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Abstract: This study analyzes the influence of nine distinct texture geometries on a convergent oil
film gap using a simulation model. The geometrical dimensions of the textures are characterized
by the texture area density, Stex.,A and the ratio of the textured-to-untextured area (Atex./A0). The
results show that different texture geometries optimize the tribological performance depending on
the value of Stex.,A. Rectangular textures with variable widths (85% of the texture length atex.) signifi-
cantly enhance lifting and the drag force across a broad range of Stex.,A. Furthermore, rectangular
textures with a constant width (85% of the global width b0) show the best improvement within
this study. The investigation also reveals that a small texture pitch angle, αtex, further enhances
tribological performance.

Keywords: textures; single dimple; full film lubrication; CFD

1. Introduction

In [1], it is presented that reducing the viscosity by 1 mPas at a temperature of 150 ◦C
can lead to potential fuel savings ranging from 0.8% to 4%. The actual amount of savings
will vary depending on the engine and test cycle. According to Woydt [1], Germany could
save over 1.64 megatons of CO2 per year by implementing a conservative fuel-saving
potential of 1%. As a result, many researchers are focusing on the use of low-viscosity oils.
In general, decreasing the viscosity also reduces the hydrodynamic pressure for constant
oil film gap heights, which can be avoided by applying surface textures, as explained by
Grützmacher et al. [2], who published that increasing the hydrodynamic pressure is one
working principle of surface texturing. The concept of surface modifications has been
under consideration for decades, particularly in the context of piston rings on cylinder
liner contacts, as presented among others in [3], or for micro-grooved journal bearings [4].
The research effort, presented through the number of publications, for the application of
surface textures strongly increased in the past 25 years [5–8]. The application of textures in
hydrodynamic contacts can enhance the load-carrying capacity, as highlighted in [7,9]. To
apply this beneficial behavior, various manufacturing processes are available for creating
texture geometries, as summarized by Coblas et al. [10]:

• Adding material technologies;
• Removing material technologies;
• Material displacement technologies;
• Self-forming methods.

Typical examples of adding material technologies include the chemical and physical
deposition processes, which are used in [11] to create micro-frustum-shaped dimples with
a diameter of 50 µm to 75 µm on the base area. Laser surface texturing and mechanical
processes, e.g., grinding and honing, are examples of removing material technologies.
In [12], cylindrical-shaped dimples with a radius of up to 5 µm were created by a laser,
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and it was observed that the geometry of the texture was strongly influenced by the
laser’s parameters. Pettersson et al. [13] developed a process for manufacturing embossing
tools, which they used to produce pyramid- and rooftop-shaped textures. This method
is an example of a material displacement technology. Self-forming texture dimples were
numerically analyzed in [14], where the texture was created through elastic deformation
caused by the applied load. Consequently, the shape of the texture depends on the load
and the stiffness of the system.

The manufacturing process itself can limit the texture geometry. Nevertheless, the
shape of the texture geometry varies in many publications, and in [15–22], the influence
of the texture geometry is analyzed in detail. In [15,17–20], different texture shapes for
a parallel oil film gap were evaluated using the Reynolds equation. Since the oil film
gap is rarely parallel in technical applications, this study investigates the performance
of different texture geometries for a convergent oil film gap. Regarding the simulation
methodology, Dobrica et al. [23] published that the application of the Reynolds equation
in full film lubrication is valid for large enough dimple aspect ratios and low Reynolds
numbers. Simulating transient elastohydrodynamic contacts using the Reynolds equation
results in small deviations compared to the simulating fluid dynamic models [24]. This
study employs a full film lubrication model, incorporating Stokes flow in the simulation.

Wei et al. [21] analyzed different texture shapes on a convergent oil film gap, where the
texture had specific dimensions. This led to different texture area densities Stex.,A = Atex./A0,
as the texture area Atexture depends on the texture shape (cf. Figure 1). Furthermore,
they compared the performance of the different texture geometries by using a constant
number of dimples; consequently, the texture area density Stex.,A for every textured surface
is different [21]. Summarized, different texture area densities Stex.,A were examined.
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In contrast to them, Uddin et al. [17] investigated different texture geometries at
a constant texture area density Stex,A. Additionally, they analyzed the influence of the
bottom profile, which was flat, curved or coned [17]. In [18], five different texture densities
Stex.,A, in the range between 3% and 30%, were analyzed for a parallel sliding contact.
Kumar et al. [19] analyzed eight different texture shapes and compared their load-carrying
capacities over the texture area density Stex.,A for a thrust bearing. In [20], the dimensionless
average pressure was analyzed for three different texture shapes, including the influence of
the texture area density Stex.,A. In contrast to these studies focusing on a parallel oil film
gap, this study will discuss the influence of texture shape on a convergent oil film gap for
specific texture area densities Stex.,A.

As mentioned in [17], different bottom profiles influence the tribological perfor-
mance, and it is found that a single wedge significantly enhances the tribological per-
formance in full film lubrication. In [22,25], the performance of a wedge-shaped texture
was analyzed in mixed lubrication and it could be observed that this texture improves
tribological performance.

Based on the past paragraphs, this raises the question of the influence of the texture
geometry at a constant Stex.,A and of the pitch angle αtex.. A pitch angle αtex. equivalent to
zero can be achieved with a constant texture height h, otherwise αtex. is >0◦ .

2. Methodology
2.1. Simulation Methodology

Marian et al. [8] published that, in about 27% of all publications in the field of surface
texturing between 1990 and 2020, a simulation model was investigated, and about 37%
focused on hydrodynamic lubrication. In [15,17–20], the Reynolds equation is solved, which
has strict limitations regarding the texture geometry and Reynolds number [23]. To avoid
these problems in this current work, a Stokes flow is used. Cupillard et al. [26] discussed
the influence of inertia effects in textured hydrodynamic contacts, mentioning that for low
Reynolds numbers, these effects are neglectable. For the geometry used in this study, the
maximal Reynolds number is approximately Re ≈ 1.6 and, therefore, the inertia effects,
which are described by the nonlinear term of the Navier–Stokes equation, are neglected.
Based on these results, the application of the Stokes flow is acceptable. Equations (1) and
(2) present the multiphase Stokes flow and the continuity equation, which is necessary to
calculate the velocity field

→
u and pressure field p. Here, ν is the kinematic viscosity, ζ is

the second viscosity, I is the identity matrix, ρ is the density and
→
f is the body force. This

multiphase flow has to be solved if cavitation occurs; that means that the minimal pressure
pmin is lower than the vapor pressure pv. Otherwise, the single-phase flow, presented
by Equation (3), can be solved. In the case of cavitation, the viscosities ν, ζ and density
ρ become scalar fields. The second viscosity ζ is set equal to the kinematic viscosity ν,
satisfying the inequality presented in [27]. In [28], this assumption was compared with an
already existing solver for a multiphase flow.

−∇·
{

ν

[
∇→

u +
(
∇→

u
)T

− 2
3

(
∇·→u

)
I
]
+ ζ

(
∇·→u

)
I
}
+∇p = ρ

→
f (1)

−∇·→u = 0 (2)

−ν∆
→
u +∇p = ρ

→
f (3)

In [29], the Merkle [30] cavitation algorithm was used to simulate a journal bearing.
This cavitation algorithm is described by Equations (4)–(9) and is based on a transport par-
tial differential equation (cf. Equation (4)), where αv represents the vapor volume fraction
(cf. Equation (7)) and

.
m+ and

.
m− are the source terms that describe the condensation and

vaporization processes. The vapor volume fraction αv represents the portion of vapor vol-
ume Vv in the complete volume Vv +Vl . Therefore, the sum of the vapor volume fraction αv
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and liquid volume fraction αl is 1. The condensation term
.

m+ depends on the condensation
constant Cc, the density of the fluid ρl and vapor ρv, the reference time t∞ and speed U∞

and the liquid volume fraction αl . The vaporization rate
.

m− depends on the parameter
mentioned earlier and the vaporization constant Cv. The density ρ—and viscosity field ν
are presented in the case of cavitation by multiplication, as shown in Equations (8) and (9).

∇·
(→

u αv

)
=

.
m+ − .

m− (4)

.
m+

= Cc
ρ

ρlρv

(1 − αl)

0.5U2
∞t∞

max(p − pv, 0) (5)

.
m−

= Cv
ρ

ρv2
αl

0.5U2
∞t∞

max(pv − p, 0) (6)

αv =
Vv

Vv + Vl
(7)

ρ = ρvαv + ρl(1 − αv) (8)

ν = νvαv + νl(1 − αv) (9)

To solve these equations numerically, the finite element method FEM is applied using
a Python-based simulation package called Netgen/NGSolve [31]. For this study, the steady
state is of interest, so the time derivatives for the transport and Stokes equation are not
considered. For discretization of the geometries, tetrahedral-shaped elements with second-
order shape functions are used. A maximal mesh size of 25 µm was defined to achieve
sufficient accuracy. This mesh size was determined through a mesh study, where deviations
of less than 0.5% for lifting and the drag force were observed.

Table 1 presents the simulation parameters for the oil and cavitation algorithm based
on the work presented in [32,33].

Table 1. Simulation parameters.

Parameters

Density oil liquid ρl 860 kg/m3

Density oil vapor ρv 0.13 kg/m3

Dynamic viscosity liquid ηl 130 mPa s
Dynamic viscosity vapor ηv 0.02 mPa s
Condensation coefficient CC 33.3
Vaporization coefficient Cv 0.00155

Vapor pressure pv 165 Pa
Input velocity U∞ 5 m/s
Reference time t∞ l0/U∞

In [28], this self-developed simulation methodology is compared with the results of
the existing OpenFOAM IntherphaseChangeFOAM [34] solver, which is based on the full
Navier–Stokes equation.

2.2. Texture Geometries and Simulation Parameters

The texture height at the inlet, htex.,in, was set to 30 µm and was kept constant in
this work. Figure 1 shows the smooth convergent oil film gap and nine different texture
geometries. The different dimple geometries were selected based on two points of view.
On the one hand, as few as possible parameters should be varied, and on the other hand,
these geometries should be quite simple so that a potential manufacturing process is
applicable. To evaluate the performance of specific texture shapes, the texture area density
Stex,A = Atex./A0 is used. This means that a specific texture area density Stex,A is defined,
and with the help of the equations presented in Figure 1, the geometrical parameter atex.
is calculated. The parameters of the smooth wedge are l0 = b0 = 2 mm, h0 = 15 µm and
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α0 = 0.15◦. For the rectangle with a constant width, the texture width was defined as 85%
of l0. This 85% result is the best tribological performance in [28]. The angle αChev. is set to
20◦. Initially, the tribological performance of the different texture geometries was analyzed
for a constant texture height htex.in = htex.,out = 30 µm, which corresponds to a pitch angle
of αtex. = 0◦. For analyzing the influence of the pitch angle αtex., the texture height at the
outlet was varied between 0 and 30 µm with a s step size of 5 µm. This resulted in different
pitch angles of the texture αtex..

In Figure 2, the boundary conditions for an exemplary rectangle-shaped texture are
depicted. The bottom surface of the oil film gap is moving with the velocity u, while the top
surface of the oil film gap and the surface of the texture are stationary. The lateral surface of
the oil film has a relative pressure of p = 0 Pa, resulting in a liquid volume fraction of αl = 1.
For all other boundary conditions not mentioned, a Neumann boundary condition, zero
gradient, is applied. Furthermore, it is assumed that all surfaces are completely smooth.
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For the numerical implementation of the simulation model, the sparse direct solver
Unsymmetric Multi Frontal Package UMFPACK was used.

Solving the previously discussed equations leads to a pressure field p and a velocity

field u for each geometry. In postprocessing, the lifting force
→
F li f t is calculated by integrat-

ing the pressure field over the bottom surface (cf. Equation (10)). The drag force
→
F drag is

calculated by integrating the shear stresses τx over the bottom surface.

→
F li f t. =

∫
A

p(x,y,z=0)·
→
n dA (10)

Both forces, calculated on a smooth convergent oil film gap, were compared with the
analytical solution according to [35], and similar results could be achieved.

In general, the texture should increase the lifting force
→
F li f t, decrease the drag force

→
F drag or combine both. However, to combine these two parameters, the performance
enhancement ratio (PER), which is published in [36], is used. Sharma et al. [36] used
the load-carrying capacity and friction coefficient as parameters. In this study, the ratio

of the magnitudes of the lifting forces between textured
∣∣∣∣→F li f t,textured

∣∣∣∣ and untextured∣∣∣∣→F li f t,untextured

∣∣∣∣ geometries is divided by the ratio of the magnitudes of their respective

drag forces
∣∣∣∣→F drag, texured

∣∣∣∣ and
∣∣∣∣→F drag,untextured

∣∣∣∣ (cf. Equation (11)).

PER =

∣∣∣∣→F li f t,textured

∣∣∣∣∣∣∣∣→F li f t,untextured

∣∣∣∣∣∣∣∣→F drag, texured

∣∣∣∣∣∣∣∣→F drag,untextured

∣∣∣∣
(11)
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3. Results
3.1. Influence of Texture Geometry for Constant Width

In Figure 3, the performance enhancement ratio (PER) over the texture area density
Stex.,A for each geometry is depicted. The maximal texture area density Stex.,A for every
geometry is different, as the texture should not protrude the convergent oil film gap’s base
area. In regions of low texture area density Stex.,A (less than 30%), the rectangle with a
variable width and chevron-shaped texture led to the best tribological performance. In the
region of a texture area density between 30% and 70%, the rectangle with a variable width
causes the highest performance enhancement ratio (PER). With a further increasing texture
area density, the performance of the rectangle with a constant width achieves the highest
PER, in contrast to the regions with a low texture area density Stex.,A, where this geometry
has the worst tribological performance. As the texture area density Stex.,A increases, the
difference between both half hexagons increases, followed by a continuous decrease. In the
observed region, the half hexagon leads to better tribological performance compared to
the half hexagon (inlet large), which is positioned so that the large area is located on the
inlet side. Potentially, with increasing texture area density Stex.,A this effect can be reversed.
Furthermore, it is depicted that in regions of texture area densities Stex.,A less than 40%, the
square, the equilateral triangle and the hexagon exhibit similar tribological behaviors. The
half hexagon (inlet large) and the semicircle led to tribological performance in a similar
manner.
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In Figures 4 and 5, the magnitudes of the lifting force
∣∣∣∣→F li f t

∣∣∣∣ and drag force
∣∣∣∣→F drag

∣∣∣∣
are depicted. It can be observed that all textures increase the hydrodynamic pressure p,

which leads to a rising lifting force
→
F li f t. Additionally, the friction force

→
|Fdrag| decreases.

However, the performance enhancement ratio (PER) of the chevron-shaped texture does

not provide the highest values, although the magnitude of the drag force
∣∣∣∣→F drag

∣∣∣∣ is the

lowest. In contrast, the semicircle and half hexagon (inlet large) texture result in the highest

drag force
∣∣∣∣→F drag

∣∣∣∣ . Generally, for the texture area densities Stex.,A less than 30%, the drag

force
∣∣∣∣→F drag

∣∣∣∣ does not differ much between the different geometries. The maximal lifting

force
∣∣∣∣→F li f t

∣∣∣∣ is achieved before the maximal performance enhancement ratio (PER), as the
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influence of decreasing friction also positively affects tribological performance. However,

with the further increasing texture area density Stex.,A, the decreasing lifting forces
∣∣∣∣→F li f t

∣∣∣∣
dominate, leading to a decrease in the performance enhancement ratio (PER). For the
triangle, half hexagon, hexagon and semicircle textures, this behavior is not visible, as the
geometry dimension is limited by the assumption that the texture cannot protrude the
convergent oil film gap.

Machines 2024, 12, x FOR PEER REVIEW 7 of 17 
 

 

Figure 3. Performance enhancement ratio over texture area density for constant width ℎ௧௘௫.,௢௨௧ =ℎ௧௘௫.,௜௡ = 30 µm. 
In Figures 4 and 5, the magnitudes of the lifting force ห𝐹⃗௟௜௙௧ห and drag force ห𝐹⃗ௗ௥௔௚ห 

are depicted. It can be observed that all textures increase the hydrodynamic pressure 𝑝, 
which leads to a rising lifting force 𝐹⃗௟௜௙௧. Additionally, the friction force |𝐹ሬሬሬ⃗ ௗ௥௔௚ห decreases. 
However, the performance enhancement ratio (PER) of the chevron-shaped texture does 
not provide the highest values, although the magnitude of the drag force ห𝐹⃗ௗ௥௔௚ห is the 
lowest. In contrast, the semicircle and half hexagon (inlet large) texture result in the high-
est drag force ห𝐹⃗ௗ௥௔௚ห. Generally, for the texture area densities 𝑆௧௘௫.,஺ less than 30%, the 
drag force ห𝐹⃗ௗ௥௔௚ห does not differ much between the different geometries. The maximal 
lifting force ห𝐹⃗௟௜௙௧ห is achieved before the maximal performance enhancement ratio (PER), 
as the influence of decreasing friction also positively affects tribological performance. 
However, with the further increasing texture area density 𝑆௧௘௫.,஺, the decreasing lifting 
forces ห𝐹⃗௟௜௙௧ห  dominate, leading to a decrease in the performance enhancement ratio 
(PER). For the triangle, half hexagon, hexagon and semicircle textures, this behavior is not 
visible, as the geometry dimension is limited by the assumption that the texture cannot 
protrude the convergent oil film gap. 

 
Figure 4. Lifting force over texture area density for constant texture width ℎ௧௘௫.,௢௨௧ = ℎ௧௘௫.,௜௡ =30 µm. 
Figure 4. Lifting force over texture area density for constant texture width htex.,out = htex.,in = 30 m.

Machines 2024, 12, x FOR PEER REVIEW 8 of 17 
 

 

 
Figure 5. Drag force over texture area density for constant texture width ℎ௧௘௫.,௢௨௧ = ℎ௧௘௫.,௜௡ =30 µm. 

3.2. Influence of Pitch Angle 
Since the texture height is small compared to its horizontal and vertical extents, the 

pitch angle 𝛼௧௘௫. is not used directly in this case. Instead, the texture height on the outlet 
side ℎ௧௘௫.,௢௨௧ is used as a varying parameter. 

In Figure 6, the texture area density 𝑆௧௘௫.,஺ is plotted over the texture height of the 
outlet ℎ௧௘௫.,௢௨௧ for each geometry. The color of each point represents the performance en-
hancement ratio (PER) and is scaled from one to the maximal PER. For every geometry, it 
can be observed that a small step on the left side of the texture with a height of 5–15 µm 
leads to the best tribological performance. As previously discussed, the rectangle texture 
with a constant width also causes the highest performance enhancement ratio (PER). Gen-
erally, for this convergent oil film gap, it can be observed that with an increasing texture 
area density 𝑆௧௘௫.,஺, the performance enhancement increases, and if the expansion of the 
texture allows, a local maximum exists. 

With the aid of the previously discussed data, the pitch angle 𝛼௧௘௫. for the best-per-
forming texture geometries is calculated (cf. Table 2). It can be observed that for textures 
where a local maximum of the PER exists, an optimal pitch angle 𝛼௧௘௫. of about 0.52° to 
0.67° exists, with the exception of the chevron-shaped one, which has an optimal pitch 
angle 𝛼௧௘௫. of 0.94°. 

Table 2. Optimal pitch angle for each geometry. 

Geometry Optimal Pitch Angle 𝜶𝒕𝒆𝒙. [°]  
Rectangle constant width  0.66 

Lo
ca

l m
ax

i-
m

um
 e

xi
st

s 

Square 0.67 
Rectangle variable width 0.52 
Chevron 0.94 
Equilateral triangle 0.87 

N
o 

lo
ca

l m
ax

i-
m

um
 e

xi
st

s 

Half hexagon 1.75 
Hexagon 0.71 
Half hexagon (inlet large) 1.75 
Semicircle 1.52 

Figure 5. Drag force over texture area density for constant texture width htex.,out = htex.,in = 30 m.

3.2. Influence of Pitch Angle

Since the texture height is small compared to its horizontal and vertical extents, the
pitch angle αtex. is not used directly in this case. Instead, the texture height on the outlet
side htex.,out is used as a varying parameter.

In Figure 6, the texture area density Stex.,A is plotted over the texture height of the outlet
htex.,out for each geometry. The color of each point represents the performance enhancement
ratio (PER) and is scaled from one to the maximal PER. For every geometry, it can be
observed that a small step on the left side of the texture with a height of 5–15 µm leads to
the best tribological performance. As previously discussed, the rectangle texture with a
constant width also causes the highest performance enhancement ratio (PER). Generally,
for this convergent oil film gap, it can be observed that with an increasing texture area
density Stex.,A, the performance enhancement increases, and if the expansion of the texture
allows, a local maximum exists.
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and (i) semicircle.

With the aid of the previously discussed data, the pitch angle αtex. for the best-
performing texture geometries is calculated (cf. Table 2). It can be observed that for
textures where a local maximum of the PER exists, an optimal pitch angle αtex. of about
0.52◦ to 0.67◦ exists, with the exception of the chevron-shaped one, which has an optimal
pitch angle αtex. of 0.94◦.

Table 2. Optimal pitch angle for each geometry.

Geometry Optimal Pitch Angle αtex. [◦]

Rectangle constant width 0.66

Lo
ca

l
m

ax
im

um
ex

is
tsSquare 0.67

Rectangle variable width 0.52
Chevron 0.94

Equilateral triangle 0.87

N
o
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um
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tsHalf hexagon 1.75

Hexagon 0.71
Half hexagon (inlet large) 1.75
Semicircle 1.52

To analyze the results of Figure 6 in detail, the performance enhancement ratio (PER)
over the texture height on the outlet side htex.,out and over the texture area density Stex.,A is
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plotted in Figure 7. In this figure, three horizontal axes are visible, where the blue axes are
related to each other. The blue curves represent the influence of the texture area density
Stex.,A. The texture height at the outlet side is kept constant at the value of htex.,out, which
achieved the highest performance enhancement ratio (PER). The purple curves visualize
the dependency of htex.,out for the best-performing texture at its optimal texture area density
Stex.,A. Compared with Figure 6, these graphs should quantitatively describe horizontal
(blue curves) and vertical plots (purple curves) at the maximal PER for each geometry.
For texture geometries with a pitch angle αtex unequal to zero, where the texture area
density Stex.,A and texture volume density Stex.,V = Vtex./V0 differ, an additional x-axis
is added to visualize this texture volume density Stex.,V . For the different rectangles and
the square-shaped texture, a local maximum at a texture area density Stex.,A of 69–75%
exists. For the chevron-shaped geometry, the best tribological performance can be achieved
at Stex.,A = 53%. All other geometries have the highest PERs at the highest texture area
densities Stex.,A. The blue curve of the equilateral triangle and the semicircle texture are
quite similar. Additionally, it can be observed that the different orientation of the half
hexagon influences the performance in the low region of Stex.,A and with an increasing
density that both curves gradually approach. The purple curves in Figure 7 depict the
influence of the texture height on the outlet side htex.,out, and it can be observed that for
all visualizations, a local maximum exists. This means that a small step on the outlet side
improves the tribological performance.

Machines 2024, 12, x FOR PEER REVIEW 10 of 17 
 

 

increasing density that both curves gradually approach. The purple curves in Figure 7 
depict the influence of the texture height on the outlet side ℎ௧௘௫.,௢௨௧, and it can be observed 
that for all visualizations, a local maximum exists. This means that a small step on the 
outlet side improves the tribological performance. 

 
Figure 7. Performing enhancement ratio over texture area density/texture height on the outlet side 
for different geometries: (a) rectangle constant width, (b) square, (c) rectangle variable width, (d) 
chevron, (e) equilateral triangle, (f) half hexagon, (g) hexagon, (h) half hexagon (inlet large) and (i) 
semicircle. 

3.3. Pressure and Velocity Analyses of Best-Performing Geometries 
In Figure 8, the pressure distribution of the best-performing geometries is visualized. 

The hydrodynamic pressure values are scaled to the same range. In contrast to the smooth 
geometry, the texture significantly increases the maximal pressure. The maximal pressure 
can be achieved with the hexagon-shaped geometry, but since this maximal pressure is 
concentrated on a smaller area compared to the rectangles and squares, the lifting force 𝐹⃗௟௜௙௧ is lower than these geometries. On the inlet side of the hexagon-shaped texture, some 
regions with a pressure of less than 0 can be observed, indicating possible cavitation. It 
should be noted that as long as the relative pressure is not below the vapor pressure 𝑝௩, 
negative relative pressures are possible. For all other geometries presented in Figure 8, 
this could not be observed. In all geometries, it is noticeable that the region of maximal 

Machines 2024, 12, x FOR PEER REVIEW 10 of 17 
 

 

increasing density that both curves gradually approach. The purple curves in Figure 7 
depict the influence of the texture height on the outlet side ℎ௧௘௫.,௢௨௧, and it can be observed 
that for all visualizations, a local maximum exists. This means that a small step on the 
outlet side improves the tribological performance. 

 
Figure 7. Performing enhancement ratio over texture area density/texture height on the outlet side 
for different geometries: (a) rectangle constant width, (b) square, (c) rectangle variable width, (d) 
chevron, (e) equilateral triangle, (f) half hexagon, (g) hexagon, (h) half hexagon (inlet large) and (i) 
semicircle. 

3.3. Pressure and Velocity Analyses of Best-Performing Geometries 
In Figure 8, the pressure distribution of the best-performing geometries is visualized. 

The hydrodynamic pressure values are scaled to the same range. In contrast to the smooth 
geometry, the texture significantly increases the maximal pressure. The maximal pressure 
can be achieved with the hexagon-shaped geometry, but since this maximal pressure is 
concentrated on a smaller area compared to the rectangles and squares, the lifting force 𝐹⃗௟௜௙௧ is lower than these geometries. On the inlet side of the hexagon-shaped texture, some 
regions with a pressure of less than 0 can be observed, indicating possible cavitation. It 
should be noted that as long as the relative pressure is not below the vapor pressure 𝑝௩, 
negative relative pressures are possible. For all other geometries presented in Figure 8, 
this could not be observed. In all geometries, it is noticeable that the region of maximal 

Figure 7. Performing enhancement ratio over texture area density/texture height on the outlet
side for different geometries: (a) rectangle constant width, (b) square, (c) rectangle variable width,
(d) chevron, (e) equilateral triangle, (f) half hexagon, (g) hexagon, (h) half hexagon (inlet large) and
(i) semicircle.



Machines 2024, 12, 622 10 of 16

3.3. Pressure and Velocity Analyses of Best-Performing Geometries

In Figure 8, the pressure distribution of the best-performing geometries is visualized.
The hydrodynamic pressure values are scaled to the same range. In contrast to the smooth
geometry, the texture significantly increases the maximal pressure. The maximal pressure
can be achieved with the hexagon-shaped geometry, but since this maximal pressure is
concentrated on a smaller area compared to the rectangles and squares, the lifting force
→
F li f t is lower than these geometries. On the inlet side of the hexagon-shaped texture, some
regions with a pressure of less than 0 can be observed, indicating possible cavitation. It
should be noted that as long as the relative pressure is not below the vapor pressure pv,
negative relative pressures are possible. For all other geometries presented in Figure 8,
this could not be observed. In all geometries, it is noticeable that the region of maximal
pressure is located at the outlet area of the texture, while for the untextured oil film gap, it
is in the center.
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The velocity field in the x–y direction is depicted in Figure 9. The slice at the position
of z = 10 m is used to calculate the glyphs in this x–y plane. All vectors are scaled to
the same length, and the color represents the magnitude of the velocity |→u |. The gradient
between the inlet and outlet sides of the geometry can be explained by the different heights,
which lead to different shear rates and, consequently, to a different magnitude of velocity
|→u |. In contrast to the smooth wedge, a significant increase in the flow out on the surfaces
that are located perpendicular to the movement direction can be observed. At the textures’
end on the left side, an increase in the magnitude of the velocity |→u | is visible. In these
regions, a saltus of the height field exists, caused by the different heights in the texture at
the outlet side htex.,out. This decreasing oil film gap height results in an increasing velocity
regarding the shear rate.

To describe the previously mentioned results of Figure 9 quantitatively, the volume
flow on each side’s surface is evaluated. In Figure 10, these results are presented for one
specific texture height at the outlet side htex.,out = 10 µm. On the left side, the incoming
volume flow Qin, and on the right side, the volume flow that is perpendicular to the
movement direction Qside, are depicted. The volume flow on the left outlet side can be
calculated by subtracting Qside two times from Qin. In Figure 10a, it can be observed that
the performance enhancement ratio (PER) increases with the increasing inflowing volume
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flow Qin until the local maximum of PER is achieved. This behavior is followed by a
decreasing PER over Qin. For geometries where no local maximum of the performance
enhancement ratio (PER) exists, the PER increases with the increasing inflowing volume
flow Qin. These similar trends can also be detected for the volume flow perpendicular to
the movement direction Qside. For the rectangle-shaped textures, a special performance
can be noticed. The volume flow that is perpendicular to the movement direction Qside
increases to the maximal performance enhancement ratio (PER) and then decreases.
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4. Discussion

In Figure 8, it can be observed that the highest performance enhancement ratio can
be achieved with a rectangle-shaped texture with a texture length of atex. = 1.732 mm and
a texture width of btex. = 1.700 mm. The square-shaped surface modification with the
dimensions atex. = btex. = 1.717 mm leads to nearly the same performance enhancement
ratio. It should be noted that the geometry of the best-performing texture is also quite
similar to a square. Gherca et al. [15] conducted simulations for rectangle-, triangle- and
parabolic-shaped textures for a parallel lubricated contact and found that for textures with
small inlet lengths, the rectangle textures provide the highest load-carrying capacity. In the
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current study, the texture is open at the inlet, corresponding to an inlet length of 0 mm, and
similarly, the rectangle-shaped texture provides the highest performance enhancement ratio
(PER). In [15], the texture area density Stex.,A is increased by adding an additional texture,
but it was observed that with the increasing texture area density Stex.,A, the friction force
→
F drag decreases, as shown in Figure 5. Uddin et al. [17] examined seven different texture
geometries (circle, square, hexagon, octagon, triangle, ellipse and chevron) for a parallel
slider and concluded that the square-shaped texture leads to the highest load-carrying
capacity at a texture area density Stex.,A of 50%. In this work, the best performance can be
achieved with a rectangle-shaped texture, but its width and length are almost the same,
which concludes that the geometry is nearly a square. The best performance in this study
is achieved at higher texture area densities Stex.,A, compared to [17]. These differences
could potentially be explained by different numerical models and simulation parameters,
like the dimension of the parallel oil film gap (l0 = b0 = 100 µm and h0 = 1 µm in [17])
and different positions of the texture. In [17,18], the influence of the orientations of the
chevron- and triangle-shaped elements are also discussed, and it was observed that for
both textures, the highest load-carrying capacity can be achieved if the wide side is oriented
at the inlet side, justifying the orientation of the textures used in this study for the chevron
and rectangle.

In general, all textures look similar to a Rayleigh step, which is already known in
literature. Rahmani et al. [37] optimized a Rayleigh step for a two-dimension parallel
sliding bearing and concluded that the optimal length of the Rayleigh step is about 70% l0.
Within this study, the optimal texture length for a best-performing texture, at about 87% l0,
can be observed. It should be noted that, in this study, a finite convergent oil film gap is
determined, compared to [37].

Yu et al. [18] analyzed the performances of circle-shaped, differently orientated
triangle-shaped and ellipse-shaped textures. They found that as the texture area den-
sity Stex.,A increases, the dimensionless average pressure initially rises to a local maximum
before decreasing [18]. For the best-oriented ellipse- and rectangle-shaped textures, no
local maximum was observed, as the interval of the texture area density Stex.,A was defined
between 3% and 30% [18]. The presence of a local maximum and a continuous increase
in performance enhancement can also be seen in Figures 3 and 4. However, in this study,
higher texture area densities Stex.,A were examined, compared to the work of Yu et al. [18].

Ji et al. [20] focused on parabola-, rectangle- and triangle-shaped textures in their
publication, where the parabola and triangle describe the geometry of the bottom profile.
They discovered that the rectangle-shaped texture achieved the highest load-carrying
capacity at a textured fraction ltex./l0 of about 0.7 [20]. This value is close to the value (0.85)
that yielded the best performance in this study.

However, the previously discussed publications analyzed the influence of different
texture geometries for parallel sliding contact, in contrast to [21], where the performance of
eight different textures for a convergent oil film gap was analyzed. Wei et al. [21] focused on
dimples with a maximal dimension of 200 µm and used more dimples for their simulation
model. The effect of the texture area density Stex.,A was only investigated for circle-shaped
textures. The performance of the different texture geometries was analyzed for a constant
number of equal dimples, causing different texture areas Atex. And, consequently, different
Stex.,A [21]. Nevertheless, the highest load-carrying capacity can be achieved for a square-
shaped texture with 91 dimples [21]. Additionally, in [21], the number of circle-shaped
dimples varied between 15 and 91 dimples (which corresponds to a texture area density
Stex.,A of between approximately 2% and 11.4%) and concluded that a linear regression
between the dimple number and dimensionless pressure exists [21]. The comparison
between this solution and the result of Figure 4 shows that in the region of low texture

area density Stex.,A, it seems that the lifting force
→
F li f t is linearly dependent on the texture

area density Stex.,A. With the increasing texture area density Stex.,A, this behavior definitely
cannot be observed.
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According to Grützmacher et al. [2], providing additional volume flow is one possible
working principle of textures. In Figure 10a, it can be observed that this possible mechanism
is also present in this study, as the performance enhancement ratio increases with the
increasing inflowing volume flow Qin. However, it is important to note that providing
additional volume flow only at the inlet is not sufficient, as the performance enhancement
ratio (PER) can also decrease with the increasing inflowing volume flow Qin. Kumar
et al. [19] found that for specific textures, there is a local maximum load-carrying capacity
over the texture height htex. and they also analyzed the flow rate, which increases with the
increasing texture height htex. Therefore, a similar performance to the one presented in this
study could be observed by Kumar et al. [19].

In general, the lifting force
→
F li f t of an infinite, expanded, convergent oil film gap,

where no fluid is emitted on the surfaces perpendicular to the movement direction, is
higher compared to a finite one [35]. Nevertheless, in Figure 10b, for a rectangle-shaped
texture, it can be observed that the performance enhancement ratio (PER) increases with
the increasing volume flow perpendicular to the movement direction. It appears that after
achieving the highest performance enhancement ratio (PER), it then decreases.

Within this study, the tribological performance of open textures at the inlet was
analyzed. Consequently, a modified chevron texture was used in this work. Figure 5

presented that in the region of the mid-texture area densities Stex.,A, the drag force
→
F drag of

the chevron-shaped texture was significantly lower compared to the other geometries, with
a maximal relative reduction of approximately 18% in friction. Although Morris et al. [38]
conducted simulations for a convergent oil film gap with multiple chevron textures, they
published a maximal friction reduction of about 15%, which is similar to the value achieved
in this study.

The influence of the bottom surface profile of a texture is discussed by Uddin et al. [17],
and they showed that this profile significantly influences the load-carrying capacity. In
contrast to this work, Uddin et al. [17] used bottom surface profiles, such as a constant
height for a single or double wedge-shaped texture for the squared-shaped texture. This
main conclusion is also observed in this study, where in Figures 6 and 7, it is seen that a
small step of the texture on the outlet side improves the tribological performance.

5. Conclusions

Within this study, a numerical model was implemented to investigate the influence of
nine different texture geometries on different texture area densities Stex.,A. In comparison
to the existing studies, this work examines the performance of open textures at the inlet for
a convergent oil film gap. Additionally, the influence of the pitch angle αtex. was analyzed.
The following conclusions are depicted in Figure 11 and can be summarized as follows:

• Depending on the texture area density Stex.,A, different texture geometries enhance
the tribological performance the most (cf. Figure 11).

• The rectangle texture with a variable width enhances the tribological performance the
most over a wide range of texture area densities Stex.,A (cf. example for Stex.,A = 27%
and htex.,out = 30 µm in Figure 11).

• The best performance can be achieved with a rectangle-shaped texture with a constant
width (cf. Figure 11). The square-shaped texture also leads to almost the same
performance (cf. Figure 11 for the best-performing texture).

• For rectangle-, square- and chevron-shaped elements, a local maximum of the perfor-
mance enhancement ratio (PER) exists. For all other geometries, simulations had to be
aborted before reaching a maximum due to the requirement that the texture geometry
cannot protrude the convergent oil film gap (cf. Figure 11).

• The drag force
→
F drag decreases with the increasing texture area density Stex.,A.

• A small step of the texture at the outlet side of the texture between 10 µm and 15 µm,
corresponding to a pitch angle of the texture αtex. between 0.5◦ and 1.8◦, improves the
tribological performance (cf. Figure 11).
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• The hexagon-shaped texture leads to the highest pressure, but as it is located in a

smaller region, compared to other texture geometries, the lifting forces
→
F li f t of the

rectangle- and square-shaped textures are higher.
• Providing an additional volume flow at the inlet Qin does not guarantee an improve-

ment in tribological performance.
• Compared to a smooth convergent oil film gap, a significant increase in the volume

flow can be observed (cf. Figure 11).

Machines 2024, 12, x FOR PEER REVIEW 15 of 17 
 

 

• Compared to a smooth convergent oil film gap, a significant increase in the volume 
flow can be observed (cf. Figure 11). 

 
Figure 11. Summary of results. 

Author Contributions: Conceptualization, R.S. and M.P.; methodology, R.S.; software, R.S.; valida-
tion, R.S. and M.P.; formal analysis, R.S. and J.G.; investigation, R.S.; resources, R.S.; data curation, 
R.S.; writing—original draft preparation, R.S.; writing—review and editing, J.G.; M.P. and F.G.; vis-
ualization, R.S.; supervision, M.P and F.G.; project administration, M.P and F.G.; funding acquisi-
tion, M.P and F.G. All authors have read and agreed to the published version of the manuscript. 

Funding: This research received no external funding. 

Data Availability Statement: Data is contained within the article. 

Conflicts of Interest: The authors declare no conflict of interest. 

  

Figure 11. Summary of results.

Author Contributions: Conceptualization, R.S. and M.P.; methodology, R.S.; software, R.S.; valida-
tion, R.S. and M.P.; formal analysis, R.S. and J.G.; investigation, R.S.; resources, R.S.; data curation,
R.S.; writing—original draft preparation, R.S.; writing—review and editing, J.G.; M.P. and F.G.; visu-
alization, R.S.; supervision, M.P and F.G.; project administration, M.P and F.G.; funding acquisition,
M.P and F.G. All authors have read and agreed to the published version of the manuscript.

Funding: This research received no external funding.

Data Availability Statement: Data is contained within the article.

Conflicts of Interest: The authors declare no conflict of interest.

References
1. Woydt, M. The importance of tribology for reducing CO2 emissions and for sustainability. Wear 2021, 474, 203768. [CrossRef]
2. Grützmacher, P.G.; Profito, F.J.; Rosenkranz, A. Multi-Scale Surface Texturing in Tribology—Current Knowledge and Future

Perspectives. Lubricants 2019, 7, 95. [CrossRef]

https://doi.org/10.1016/j.wear.2021.203768
https://doi.org/10.3390/lubricants7110095


Machines 2024, 12, 622 15 of 16

3. Gussmagg, J.; Pusterhofer, M.; Summer, F.; Grün, F. Experimental visualization of the wear and scuffing evolution of a flake
graphite cast iron cylinder liner. Wear 2023, 526, 204948. [CrossRef]

4. Adatepe, H.; Bıyıklıoglu, A.; Sofuoglu, H. An experimental investigation on frictional behavior of statically loaded micro-grooved
journal bearing. Tribol. Int. 2011, 44, 1942–1948. [CrossRef]

5. Gropper, D.; Wang, L.; Harvey, T.J. Hydrodynamic lubrication of textured surfaces: A review of modeling techniques and key
findings. Tribol. Int. 2016, 94, 509–529. [CrossRef]

6. Vishnoi, M.; Kumar, P.; Murtaza, Q. Surface texturing techniques to enhance tribological performance: A review. Surf. Interfaces
2021, 27, 101463. [CrossRef]

7. Lu, P.; Wood, R.J.K. Tribological performance of surface texturing in mechanical applications—A review. Surf. Topogr. Metrol.
Prop. 2020, 8, 43001. [CrossRef]

8. Marian, M.; Almqvist, A.; Rosenkranz, A.; Fillon, M. Numerical micro-texture optimization for lubricated contacts—A critical
discussion. Friction 2022, 10, 1772–1809. [CrossRef]

9. Bei, G.; Ma, C.; Wang, X.; Sun, J.; Ni, X. Study on Tribological Characteristics of Textured Surface under Convergent Oil Film Gap.
Lubricants 2022, 10, 183. [CrossRef]

10. Coblas, D.G.; Fatu, A.; Maoui, A.; Hajjam, M. Manufacturing textured surfaces: State of art and recent developments. Proc. Inst.
Mech. Eng. Part J J. Eng. Tribol. 2015, 229, 3–29. [CrossRef]

11. Osborn, L. Enhanced Tribological Properties of Surfaces Patterned with SU8/DLC Microstructures. Inq. Univ. Ark. Undergrad.
Res. J. 2013, 15, 7.

12. Dumitru, G.; Romano, V.; Weber, H.P.; Haefke, H.; Gerbig, Y.; Pflüger, E. Laser microstructuring of steel surfaces for tribological
applications. Appl. Phys. A 2000, 70, 485–487. [CrossRef]

13. Pettersson, U.; Jacobson, S. Tribological texturing of steel surfaces with a novel diamond embossing tool technique. Tribol. Int.
2006, 39, 695–700. [CrossRef]

14. Duvvuru, R.S.; Jackson, R.L.; Hong, J.W. Self-Adapting Microscale Surface Grooves for Hydrodynamic Lubrication. Tribol. Trans.
2008, 52, 1–11. [CrossRef]

15. Gherca, A.R.; Maspeyrot, P.; Hajjam, M.; Fatu, A. Influence of Texture Geometry on the Hydrodynamic Performances of Parallel
Bearings. Tribol. Trans. 2013, 56, 321–332. [CrossRef]

16. Singh, N.; Awasthi, R.K. Influence of texture geometries on the performance parameters of hydrodynamic journal bearing. Proc.
Inst. Mech. Eng. Part J J. Eng. Tribol. 2021, 235, 2056–2072. [CrossRef]

17. Uddin, M.S.; Ibatan, T.; Shankar, S. Influence of surface texture shape, geometry and orientation on hydrodynamic lubrication
performance of plane-to-plane slider surfaces. Lubr. Sci. 2017, 29, 153–181. [CrossRef]

18. Yu, H.; Wang, X.; Zhou, F. Geometric Shape Effects of Surface Texture on the Generation of Hydrodynamic Pressure Between
Conformal Contacting Surfaces. Tribol. Lett. 2010, 37, 123–130. [CrossRef]

19. Kumar, V.; Sharma, S.C. Influence of dimple geometry and micro-roughness orientation on performance of textured hybrid thrust
pad bearing. Meccanica 2018, 53, 3579–3606. [CrossRef]

20. Ji, J.; Fu, Y.; Bi, Q. Influence of Geometric Shapes on the Hydrodynamic Lubrication of a Partially Textured Slider With Micro-
Grooves. J. Tribol. 2014, 136, 041702. [CrossRef]

21. Wei, Y.; Tomkowski, R.; Archenti, A. Numerical Study of the Influence of Geometric Features of Dimple Texture on Hydrodynamic
Pressure Generation. Metals 2020, 10, 361. [CrossRef]

22. van Liem, N.; Zhenpeng, W.; Renqiang, J. Effect of shape/size and distribution of microgeometries of textures on tribo-
performance of crankpin bearing. Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2022, 236, 421–433. [CrossRef]

23. Dobrica, M.B.; Fillon, M. About the validity of Reynolds equation and inertia effects in textured sliders of infinite width. Proc.
Inst. Mech. Eng. Part J J. Eng. Tribol. 2009, 223, 69–78. [CrossRef]

24. Almqvist, T.; Almqvist, A.; Larsson, R. A comparison between computational fluid dynamic and Reynolds approaches for
simulating transient EHL line contacts. Tribol. Int. 2004, 37, 61–69. [CrossRef]

25. Maier, M.; Pusterhofer, M.; Grün, F. Multiscale Wear Simulation in Textured, Lubricated Contacts. Coatings 2023, 13, 697.
[CrossRef]

26. Cupillard, S.; Glavatskih, S.; Cervantes, M.J. Inertia effects in textured hydrodynamic contacts. Proc. Inst. Mech. Eng. Part J J. Eng.
Tribol. 2010, 224, 751–756. [CrossRef]

27. Shibata, Y.; Enomoto, Y. Global Existence of Classical Solutions and Optimal Decay Rate for Compressible Flows via the Theory of
Semigroups. In Handbook of Mathematical Analysis in Mechanics of Viscous Fluids; Giga, Y., Novotný, A., Eds.; Springer International
Publishing: Cham, Switzerland, 2018; pp. 2085–2181.

28. Scharf, R.; Maier, M.; Pusterhofer, M.; Grün, F. A Comprehensive Numerical Study of a Wedge-Shaped Textured Convergent Oil
Film Gap. Lubricants 2024, 12, 121. [CrossRef]

29. Concli, F. Equilibrium of a journal bearing: A simplified CFD-analytical coupled approach. WIT Trans. Eng. Sci. 2020, 128, 13–25.
30. Merkle, C.L.; Feng, J.; Buelow, P.E. Computational modeling of sheet cavitation. In Proceedings of the 3rd International

Symposium on Cavitation, Grenoble, France, 7–10 April 1998.
31. Netgen/NGSolve Finite Element Tool. Available online: https://docu.ngsolve.org/latest/ (accessed on 27 August 2024).
32. Savio, A.; Cianferra, M.; Armenio, V. Analysis of Performance of Cavitation Models with Analytically Calculated Coefficients.

Energies 2021, 14, 6425. [CrossRef]

https://doi.org/10.1016/j.wear.2023.204948
https://doi.org/10.1016/j.triboint.2011.08.008
https://doi.org/10.1016/j.triboint.2015.10.009
https://doi.org/10.1016/j.surfin.2021.101463
https://doi.org/10.1088/2051-672X/abb6d0
https://doi.org/10.1007/s40544-022-0609-6
https://doi.org/10.3390/lubricants10080183
https://doi.org/10.1177/1350650114542242
https://doi.org/10.1007/s003390051073
https://doi.org/10.1016/j.triboint.2005.06.004
https://doi.org/10.1080/10402000801888960
https://doi.org/10.1080/10402004.2012.752550
https://doi.org/10.1177/1350650120982691
https://doi.org/10.1002/ls.1362
https://doi.org/10.1007/s11249-009-9497-4
https://doi.org/10.1007/s11012-018-0897-0
https://doi.org/10.1115/1.4027633
https://doi.org/10.3390/met10030361
https://doi.org/10.1177/13506501211010552
https://doi.org/10.1243/13506501JET433
https://doi.org/10.1016/S0301-679X(03)00131-2
https://doi.org/10.3390/coatings13040697
https://doi.org/10.1243/13506501JET697
https://doi.org/10.3390/lubricants12040121
https://docu.ngsolve.org/latest/
https://doi.org/10.3390/en14196425


Machines 2024, 12, 622 16 of 16

33. Hong, B.; Lv, S.; Liu, Q.; Hou, J.; Ji, Y.; Gao, Z.; Gao, J.; Hu, J. A Simple Method to Evaluate the Vapor Pressure of Transformer Oil
at Various Temperatures. Adv. Eng. Res. 2018, 2018, 170.

34. OpenFoam. Available online: https://www.openfoam.com/ (accessed on 27 August 2024).
35. Lang, O.R.; Steinhilper, W. Gleitlager: Berechnung und Konstruktion von Gleitlagern mit konstanter und zeitlich veränderlicher

Belastung. In Mit 6 Arbeitsblättern, 1978th ed.; Springer: Berlin/Heidelberg, Germany, 2014.
36. Sharma, S.; Jamwal, G.; Awasthi, R.K. Numerical study on steady state performance enhancement of partial textured hydrody-

namic journal bearing. Ind. Lubr. Tribol. 2019, 71, 1055–1063. [CrossRef]
37. Rahmani, R.; Shirvani, A.; Shirvani, H. Analytical analysis and optimisation of the Rayleigh step slider bearing. Tribol. Int. 2009,

42, 666–674. [CrossRef]
38. Morris, N.; Leighton, M.; de La Cruz, M.; Rahmani, R.; Rahnejat, H.; Howell-Smith, S. Combined numerical and experimental

investigation of the micro-hydrodynamics of chevron-based textured patterns influencing conjunctional friction of sliding contacts.
Proc. Inst. Mech. Eng. Part J J. Eng. Tribol. 2015, 229, 316–335. [CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://www.openfoam.com/
https://doi.org/10.1108/ILT-03-2019-0083
https://doi.org/10.1016/j.triboint.2008.09.002
https://doi.org/10.1177/1350650114559996

	Introduction 
	Methodology 
	Simulation Methodology 
	Texture Geometries and Simulation Parameters 

	Results 
	Influence of Texture Geometry for Constant Width 
	Influence of Pitch Angle 
	Pressure and Velocity Analyses of Best-Performing Geometries 

	Discussion 
	Conclusions 
	References

