrested, it needs a higher applied load to
propagate (or re-initiate). An extreme case of layers with inhomogeneous stiffness has been addressed by
[17] considering a parallel arrangement of separate, unconnected sheets where the small gap between the
sheets can be considered as a material with zero stiffness. A layered structure, however, only works for

stopping transverse cracking of layers, while cracks parallel to the layers can grow fairly unhindered.

For general applications with undefined crack orientations, a more suitable topology is the use a softer
second phase in the form of particles inside a matrix, as known e.g. for ABS [12] or toughened epoxies
[18, 19]. These particles work for multiple crack directions: the particles can first attract the crack, and
then require an increased load for a crack initiating from them. Furthermore, several cracks may initiate,
but as long as they have not propagated through the second phase, the material is not completely separated.
In addition to the material properties of the particles and interface properties, the toughening effect in such

materials is also driven by the particle geometry.

For a thorough understanding of the contribution of the particle geometry, it needs to be studied indepen-
dently, which can be achieved by replacing the particles by holes to discount the effect of the interface and
property mismatch. Such voids can divert or trap cracks, such that new cracks need to initiate at these holes

which requires higher applied stresses. This has been studied in 2D setups (using holes instead of voids)
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experimentally with additively manufactured specimens [20]. Numerical studies of such setups [21, 22] fo-

cus on predicting in which cases cracks are trapped, but does so without considering re-initiation of cracks.

This work studies the effect of the hole geometry in a Finite Element Method (FEM) model that con-
siders both crack propagation and crack initiation. To this end, an optimization strategy is developed and
implemented to determine hole patterns that maximize the tensile toughness of a 2D plate containing an
initial crack. The plate can contain multiple arbitrary-shaped holes which are adapted by the optimization
algorithm. The aim is to find hole patterns that maximize the toughness for several possible initial cracks (in
this case in four different directions are considered) to avoid layered-type patterns which would be optimal

if only one crack direction was considered.

2. Methods

To study the toughening effect of hole geometry, a 2D plate with an arbitrary arrangement of holes is
considered (see Fig. 1a). The plate contains an initial crack loaded in tension (Mode I) and is simulated us-
ing the FEM Package ABAQUS Standard [23]. All FEM analyses are purely linear (linear elastic material,
linear geometry, small displacement). Crack propagation and initiation of new cracks (without dynamic
effects), however, is captured by automatically generating and analyzing FEM models with updated crack
increments following the full FEM scheme of a previous work [24] in combination with the Point Method
[PM) [25] as crack initiation criterion. Therefore, the model can contain any number of cracks that can prop-
agate in the bulk material, initiate from a hole, or get arrested by growing into a hole surface, the specimen
surface, or another crack. In each increment, only one crack can propagate or initiate at a time. Each hole
pattern is analyzed in 4 different configurations to account for cracks approaching from 4 different sides.
The tension load for each configuration is applied by a prescribed incremental displacement u. From the
incremental FEM computations (including incremental crack propagation until failure of the whole plate),
the reaction force F(u) is obtained, from which the tensile toughness of the plate, Ut is then computed as

the integral of F(u) over the displacement (as also done in [2]).

With such a model, the hole geometry can be optimized for maximum Ut. With only one setup with a
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crack on the left of the plate, this would result in design similar to a layered plate or other trivial solutions
(such as a arc-shaped hole in front of the crack tip [26]). Therefore, the initial crack is sequentially placed
on each side of the square. To optimize the geometry of the holes, support points are aligned in a grid. Each
support point has a parameter, which can be either 1 (material) or O (hole). The parameters are interpolated
and the contour line of this interpolation defines smooth hole shapes that are added to the plate. Additionally,
the design space is simplified by considering a) x- and y-symmetry and b) rotational symmetry. A previously

developed optimization algorithm [27] is used to optimize the design.

2.1. FEM model setup

The setup of the FEM model is illustrated in Fig. 1a. The square plate has a side length / = 80 mm
and contains an initial crack located at half of its height with a length ag = 10 mm. The holes can have any
shapes defined by splines, but must not intersect the initial crack or the outer edges of the plate. The material
is assumed as linear elastic with parameters given in Sapora et al. [28] for PMMA with E = 2960 MPa, v =
0.38. Kic = 1.96 MPa +/m, and o = 70.5 MPa. The model uses linear geometry and plane strain elements

CPE4R and CPE3 with an assigned thickness of 1 mm (to directly obtain output in consistent units).

The model uses two types of cracks: active cracks have a crack tip and can propagate, whereas inactive
cracks already ended in a hole surface, the plate surface, or another crack. The areas around active cracks
are partitioned using a tube of radius 0.75 mm, as done in [24]. The mesh is refined towards the crack tips
from a global mesh size of 2 mm to a local mesh size of 0.15 mm, see Fig. 1b. The factor of the local mesh
size to the tube radius is chosen according to a mesh size study in [29], where this mesh size has been shown
to be sufficiently fine. Hole surfaces are meshed with an element edge length of 1 mm if the model contains
active cracks. If the model does not contain active cracks, hole surfaces are meshed with an edge length of
0.45 mm to accurately predict crack initiation from a hole surface, which mainly occurs if no active cracks
are present. The bottom edge of the plate is constrained in the vertical direction. The nodes of the upper
edge are coupled in y-direction to a reference point, at which a displacement upgy = 1 mm is applied and
the reaction force Fpgy is output. Note, that the upper edge has a uniform vertical displacement and cannot

rotate.
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Figure 1: Model sketch for the used 2D model and the corresponding mesh that is refined towards the crack tips.

In the FEM model, cracks incrementally propagate with a fixed increment length Aa, see Section 2.2.1.
If initiation from a hole surface is predicted (for details, see Section 2.2.2), cracks are inserted with a starting
crack length Aajp; = 1 mm. The FEM model is repeatedly computed with an updated and remeshed crack

geometry.

The crack propagation increment length Aa necessary for obtaining accurate results (particularly in
terms of accurate crack paths) is obtained by varying Aa in six selected hole designs, depicted in Fig. 2.
These designs showed to be sensitive to varied Aa in preliminary computations. The smallest Aa needed
for accurate predictions in these designs is considered to be sufficient and is used in all further model runs
independent of the chosen grid size for the optimization. The results of the parameter study are presented

in Section 3.1.

2.2. Modeling cracks

2.2.1. Incremental crack propagation

The propagation of an active crack is determined from the vectorial energy release rate J, which is
based on configurational forces evaluated inside the tubes surrounding the crack tip. The direction of J is
taken as the propagation direction and its magnitude as the scalar energy release rate G. The limitations for

6
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Figure 2: Six hole designs A-F used for identifying the Aa necessary for accurately predicting crack paths.
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large mode II to mode I ratios of these methods have been discussed in [24], where efficient approaches for
incremental crack propagation are suggested. In this work, we use the explicit approach described therein
with crack propagation defined by a linear increment in the direction of J, without any angle corrections.
Essentially, the modeling described in [24] is used in this work with the full J evaluation code provided and
documented in [30]. A small adaptation is introduced for dealing with crack tips close to a hole surface,
as shown in Fig. 3: instead of increasing Aa in the last increment before the crack runs into the hole or
passes it, further increments using the angle change A« from the last increment are added. This has proven
to perform better in cases where the crack tip comes close to a hole surface and might or might not pass it.
Active cracks in the model are meshed more finely close to their crack tips. For details on this mesh and
partitions, the reader is referred to [24]. Once a crack runs into either a hole surface, an outer boundary of
the plate, or another crack, the crack is deactivated and its mesh size is reduced to the global mesh size in

the model.

For checking if a crack runs into a hole surface, the spline points of the hole surface are discretized as a

poly-line. This is more robust than computing the intersection of an extended crack and a spline, but means
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Figure 3: If a potential extended crack tip lies too close to a hole surface (in the blue region), it is extended using additional crack
increments with length Aa and an angle change of A« each. This is repeated until the crack has grown into the hole or its tip does
not lie does not lie too close to a surface any more.

that the points approximating the spline must be rather fine. Furthermore, we check if a crack runs into any

other crack.

2.2.2. Crack initiation from holes

For holes with a very small curvature radius p, the classical stress criterion no longer applies. In the
extreme case of a curvature radius p = 0, the stress approaches infinity and a fracture-mechanical criterion
must be used. Approaches that capture both large and very small p have been developed, such as the Coupled
Criterion (CC) of Leguillon [31], which is based both on stresses and the incremental energy release rate of
a possibly initiating crack with length a. To avoid the additional computations necessary for obtaining the
incremental energy release rate, faster methods have been developed using a matched asymptotics approach
[31] or multi-scale computations [32]. Taylor [25] proposed two such fast methods based solely on stress,
called Point Method (PM) and Line Method (LM). In this work, the PM is used. The PM takes the maximum
in-plane principal stress o at a normal distance /., /2 from the surface and compares it to the critical stress
o of the material. The critical energy release rate G, of the material is accounted for by the characteristic

length

len = K& /(n 02) (1)

with

G. = Ki,(1-v))/E )

8
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Figure 4: Mesh-based evaluation of the crack initiation position Xi,; and normal for the initiation ny,; in the element with the highest
o at a hole surface.
for plane strain. For the PMMA material parameters stated above, G, = 1110 J/m? and the characteristic

length for plane strain is /o, = 0.246 mm.

In the FEM model, we evaluate o7 at the element integration points along the surface of each hole and
find its maximum for each hole, as illustrated by Fig. 4, where it is assumed that a crack initiates at the posi-
tion where o7 is maximum. This initiation position, Xj;, is evaluated based on the mesh: The mid-side node
of the element edge is taken as the initiation position X;,; and the normal to this edge defines the initiation

direction nyy;.

The PM of Taylor requires the stress along the path of a potentially initiating crack. This stress is
extracted from FEM results at a distance of [.,/2 from the surface. With reasonable element size for the
optimization, this evaluation point always lies within the first element. Since the path evaluation of Abaqus
first averages result variables at nodes before interpolating them, linear elements yield inaccurate path re-
sults within the element next to the surface. The maximum stress evaluated in this way yields the same value
as the maximum stress evaluated at an integration point, which considerably depends on the mesh size in
case of a steep stress gradient. To avoid using very fine mesh sizes, we use a simple method to improve the

accuracy of the stresses evaluated close to surfaces as follows.
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Figure 5: Interpolation and extrapolation of o along the path for obtaining mesh-independent o values at the characteristic length
len. The middle of each element cut is used with the corresponding element o value, but omitting elements that are only slightly
cut.

This method evaluates o1 along a path that starts at the defined initiation position at the hole and points
into the material normal to the surface. Stresses are read from each element intersected by the path and
the o7 stress along the path length 7 is computed at the mid-point of each path section of a specific element
as shown in Fig. 5. The stress along the path is then computed by linear interpolation between those mid-
points and extrapolation to the hole surface in the first element along the path. Note, that for very short
path sections, which occur if an element is just barely intersected by the path, the contribution of such a
section is ignored by excluding the corresponding o value from the interpolation. This is done for path
sections with a length smaller than 0.4 of the longest interval as indicated in Fig. 5 for the second-last path
section. The resulting stress profile is then used to evaluate o(l.n/2) to assess crack initiation in terms of
the necessary load factor ii. = u./upgm for each hole with its critical applied displacement u.. It is noted,
that more accurate solutions for path interpolation near hole surfaces could be devised, however, for our
purposes (where initiation is usually triggered by the stress data from one of the first two elements), this

method has been found to be robust and more realistic than the method offered by Abaqus.

10
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2.2.3. Combining crack propagation and crack initiation

In the linear FEM model with applied upgpm, the stresses and the energy release rates G can be scaled by
fias o = ii oppym and G = 12 Ggpy for any other load u = @ upgm. This also means that for all crack tips
with index i, G; can be used to obtain corresponding critical loads ugl. (i € 1, ..., ncracks) for the propagation
criterion ugl./ G¢ = 1. For all holes with index j, o, j(Ilch/2) can be used to obtain the corresponding critical
loads u‘CT ; (J € 1, ..., npoles) for the initiation criterion ugj /o = 1. The incremental FEM model evaluates all
uc values in each increment, and takes the lowest i, to either propagate or initiate a crack. With the updated
model, u. values are evaluated and cracks either propagate or initiate. From one increment to the next, the
lowest u. can either decrease (which is common for a growing crack) or increase (which can happen when
a crack grows into a hole and then needs to reinitiate or in cases of stable crack growth). This procedure is
repeated until the plate is broken and has zero stiffness or ujpg reaches the maximum displacement defined
as Umax = 2 mm. Almost all designs break at lower displacements and have zero force before they reach
Umax- The remaining designs are almost fully broken at up,x, but they have a small material bridge with a
very low stiffness that still connects the plate. Since the contributions to Ut of these bridges are very small,
it can be neglected. To obtain the F'(u) curve of the plate, in each increment k, the lowest ugk] and the plate

stiffness S*! (which decreases with increasing k) are extracted. The F(u) curve is built from a sequence

[0]

load = 0. For each increment, ujp,qg is updated if ugk] is larger than the

of (ul[g oS (k1) points, starting with u

previous Ujpaqg-

An example of this incremental crack propagation and initiation is illustrated in Fig. 6. The plate with
one hole at its center, depicted in Fig. 6¢, initially has one crack that can propagate and one hole, a crack
can initiate from. Figure 6a shows the corresponding u. values for crack growth (blue line) and initiation
(orange x markers). In the initial crack propagation increment (k = 0, stage 1 in green in Fig. 6) ujpaq
increases to 0.25 mm, which is the initial u. for crack propagation. In the next increments, u, of the crack is
below this 1, = 0.25 mm, which means that the crack just grows at this constant uj,,g With a drop in force,
as can be seen in Fig. 6b and is indicated as stage 2. In increment k = 12, the crack grows into the hole, so at
this point, there are no active cracks in the model. Therefore, the load for initiation of u, = 0.45 mm is most

critical and uo,q is increased to this value (stage 3 in Fig. 6), leading to a force increase of about 800 N.
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Figure 6: Evaluation of a FEM model with a central hole. In each increment, the critical . for crack propagation and crack initiation
are plotted. Using those i, the F(u) curve can be extracted, which featured kinks where the crack stops and propagates/initiates at
an increased u.. Four stages are identified: 1) load increase until propagation if initial crack, 2) propagation of the initial crack into
the hole, 3) increase of load until a crack initiates from the hole, and 4) initiation and critical propagation of crack from the hole.

Once this ujeaq is reached, a crack initiates at the right side of the circular hole, and since u, is already much
higher than needed for this crack to grow further, it propagates unstably through the rest of the plate (stage

4 in Fig. 6). This is associated with a drop of the force to 0. From the F(u) curve, the tensile toughness

Ur = um‘“ F (1) du can be computed (which corresponds to the area under the F(u) curve up to umay).

2.3. Definition of hole designs

In order to find an optimal design, Ut should be maximized by varying the geometry of holes in the
plate. To vary the hole geometry, a general representation of hole shapes is required that allows for creating
new holes, deleting existing holes, or changing the shape of existing holes. For this, an approach simi-
lar to parameterized level-set methods [33, 34, 35] is used, which defines a smooth parameterized function
f(x,...), whose contour line at a fixed threshold f; defines the holes. Figure 7 shows such a smooth function
f(x,...) that interpolates so called support points (spheres and cubes) using Radial Basis Functions (RBF)
[36]. The support points are aligned in a grid and have either a low level to represent material or a high level
to represent holes. The function f(X,...) is generated by interpolating the support points using RBF, which
are used in many fields of application like for gaussian processes [37] and response surface methods for sur-
rogate models [38], because RBF can interpolate complex functions smoothly. All function values above the

threshold f; (which will be set to 0.5)are holes (green) and all function values below f; are material (orange).
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Figure 7: Interpolation of support points (spheres and cubes) using Radial Basis Functions. The interpolation is drawn orange for
values < f; (material) and green for values > f; (hole).

For optimization, the algorithm Truncated Breadth-First Search with Limited depth (TBFSL) [27] is
used since it does not need derivatives and is able to escape local optima. Note, that the position of the
support points is held constant during an optimization run. However, the position of the support points
might influence the result, because a hole contour can never cross a support point due to the values of 0 or
1 defined at those points. To compensate this drawback, we perform multiple optimization runs with varied

support point spacing 2d, see Section 2.4.4.

2.3.1. The design space

Figure 8 depicts the specimen with the support points. Two types of support points are used. Fixed
support points X¢ := (X¢,...) are marked in blue and form a rectangle that defines the perimeter of the
design space with internal variable support points X, := (Xy 1, ...) marked in orange. The variable support
points are arranged in a ngrig X Ngrig grid, amounting to ny = ngriq - Ngrig points. The grid size is defined for

each optimization run. The design space

low < x < lhigh
Xi=9x:=(x,y) A (3)
llow <y< lhigh

thereby contains every point x = (x,y) inside the rectangle formed by the fixed support points X;. All
support points Xg := (Xf,...,Xy1,...) are used to parameterize the shape of holes, with a total number
of support points n. For this, binary values f; = (fs1,--.,) € {0, 1}s are assigned to each of the sup-

port points. A value of f; = O stands for a point inside the material and a value of f; = 1 stands for
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Figure 8: The optimization uses support points X; that can be variable (orange) or fixed (blue). The design space X contains every
point x inside the rectangle defined by the fixed support points.

a point inside a hole. To ensure that holes can only occur inside the design space X, the fixed support
points X¢ are assigned to zero values f? := (0,...) (i.e. material). Accordingly, the support point values
>/ > > > . - . .

fs ( fv) = ( ft fv) = (0,..., fv.1,--.) depend only on the variable vector f, corresponding to the variable

support points.

As depicted in Fig. 8, the mid-point between a fixed support point and the first variable support point
has a distance of [3 = 15 mm from the specimen edge. Since the boundaries of holes are obtained from
interpolations of f(x,...), this distance is approximately the minimum distance of hole boundaries from the

specimen edge. The distance d is computed as 2d = (lfﬁ

'4d and depends on the grid size ngiq of the variable
gri

support points. The boundaries of the design space X are then computed as:

how :=1la—d
“)
lhigh =1-l+d
The following paragraphs explain the key elements to define the hole geometry inside the design space.
As already mentioned, the function f(x,...) uses RBF to interpolate between the support points. The RBF
interpolation requires a so called length scale that defines the area of influence of the support points. Next,

a threshold f; is applied to f(x,...) to generate contour lines that represent the hole surface. Furthermore,

the contour lines might contain invalid material islands. This is checked by a validation function. Finally,
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a crack growth should not only be investigated for one direction, but for several directions. For this, the

geometry is transformed by a rotation function.

RBF. An example of a RBF interpolation is shown in Figure 7. The support points are interpolated using a

Gaussian RBF kernel [37]

112
k(x, x,) = exp [—”X;—XHZJ (5)

rbf
which describes the interdependency of two points x,x . The length scale Iy is chosen such that the
interpolation is smooth, but does not overshoot too much. Overshooting is the phenomenon when an inter-

polation value reaches values higher or lower than values of its neighboring support points. The function

f(x, f(’s,f:) = Zsk(xs’,-,x) “W; (X’S,f:) (6)

interpolates the given support point values f: at X, for a new position x. To do so, the kernel k computes
the dependencies of each support point xg; on the new position x. Furthermore, these dependencies are
weighted by w ()Z’S, f:) = (w;). The weights are found by solving the linear equations system

ns

F (%o %o £) = DTk (XeinXej) wi = foy Vi=1,...n, (7)

i

such that the interpolation function fits the support points.

Length scale. For the RBF interpolation, a length scale /¢ is required that controls the area of influence of
support points. Figure 9 illustrates the interpolation for various /ips. For [ < 1d, the area of influence is
small and the holes are so small that they become separated. Contrary, large /s > 3.5d the hole shapes are
smooth and connected, but support points influence a large area, which might lead to additional artificial
holes. Such artificial holes can be seen in the corners in Fig. 9 for [, = 4d. This is a result of overshooting.
Suitable values for /ipr lead to smooth, connected hole shapes without additional artificial holes. As can be

seen in Fig. 9, this is the case for values between 2d and 3d. In this work, we choose lis = 2.5d.
Threshold. The hole contours defined by
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Figure 9: RBF interpolation for various length scales /. A length scale of 1 d leads to isolated holes and a length scale of 3.5
d leads to artificial holes due to the overshooting interpolation. A length scale ¢ = 2.5d is used, because it can feature smooth
diagonal slits and does not overshoot.

Figure 10: The hole shape (black line) is defined as the intersection of the threshold plane (grey) and the interpolation function
f(x,...) (green/orange).

r(f)={xex|f(x% £F)) =] ®)

are generated by intersecting the interpolation function f(x, ... ) with a plane, as illustrated by Figure 10.
This plane is placed at a threshold value of f; = 0.5, which is halfway between the min and max levels of
the support points and its intersection with f(X,...) is computed numerically. For this, the interpolation
275 function f(X,...) is evaluated at 1000 x 1000 points in the design space. Next, the marching squares
algorithm [39], as the 2D form of the marching cubes algorithm [40], is used to extract contours I' = [ J; I'y;
as a sequence of closed poly-lines I'y ;. Each poly-line I'y; = (x;,...) is a lists of points X;. A region inside
a poly-line I'; is either a hole or an (invalid) material island inside a hole.
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Figure 11: Cracks approaching from four sides of the hole.

Validation. Designs that lead to material islands are rejected, but first a criterion is needed to determine
whether a material island is present or not. The marching square algorithm returns an anti-clockwise poly-
line I'y; if I'y; encloses a hole and a clockwise poly-line I',; if I'y; encloses a material island. Using this,

we define a validation function (isvalid(I")), which rejects I', if I contains any clockwise poly-line I'p ;.

Rotation. We want to find valid hole patterns I'* that maximize the tensile toughness Uy. The tensile
toughness Ut(I') for holes I' is evaluated as explained before. However, since a crack might approach
from various sides, the tensile toughness is evaluated for cracks approaching from four different angles
¢ € {0°,90°,180°,270°} and the minimum tensile toughness UITnin ( f:) of all angles is computed. Instead
of rotating the crack for the model, the setup is kept the same and the hole contours are rotated as depicted
by Fig. 11. For the rotation, we define a function (rotate(I’, ¢)) that rotates the hole contours I" around the

. !
center of design space Xpig = (% Ey)

2.4. Optimization for maximum tensile toughness Ut

The minimum tensile toughness UTmin ( ﬁ) for all rotations should be maximized. Furthermore, the
optimization process should be as efficient as possible and hence it is beneficial to not evaluate the same
geometry twice. To do so, we identify equivalent designs that can be transformed into each other either
by a rotation or mirror operation. If one design has already been calculated, no further equivalent designs
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Figure 12: Equivalent designs. The variable vector f of each of the shown designs yield an identical minimum tensile toughness
)

205 need to be calculated. Figure 12 depicts such equivalent designs. The shown designs have distinct variable
vectors f?, but since the computation of the minimum tensile toughness U’Tnin ( f:) rotates the hole shape,
each of those equivalent variable vectors leads to simulating all rotated designs. The outcome would be the
same UIT’nin ( f;) Furthermore, designs mirrored in vertical direction are also equivalent. Since only one of

those designs needs to be evaluated, the number of computations is reduced by a factor of up to 8.

a0 2.4.1. Optimization algorithm
As already mentioned, the minimum tensile toughness UTmin ( f:) is the tensile toughness for a crack
approaching from the worst side. We aim to maximize this minimum tensile toughness. This leads to a
max-min objective

U%“i“ (fC) := min {UT (rotate (F (f_v)) , (p))}

12

Uy = Il}%lX{UTmm (F)} ©®)

¢ €{0°,90°, 180°,270°}
subject to :

isvalid (T'(£7))
that finds the hole pattern I'* ( fv* ) with the maximum tensile toughness U, if the crack approaches from
s0s the worst side ¢*. In this work, the TBFSL algorithm [27] is used to optimize this max-min objective. The

TBFSL algorithm is a trajectory-based variable neighborhood search (VNS) with two parameters:
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e drprsL: the max number of simultaneously changed variables
e rrprsL: the max distance of support points where variables are change

Higher values of drprsy and rrppsp, increase the probability of the TBFSL algorithm to escape local ex-

trema. However, the computation time increases significantly with larger drgps. and larger rrpgsy .

Figure 13 illustrates the optimization process. In the first iteration i := 1, a variable vector fy) =(0,...)
of zeros is used as start vector. This is considered the currently best design :i) ti= f;m and the correspond-
ing currently best tensile toughness is set to U(Ti)* = UITniIl ( ;(i)). Next, TBFSL generates a sequence of new
variable vectors that are similar to the currently best variable vector -V(i)*. This means, that a new variable
vector contains at most drggsy. variables that differ from fy)*. All those differing variables must correspond
to support points that are near each other inside a rectangle with a perimeter of 2 rrgrsp. The generated
variable vectors are put into a queue and are sorted according to the number of differing variables such that
designs most similar to f_v(i)* are at the front of the queue.

After the queue is filled, a number of asynchronous worker processes nyorker 1 started. Each worker
process picks and removes one design from the front of the queue. If an equivalent design has already
been computed, the design is skipped. For all other designs, the iteration counter is incremented and the
minimum tensile toughness U%‘i“ ( ﬁi)) is computed. The evaluation of U%‘i“ ( f:”) uses a technique called
early termination that is described in the next section and accelerates the optimization process by consider-

ing intermediate results and stopping bad performing simulations. If UITIliIl ( _\Si)) cannot be evaluated due to

some error, the design fy) is discarded. Such an error can occur in cases where a crack comes too close to a
hole surface and the meshing algorithm generates distorted elements. Note, that such a failed design could
be the best design. However, since the number of failed designs is negligible compared to the total number
of designs, we assume this to be unlikely.

The new minimum tensile toughness UITnin ( Si)) is compared to the best tensile toughness U(TH)* of the

previous step and the new best tensile toughness U(Ti)* and best design _\Ei)* are updated. If the best values

have changed, the queue is cleared and then filled with new designs as explained above. The optimization
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Figure 13: Flow chart of the TBFSL optimization process.

stops when all designs in the queue have been investigated and none of those designs from the most recent

queue have changed the best value of U%’i".

2.4.2. Early termination

As already mentioned, a technique called early termination is used to accelerate the optimization pro-
cess. Early termination is used in applications like hyperparameter optimization [41] to reduce the computa-
tional costs by stopping an evaluation that has bad intermediate results before completion. In this work, the
objective U%‘i“ ( f:) evaluates the tensile toughness for four rotated designs and each of those four evaluations
provides an intermediate result for the minimum tensile toughness U%‘i“ ( ﬁ"*“). If an intermediate result is
already worse than the U(Ti)*, the evaluation of U%‘i“ ( 3”1)) is stopped and instead returns the intermediate

result.

20



345

350

355

360

118

mﬂect
Q ! 9

. . _6}._,

N,

Figure 14: Illustrative example of the reflected pattern with variables corresponding to the variable support points in the top right
quarter. The grey dot dashed lines represent the reflection plane.

2.4.3. Patterns
The optimization is performed for all variable support point variables n,. We call this the full pattern.
Furthermore, additional optimization runs are performed with repetition patterns that reduce the number of

variables. Two patterns are considered: A reflected and a rotated pattern.

A reflected pattern shown in Fig. 14 uses only variables that correspond to the variable support points
in the top right quarter. The values of the other variable support points are determined by reflecting the top
right quarter around the reflection planes. The reflection planes are shown as grey dash-dotted lines. Since
the reflected designs are the same if they are rotated by 180°, only two rotations (0° and 90°) need to be

computed.

Figure 15 illustrates a rotated pattern. The values of the variable support points in the right top quadrant
are optimized. By rotating the top right quarter around the center of the specimen, the values of the other
variable support points are determined. Since the design stays the same for all considered rotations, only

the 0° design is computed.

2.4.4. Optimization runs

To apply the optimization procedure described before, some parameters need to be set. The param-
eters used in this work are summarized here. The TBFSL optimization method requires two parameters
dtBrsL, rTBESL- As discussed in Section 2.4.1, there is a trade-off between good results and a manageable

computation time. Rettl et al. [27] demonstrated that the optimization is more efficient for small param-
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Figure 15: Illustrative example of the rotated pattern with variables corresponding to the variable support points in the top right
quarter. The rotation is performed around the center of the specimen in three steps.

eters, but if parameters become too small, like drgrsp, = 1 or rrgps. = 1 - 2d, the probability for finding
the global optimum design significantly decreases. In this work, the parameters are set to drprsp. = 3 and
rreesL = 3 - 2d. In the example investigated by Rettl et al. [27], these parameters lead to good results and

were efficient.

The grid size influences the radius of holes significantly and a hole contour can never cross a support
point. To compensate this drawback, the grid size is varied. In total, 21 optimization runs are performed

with various grid sizes and pattern types:

1. 5 runs use the full pattern with grid sizes between ngig = 3 and ngiq = 7.
2. 8 runs use the reflected pattern with grid sizes between ngig = 3 and ngig = 10.

3. 8 runs use the rotated pattern with grid sizes between ngiq = 3 and ngig = 10.

The optimization runs utilize nyorker = 6 asynchronous worker processes.

3. Results and discussion

Prior to the actual optimization, a crack increment length Aa for accurately predicting crack paths and
therefore Ut is identified. With this Aa, results of some simple designs are first evaluated to show typical Ut
values obtained. Then, optimization results for three pattern types (full, reflected, rotated) and for various

grid sizes are presented and discussed.
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Figure 16: Crack paths depending on the crack increment length Aa for design C.

3.1. Study of Aa

From preliminary runs of the optimization algorithms, six designs with ngiq = 7 that had found to be
sensitive to Aa were selected. These six designs (A-F) shown in Fig. 2 are used for checking if the method
for crack propagation, crack initiation, and cracks running into holes is robust and accurate. The crack in-
crement length Aa is varied between 1.5 mm and 4 mm in steps of 0.5 mm. The obtained sequence of cracks
and the qualitative crack path is similar for all computed Aa values for all designs except for design C. Fig-
ure 16 shows the crack paths for design C for varied Aa. The crack path changes significantly for values Aa
> 2 mm. This change can also be seen in Fig. 17, which shows the relative tensile toughness for the designs
A-F for various Aa. The tensile toughness evaluated with Aa = 1 mm serves as reference value. Above Aa
=2 mm, Ut increases distinctively (though only by 4%) for design C. All other designs considered here are
fairly accurate also for larger Aa. For all further computations, a crack increment length of Aa = 2 mm is

selected. For this selected Aa =2 mm, Ut deviates by less than 1% compared to the reference for all designs.

Figure 18 depicts the crack growth in design C with Aa = 2 mm. Figure 18a shows the F(u) curve and
the fully broken design. Figure 18b shows the critical displacements u. for crack propagation and crack
initiation. The numbers 1-5 highlight the positions where cracks propagate (1) or initiate (2-5). At first,
the plate contains only the initial crack. When the load is applied, F(«) increases with a constant slope
until . for the crack propagation of the initial crack is met. At this point, marked as 1, the initial crack
starts to grow. The growing crack reduces the stiffness of the plate and thus the force decreases. Note,
that Fig. 18b shows a slightly ascending u. after 1. This is caused by a stable crack propagation, where u,
gradually increases during crack growth and can be seen by a gradual drop in the F(u) curve after point
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Figure 17: Convergence of the tensile toughness Uy obtained in the six designs A-F in respect to the crack increment length Aa
used. Therefore, Aa = 2 mm is considered sufficiently small.

1. After a few increments, the first crack hits a hole and is deactivated. Then, a new crack initiates. Here,
the local stresses play a crucial role, which are determined by the local curvature radius of the hole as well
as other holes nearby that may relax some of the stresses. The new crack initiates, as marked by 2, once
a displacement of 0.5 mm is applied. According to Fig. 18b, u. for propagating the new crack directly
after 2 is at about 0.3 mm which is lower than the displacement of 0.5 mm applied at 2. Consequently, the
crack growth is unstable until it hits the bottom circular hole. The critical displacements for the next two
initiations and propagation events 3 and 4 are still smaller than the displacement for 2. This means that the
cracks 3 and 4 also initiate immediately with unstable crack growth after 2. This can be seen in Fig. 18a,
where all three events 2, 3, and 4 occur at the same applied displacement. The final crack 5 initiates at a
higher displacement of about 0.55 mm, but since the plate is almost fully broken at that point, the remaining
stiffness is low. This leads to a small force for the initiation below 100 N, and the area underneath F(u)

from 4 to 5 remains small and thus contributes only very little to the tensile toughness Ur.

3.2. F(u) curves for simple setups

To give a reference for the following optimization results, some simple hole designs using a 7 X 7 grid
are presented in Fig. 19. We present a plate without any holes (Fig. 19a), one with all 7 X 7 voxels empty
(Fig. 19b), one with a single diamond-shaped hole (Fig. 19¢c), one with a small hole at the center (Fig. 19d)
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Figure 18: Results for test design C with a crack increment length Aa = 2 mm.
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and two designs with a 1 X 7 elongated hole at the center with vertical (Fig. 19¢) and horizontal (Fig. 19f)

orientation.

The F(u) curves, depicted in Fig. 19, first increase linearly until a critical displacement, where F drops.
This drop in F is associated with the propagation of the initial crack and the associated stiffness reduction.
The more the crack propagates in this step, the bigger the drop in F. If this first drop has not been fatal for
the plate (as for the plate without holes in Fig. 19a), the force then increases up to a higher critical displace-
ment with the reduced stiffness, where F' drops again. Contrary to design C in Fig. 18, this second drop leads
to ultimate failure of these simple plate designs, which means that the initiated crack propagates through
the whole remaining cross-section of the plate. The critical displacement at the second drop depends on the
local stresses in the region of crack initiation, such that for a large curvature radius at the initiation point
(designs in Fig. 19b,e) the maximum displacement is about 1 mm, whereas for a smaller radius (designs in

Fig. 19c¢.d,f) it is much lower with about 0.4 mm.

To obtain a large Ur, both the critical displacements for crack growth and crack initiation should be
large, but at the same time, the stiffness should be large: this can clearly be seen when comparing the design
with all voxels empty (Ut = 337 mlJ, see Fig. 19b) to the design with the vertical hole (Ut = 759 mlJ, see
Fig. 19e), which have similar u. for crack growth and crack initiation, but a significantly different stiffness.
The highest Ut can therefore be obtained if the holes and the growth of the initial crack into the closest
hole reduce the plate stiffness as little as possible and the stress at the following initiation position is low.
The stresses can be reduced by a large curvature radius at the initiation position or by additional holes that
relieve stresses at the initiation position. The vertical hole could be moved closer to the initial crack to
reduce the stiffness drop due to the initial crack growth, but apart from that, the design with the vertical hole
is already ideal for the given crack. This mimics the effect of a layered structure loaded in tension. For other
crack locations, however, this design can be much worse in terms of its Ur, as shown for the horizontal hole
in Fig. 19f. This plate has a low initial stiffness, a big drop in the stiffness, and a low u, for crack initiation,
resulting in Ut = 90.7 mJ, an even lower value than that of the full plate (Ut = 109 mJ). This indicates that

there is no simple and trivial solution to the optimization problem in this work.
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Figure 19: Resulting F'(u) curves and crack paths for some simple hole designs. For the full plate without holes, Ut = 109 mJ, and
the highest U = 757 m] is reached for the vertical slit, which only has Ur = 91 m]J if rotated by 90°.
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3.3. Optimizing the hole geometry

As defined in Sec. 2.4.4, geometries are optimized using the three pattern types full, reflected, and ro-
tated. The size of the ngq X ngrig grid varies between ngig = 3 and ngig = 10. The optimization with
the full pattern is only performed up to a grid size of ngiq = 7, because this optimization run already took
more than 52 hours. The computation time and the optimization progress for Ut are shown in Fig. 20. The
detailed results of all optimization runs are provided in the supplementary materials of this work. Table 1
provides a summary of all runs, including the number of failed iterations. Each iteration consists of up to
four model evaluations (for the rotation angles) of each design. Each model evaluation performs on average
26 FEM simulations for the crack propagation and initiation. The total number of FEM computations for
all optimizations runs is more than 280,000. For such a large number of FEM models, it is not feasible to
completely eliminate failed computations. Only 394 (0.14%) of more than 280,000 computations were not
computed successfully. The failed iterations, which were less than 5% of the total iterations, were found to
be caused by failed Abaqus meshing for unclear reasons and cases where a crack close to a hole surface led
to distorted elements. Both cases occur more often with finer grids, where the meshing parameters and the

Aa selected may have been too large, since it was fixed at 2 mm independently on ngig.

Figure 20 shows that the reflected pattern leads to the best designs with the highest Ut*. There is a weak
correlation for larger grids resulting in better designs. Considering the logarithmic scale of the computation
time in Fig. 20, it can be seen that optimization runs on larger grids take much longer. Although the full
pattern has the highest computation time, it performs the worst. On average, the rotated and reflected pat-
terns find better Ut™ than the full pattern in less time on the same grid size. It is obvious that the full pattern
needs more computation time, because for the same grid size, it has more variables and needs to perform
model evaluation for cracks from all four directions. The rotated pattern needs to consider only one crack
direction, because it is rotational symmetric. The reflected pattern models evaluations for cracks from two

directions.

However, the better Ut™* of the rotated and reflected patterns is counter-intuitive, because the set of

possible designs is greater for the full pattern and also contains all possible designs of the other patterns.
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Figure 20: The optimized tensile toughness Ur* depending on the computation time of the optimization. The value Ut” increases
with the progress in the optimization. Optimizations are carried out for the three types of patterns full, reflected, and rotated for
grid sizes between 3 and 10. The highest Ut is found for the reflected pattern and a grid size of 8.

Consequently, the full pattern should be able to find the designs optimized by the rotated and reflected pat-
terns. This is not the case, however, since it gets stuck in local optima. If the rotated and reflected patterns
fall in the same local optima, they might escape it, because a change in one variable changes up to four

support point values, due to the rotation and reflection, respectively. This leads to more diverse designs and

higher probability of escaping local optima.

In the following, the designs and detailed results of five selected optimizations are presented. This is
done for the full pattern with a 7 X 7 grid, the reflected pattern with a 5 X 5 grid and a 8 X 8 grid (which has

the highest Ut™), and the rotated pattern with a 4x4 grid and a 10 x 10 grid.

3.3.1. Best overall design
Figure 21 shows the best design found of a reflected pattern and ngig = 8 with Ur* = 486.8 mJ. The
initial crack starts to grow at a force of about 500 N and is then stopped after a few increments by a small

vertical slit. The effect of this crack on the stiffness is quite small and the force drops only by a small
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Table 1: Results of all optimization runs on ngq X ngiq grids with the patterns full, reflected, and rotated that reduce the number of
variables 7.

Ur* failed model computation time

pattern ngid My inmJ  iterations iterations evaluations in hh:mm
3 9 3449 24 0 45 00:39

4 16 4044 397 0 506 08:01

full 5 25 4229 1038 1 1352 23:04

6 36 3662 1548 4 2149 47:57

7 49 3747 1619 3 2136 52:34

3 4 3526 10 0 18 00:24

4 4 388.7 10 0 17 00:19

5 9 465.1 122 0 160 02:59

reflected 6 9 466.2 55 0 72 01:18
7 16 4314 255 4 321 06:03

8 16 486.8 235 0 277 06:35

9 25 4212 850 8 949 23:50

10 25 455.6 644 8 692 18:47

3 3 3527 6 0 6 00:18

4 4 3934 10 0 10 00:17

5 7 4165 52 0 52 00:52

rotated 6 9 428.1 99 1 99 02:12
7 13 4512 251 5 251 05:14

8 16 430.1 259 6 259 06:19

9 21 456.7 602 15 602 14:11

10 25 4627 687 35 687 20:24

amount. Next, the crack initiates at the vertical slit. However, the holes above and below the vertical slit
act as stress relief notches [42] by lowering the stresses by shielding. Consequently, a high force of almost
1.4 kN is required for the crack initiation. This shielding and stress relief mechanism is the main reason for
the high Ur. The crack then grows further into the hole at the center, which is again shielded by stress relief
holes above and below. Although the stresses around the central hole are reduced by the stress relief holes,
the force for the initiation is lower than before at about 1000 N. This is visible as the small third peak in the
F(u) curve. Finally, the crack hits the right vertical slit, but immediately initiates again and grows all the

way through to the right edge of the plate.

Although the reflected pattern is not constrained to rotational symmetric designs, the optimized design
is also rotational symmetric. One might expect that the rotated pattern evaluated for the same grid finds the

same design. However, it found a worse design, because the TBFS optimization usually does not find the
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Figure 21: Best design from the optimization runs with the reflected pattern with ngiq = 8
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Figure 22: optimized design found using the reflected pattern with ng;q = 5
best design, unless higher values for parameters dtpps and rrpgs are chosen.

3.3.2. Reflected pattern design with nggiq = 5

Another interesting design was found using the reflected pattern with ngiq = 5. Figure 22 shows this
design, which consists of two vertical slits in the 0° rotation state (Fig. 22a) and two horizontal slits in the
90° rotation state (Fig. 22b). For the 0° rotation, the initial crack grows into the left vertical slit. This slit
behaves similar to the vertical slit presented in Fig. 19e. Since this slit has a large curvature radius, the notch
effect and thus the stress concentration are small. This leads to a high critical force of about 1.3 kN. Fur-
thermore, the big slits reduce the stiffness more than in the previous design shown in Fig. 21. Consequently,

for the same force, a higher displacement is necessary. The combination of the high displacement and the

high force result in a high Ut of 533.4 mJ.

However, if the design is rotated by 90° (Fig.22b), Ut decreases. First, the crack grows midway be-

tween the two horizontal slits. The two slits shield the crack and there is almost no load at the crack tip.
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Figure 23: Two optimized designs found using the rotated pattern and various grid sizes.

Therefore, stable crack growth occurs, which is indicated by dots in the F(u) plot during the increase of the
force towards the second peak. At the second peak, the crack stops prior to hitting a hole approximately at
the center of the plate, because the crack tip is shielded by the two holes. At this stage, the critical force for
the initiation of a new crack is lower. Next, a new crack initiates at the right side of the upper horizontal slit
and immediately grows into the right side of the plate. The plate is now almost broken and has a very low

stiffness. Only then, the first crack finally grows into the upper hole.

3.3.3. Rotated pattern designs

Figure 23 shows two designs that were optimized using the rotated pattern both on a coarse grid ngq = 4
(Fig. 23a) and a fine grid ngq = 10 (Fig. 23b). The coarse grid has in total 4 variables and can only represent
very simple designs. The optimized coarse grid design consists of four oval holes with Ut = 393.4 mJ. The
crack grows from left to the right and hits two of the holes. For the fine grid with its 25 variables, the best
design found (Ut = 462.7) is much more complex. In total, the plate contains 11 holes of various shapes.
Like in the best overall design, shown in Fig. 21, the crack starts here at about 500 N and runs then into a
vertical slit with stress relief holes above and below. A high load is required to initiate new cracks. In the
center, there are four circular holes that deflect the crack further. The final crack initiates at a force of about

600 N at the right slit and propagates to the right edge of the plate.

3.3.4. Full pattern design with ngiq = 7

The optimization using the full pattern on a fine grid with ngq = 7 involves 49 binary variables and took

more than 52 hours to compute. About 2* ~ 5 - 10'* variable combinations would be possible, of which
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Figure 24: Design optimized by the full pattern with ngq = 7.

only 1619 were considered during the optimization. Figure 24 shows the F(u) curves of all four rotations
of the optimized full 7 x 7 design. The plate has no symmetry and contains 9 holes without any obvious
arrangement. The holes significantly deflect the crack and lead to many initiations. This is indicated by the
number of peaks in the F(u) curves that shows 5, 6, 5, and 3 peaks for the 0°, 90°, 180°, and 270° rotations,
respectively. Although the Ut of these designs (minimum Ut of 374.7 mJ) is lower compared to the best
design found for the reflected 8 x 8 grid, the displacement for ultimate failure with more than 1.5 mm is

much higher for all rotations except for 270°. This is due to small remaining material brides that have a low

stiffness and only contribute slightly to Ur.

Conclusions

In this work, an optimization strategy was developed and implemented based on an optimization method
presented by Rettl [27]. The optimization strategy was applied to an example to investigate the influence
of multiple holes on crack propagation and the toughness of a specimen. For the example, arbitrary shaped

holes in a 2D plate were optimized to maximize the tensile toughness of the quadratic plate. The holes were
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represented as contour lines of a parameterized function whose parameters act as optimization variables.
Crack initiations were predicted by Taylor’s criterion and brittle crack propagation was predicted using

configurational forces.

Optimization runs that reduced the variables with symmetry planes resulted in reduced computation
time but also in improved designs. The optimal design, which involved 16 binary variables and included
both x- and y-symmetry planes, achieved a tensile toughness of 486.8 mJ in the 80 mm X 80 mm plate
with PMMA properties. The optimization run to obtain this design took 6:35 h to compute on a 6 core
3 GHz CPU. Notably, this design exhibited 4.5 times higher tensile toughness than a solid plate and 2.1
times higher tensile toughness than a plate with one circular hole. Additionally, the strategy of using a
hole shielded by stress relief holes to stop crack propagation appears beneficial. This approach decreases
stresses at the hole surface, which leads to higher forces for the crack initiation, and thus increases the tensile
toughness. Furthermore, the high tensile toughness improves, if the plate stiffness remains high despite the

propagating cracks.
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