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Abstract

The present doctoral thesis contains results that can be grouped into two areas.
The first one corresponds to digit systems and tilings. Lagarias and Wang [52] consid-
ered integral self-affine tiles F = F(A, D) related to an expanding matrix A € Z™*"
and a digit set D satisfying |D| = | det A|; these tiles are defined as attractors of an
iterated function system, and in general, have intricate shapes and a fractal bound-
ary. They proved, under the assumption that F has positive measure, the existence
of a tiling and a multiple tiling of R™. Steiner and Thuswaldner [78] introduced ra-
tional self-affine tiles associated with expanding algebraic numbers or, equivalently,
expanding rational matrices A € Q"*™ with irreducible characteristic polynomials.
They considered only a particular type of digit set, where D is obtained as a complete
residue set modulo the base A: this is a strong assumption because it guarantees the
existence of a tile of positive measure. The challenge of this theory is that rational
self-affine tiles are not subsets of R™, and instead are defined in a representation space
K4 which is a subring of a certain Adéle ring (in the case n = 1, a base § induces a
space of the form R x Q). A central part of our work consisted in proving analogous
results to the ones by Lagarias and Wang, in the setting of Steiner and Thuswaldner:
we considered A € Q™™ (without the irreducibility restriction) and a set of digits D
(not necessarily a residue set) which induced a rational self-affine tile (A, D), and
proved topological properties and the existence of a tiling and a lattice multiple tiling.
The representation space in this more general case is defined in terms of a projective
limit. On top of expanding the existing theory with new results, we made a thorough
survey of the mathematical tools necessary to understand it, computed many specific

examples in detail, and present multiple illustrations.

The second area covered in this thesis is word combinatorics, in particular, we
considered a family of infinite words over a two-letter alphabet that we called N-
continued fraction sequences, obtained in terms of symbolic substitutions. They are
related to IN-continued fraction expansions of real numbers and constitute a general-
ization of Sturmian sequences. We prove combinatorial results of these sequences: in
particular, we give balance constants and compute their complexity function, as well

as other dynamical results.

As a bridge between the two areas covered, at the end of the thesis we relate
N-continued fraction sequences to Rauzy fractals, which are also self-affine sets. For
non-unimodular substitutions, the representation space for the corresponding Rauzy
fractals has a factor defined in terms of a projective limit which is analogous to the

one used for rational self-affine tiles.
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Chapter 1

Introduction

1.1 Number systems

Number systems are, roughly speaking, a way of representing the elements of a
space using strings of digits in relation to a base. They are a way to symbolically
depict numbers. They are also called numeral systems, numeration systems, or digit
systems. The most commonly used are a-ary number systems where the base is an

integer o with || > 1. Every real number has an a-ary expansion

t(dmdm1 .. dod_1d_s.. )o =% Y  djad

j==o0

where every d; is a digit taken from the set {0,1,...,|a|—1} (the sign “+” is required
only for positive «). A desirable property of a number system is that almost all
numbers (in a measure-theoretic sense) can be expanded in a unique way. For example,
in the decimal expansion, the number 4 can also be written as 3.9999... . However,
the set of numbers admitting more than one decimal expansion is very small in the
sense that it has Lebesgue measure zero. This fact is reflected in the following tiling
property. Consider the set of fractional parts in the decimal number system, that is,
the set of numbers that can be expanded using only negative powers of 10: this set is
equal to the unit interval [0, 1]. On the other hand, the set of numbers whose expansion
uses only non-negative powers of 10, that is, numbers with an integer expansion, is

equal to Z (if we permit the use of the minus sign). Consider the collection
{[0,1] + =z | z € Z}. (1.1)

This collection covers R, and the only overlaps occur at the boundary points of the
intervals. We thus say that {[0,1] + z | z € Z} forms a tiling of the real line. Here
[0, 1] is the central tile and Z is the translation set. This tiling property is a geometric
interpretation of the fact that almost all real numbers admit a unique expansion in

the decimal system, and it works the same for any other a-ary number systems.

Over time, many generalizations of the classical number systems came to the

fore. To cite some examples, back in 1885 Griinwald [36] studied number systems
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with negative integers as bases. In 1936 Kempner [42] and later also Rényi [71]
proposed expansions with respect to non-integral real bases (see also [76]). Knuth [46]
introduced complex bases and, as we illustrate below, dealt with their relations to
fractal sets. Gordon [34] discussed the relevance of number systems with varying digit
sets in cryptography, and in [55] binary and hexadecimal expansions were used in this
context. The S-expansion introduced by Parry [66] is defined in terms of a base § > 1
using the greedy algorithm. Kovécs [48| considered expansions in base A € Z"*™ with
digits D C Z" satisfying |D| = |det(A)|, and looked at ways of expanding a vector
x € R™ in the form .

r= > Ad;, d;eD. (1.2)

j=—o0

A nice example of a representation not obtained using a base’s powers is the
Fibonacci coding of a positive integer. It is a binary digit expansion that is based
on Zeckendorf’s theorem, which states that every positive integer can be expressed
uniquely as the sum of distinct Fibonacci numbers, provided that the sum does not
include any two consecutive Fibonacci numbers. The Fibonacci coding is a sequence
of zeroes and ones that ends with “11” and contains no other instances of “11” before
the end. It is related to the golden ratio base expansion, which is an example of
an irrational base number system, and in particular, is an example of an Ostrowski

numeration.

Akiyama et al. [3] studied representations of numbers in a rational base % where
p > q > 2 are coprime integers. These representations are obtained through an
algorithm that produces less significant digits first and is different from the greedy
algorithm. In particular, they obtain unique expansion for non-negative integers.

They are related to the rational base number systems that we consider in Chapter 2.

A large portion of this thesis is devoted to the study of the relation between
number systems, fractal sets, and tilings. Perhaps one of the first examples of this
relation that people with a mathematical background encounter is the ternary Cantor
set: it corresponds to the points of the unit interval that can be written in base 3
without using the digit 1. In other ways, the ternary Cantor set corresponds to the
set of fractional parts of the ternary number system with digit set {0,2}. A lot is
known about this set: it is compact, as is shown in almost any introductory topology
course; it is self-affine: a ternary Cantor set is made up of two smaller ternary Cantor
sets, and it has measure zero. The fact that it has measure zero reveals a crucial fact
about the underlying number system: when using base 3, the digits 0 and 2 alone are
not enough to represent all real numbers. Full intervals of numbers cannot be written
with these two digits only. This shows how the geometric properties of a set can shed
light on the underlying algebraic properties. Measure zero sets cannot tile the real
line: there is no way to cover R with copies of the ternary Cantor set translated via
a discrete set. Moreover, a number system could also “fail” in the other direction: it

could have too many digits, and one same number may have (infinitely) many ways to
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be represented; redundancy is also not desirable. This would geometrically manifest
as a set that is the union of smaller copies of itself, but these smaller sets have big

overlaps. We will see an example of this phenomenon soon.

This raises the question: given a fixed integer base, for which digit sets D are
(almost) all real numbers expressed uniquely? For prime numbers, the answer is
simple: this can only be achieved when D is a complete set of residues modulo the
base (and note that we may also need a minus sign at the beginning). The problem
of characterizing these sets D is difficult even for integer bases and has been studied
by Ka-Sing Lau and Rao Hui [57].

Number systems with integer bases can be generalized pretty well by using al-
gebraic integers. Recall that an algebraic integer is a complex number that is a zero
of a monic polynomial with integer coefficients. Consider, for example, @« = —1 + 1,
which is a zero of the monic polynomial P(X) = X2 + 2X + 2. Every complex num-
ber can be expressed in this base using the digits 0 and 1 because they constitute a
residue set of Z[a] mod «a. Associated with this number system is a famous fractal
set known as Knuth’s Twin Dragon, depicted in Figure 1.1 (see [47, p. 206]). It is
defined as the set of fractional parts of this number system, that is, the set of points
z=7322(-1 +4)/d_; with d_; € {0,1}. This set plays the same role as the interval

[0,1] in the decimal system.

F1GURE 1.1: Knuth’s Twin Dragon, a set related to a number system
with base —1 + <.

1.2 Self-affine tiles

Given a complete metric space K, a family of contraction mappings f; : K —
K, i=1,...,N is called and iterated function system (IFS for short). The Hutchinson

operator is a map H defined on the compact subsets of K as
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Hutchinson [39] showed that there is a unique non-empty compact set S C K that
satisfies H(S) = S, that is, S is a fixed point of the operator. The set S is called
the attractor of the IFS, and the existence and uniqueness are a consequence of the
contraction mapping principle. It can be obtained by starting from a compact set Sy
and letting Sy, 41 := H(S,) for n > 0. Then S = lim;,,_, S,,. We will use this result
to define self-affine tiles. We follow [82].

Definition 1.2.1 (Digit system). Let A € R™*" be an expanding matriz, that is, one
such that every eigenvalue A satisfies |A\| > 1. Suppose that its determinant is an
integer | det(A)| = m € Z with m > 1. Consider a set of vectors D = {dy,...,dn} C
R™. We call (A, D) a digit system.

We will mostly use the term digit system when the base is a matrix, and number

system when the base is a number.

Definition 1.2.2 (Self-affine tile). Let (A, D) be a digit system. A self-affine tile
F = F(A,D) is a compact subset of R™ with non-empty interior satisfying the set
equation

AF = | J(F+a). (1.3)
deD

This is a particular instance of an iterated function system, because the maps x +—
A7Y(z +d) for d € D are contractions in R", therefore the existence and uniqueness
of the attractor F is guaranteed. The set F = F(A, D) is also known as the central
tile of the digit system. It can be interpreted as the set of fractional parts (see [51])

because it is given explicitly by

F(A, D) = {iA—jd_j, d_je D},

=1

hence the use of the letter F. Note that the assumption that A is expanding is
necessary and sufficient for this series to converge. For most digit systems (A4, D),
the set of fractional parts F(A, D) has Lebesgue measure zero, so F is not called a
self-affine tile in this case. A necessary condition for F to have positive measure is
that |D| = |det(A)|, and that is why we enforce this condition; however the converse
is not true. If F has positive measure, it is easy to see that the union on the right
of the set equation 1.3 is pairwise essentially disjoint, that is, disjoint outside of a
measure zero set. For that reason, the dilated set AF can be seen as a union of copies
of F and that is why it is called self-affine. Equivalently, F can be expressed as an

essentially disjoint union of contracted copies of itself.

Definition 1.2.3 (Tiling). Consider a compact set T C R™ of positive measure, known
as a tile. Let S C R™ and consider the collection C ={T' +s|s € S}. Then C is said
to be a tiling of R™ if R™ = J,cs T + s, and, for any s # s’ in S, the sets T + s and
T + s have disjoint interiors. The set S is called a translation set. We say that T
tiles R™.
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FIGURE 1.2: A tiling of the plane by the Twin Dragon.

When S is a lattice, we call it a lattice tiling. Lattice tilings are particularly
interesting because the translation set is a group and hence has an easy structure.

The following theorem can be found in [53, Theorem 1.2]:

Theorem 1.2.4. Let F = F(A,D) be a self-affine tile for some digit system (A, D)
m R™. Then F tiles R™.

The translation set for the tiling given by F(A, D) is related (but not always

exactly equal to) the set of integer expansions of the digit system.

Definition 1.2.5 (Integer expansions). Given a digit system (A, D), we define the

set of integer expansions as

DIA] = {zijjdj k>0,d;c D}.

=0

Note that, even though the definitions so far are set in R™, this scenario also
includes complex bases, because multiplication by a complex number can be seen
as the action of a matrix in R%. In particular, the twin dragon from Figure 1.1
corresponds to the self-affine tile F(A, D) where

a=( ) 0= {00}
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05 10 15 2.0 25 3.0

FIGURE 1.3: A self-affine tile in R?

Note that det(A) = 2, and —1+1 is an eigenvalue of A whose complex norm is given by
N(—1+4) = 2. In this way, self-affine tiles can be defined for complex numbers a whose
norm is an integer, by taking the companion matrix of their minimal polynomial. This
is the case for algebraic integers. A tiling of R? (or C) given by the twin dragon is
illustrated in Figure 1.2. The translation set for this tiling corresponds to Z? (or Z[i]).

We mention that we refer to some sets, such as the Twin Dragon, as fractals,
even though this is not strictly correct. There are two features that we have in mind
when informally talking about a fractal set: its self-affine structure and the intricate
local shape of its boundary. In the most commonly used definition, attributed to
Mandelbrot, a set is said to be a fractal if its Hausdorff dimension is not an integer.
Self-affine tiles give tilings of R”, which means that their Hausdorff dimension is n.
However, in many cases, the boundary of a self-affine tile is a fractal set. For example,
Wang shows in [82] that the boundary of the Twin Dragon has dimension 2logy Ao
where )\g is the largest root of X3 — X2 — 2 (which is irrational). In this way, the
twin dragon inherits from its boundary the property of having a complex structure at
arbitrarily small scales. However, this is not always true: the unit square, for example,

is a self-affine tile whose boundary is not a fractal.

In some definitions, tiles are required to be connected or even to be topological
disks. We will also consider tilings given by disconnected tiles. A nice example in R?
of F(A,D) is shown in Figure 1.3, where

A= 92={()-0-0)-0)
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FIGURE 1.4: Tlustration of the self-affinity of F(A, D)

The set equation is illustrated in Figure 1.4, where the union of 4 copies of the tile
adds up to an enlarged version of it. It is also an example of a set that has a fractal

structure even though its dimension is 2.

1.3 Standard vs non-standard

Consider an expanding real matrix A € R™*". So far, the only requirement for a
digit set D C R™ is that |D| = | det(A)|. We have mentioned that most of the choices
of digits do not induce a self-affine tile as in Definition 1.2.2 (that is, F(A, D) has zero
Lebesgue measure for most of the choices of D). It is a central question to determine

when the measure of F is positive.

Definition 1.3.1. We say that a digit system (A, D) is a standard digit system if D

is a complete residue set of Z"[A] mod A.
Standard digit systems give rise to self-affine tiles (see [53, Corollary 1.1]).

Theorem 1.3.2. If (A, D) is a standard digit system, then F(A,D) is a self-affine
tile.

The converse is not true, as shown in the following example. Let A = 4 and

D =1{0,1,8,9}, which is clearly not a residue set. Then we have

F=F(A,D)=10,1U[2,3].
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This can be easily seen by checking that F satisfies the set equation
4F =FU(F+1)U(F+8U(F+9),

as is illustrated in the following pictures.

F

4F :

0 1 2 3 4 5 6 7 8 9 10 11 12

FUF+DHU(F+8)U(F+9):

o 1 2 3 4 5 6 7 &8 9 10 11 12

Therefore F is a self-affine set and it tiles the real line with translation set I' =
47 U (4Z + 1), as shown below.

O 1 2 3 4 5 6 7 8 9 10 11 12

I' is exactly the set of integers that are expressed with the digits {0, 1,8,9} in base
4, that is, ' is the set of integer expansions. Although only two of the four residues
modulo 4 appear in D, it is still possible to expand all integers (and all real numbers).
Note that I' is not a lattice because it is not a group. What would happen if we wanted
to translate F via a lattice? In this example, Z is the smallest lattice to contain I', and
below we can see that each point (except for a measure zero set) belongs to exactly

two different copies of F : this is known as a multiple tiling of degree 2.

0 1 2 3 4 5) 6 7 8 9 10 11 12

This type of example is known by Lagarias and Wang as a product form digit set.
In this case, D can be decomposed as D = {0,1} + 4{0,2}, where {0,1} + {0,2} =

{0,1,2,3} is a residue set modulo 4. However, there are digit systems that are not of
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product form that also have the tiling property, like, for example, if we take base 4
and digits {0,1,8,25} (see [52]).

Lagarias and Wang [53] showed the existence of tilings and multiple tilings given
by self-affine tiles associated with standard and non-standard digit systems for integer
expanding matrices A € Z™*". In Chapter 4, we generalize their results for the case

of rational matrices.

1.4 Integer vs non-integer

Steiner and Thuswaldner [78| considered number systems whose base is an al-
gebraic number, not necessarily an algebraic integer. They introduced the so-called
rational self-affine tiles, defined in terms of these number systems, and proved the
existence of lattice tilings arising from them. We will dive into the study of these

objects.

We introduce an example that will appear frequently throughout the thesis.

—1+3i
2

hence « is not an algebraic integer. The set D = {0,1,2,3,4} constitutes a residue

, whose primitive minimal polynomial is P, = 2X? + 2X + 5,

Consider o« =

set for Z[a] mod «. Consider the set of fractional parts
F = {Zofjd,j cd_j € D} c C,
j=1

which satisfies

oF = | J(F+d).
deD

This set is depicted on the left-hand side of Figure 1.5, and on the right-hand
side we paint the points in different colors depending on the digit d_;. The color
choice used is red when d_; = 0, green when d_; = 1, yellow when d_; = 2, purple
when d_1 = 3 and blue when d_; = 4. For each color we have a smaller copy of F,
yet we can see that the different copies overlap. In other words, a complex number

has multiple expansions in base a.

The explanation for the overlapping phenomenon is quite simple: the minimal
polynomial of & over Q is X2+ X —1—3, and the independent coefficient of this polynomial
equals the norm of a. So N(«) = %, which is not an integer. Taking Lebesgue measure
on the left side of the set equation we get A(aF) = 3A(F), while on the right side,
we have a union of 5 translations of F'. If F' has positive measure (which is the case)
then the union cannot be essentially disjoint, so F' is not self-affine. The goal is to
explain how this can be “fixed”, that is, how we can define a tiling. This will be
explained in Chapters 2, 3, and 4 at increasing levels of generality. The “trick” is to
think outside the box: instead of choosing the appropriate base to represent a given

space, one can choose an appropriate space to represent the digit system. On the
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FIGURE 1.5: A set F related to the base =1F3%,

FIGURE 1.6: The zero slice G(0) subdivided into three subtiles.

left-hand side of Figure 1.6 we illustrate the zero slice G(0), which is obtained from F
by selecting certain points. To give the reader an intuition of how this is done, on the
right-hand side we subdivide G(0) into three subtiles that obey the same color coding
as in Figure 1.5: the points of F' that belong to G(0) satisfy d_; € {0,2,4}. In other
words, a requirement for a series x = 3777, a~ld_; € F to be in G(0) is that d_; is
even. We will see in Chapter 3 that such points satisfy |z|;4; = 0 where |- |14; is a

(1 + 4)-adic absolute value defined in terms of the Gaussian prime p = 1 + 1.
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1.5 An art project

During the course of the Ph.D., we conducted a project at the intersection of
mathematics and art that was mostly carried out at the University of Arkansas to-
gether with Edmund Harriss, who works both at the Mathematics department and the
Arts department of this University. We present it now as a motivation, but we also
understand it as an application of our research: on top of serving as an illustrative
tool for mathematical objects and having an aesthetic aspect, this art piece is also
interactive and contains a set of puzzles that can be entertaining and challenging for
people regardless of their knowledge of the mathematics behind it. Moreover, having
a physical object that one can play with enables the discovery of several patterns that
are perhaps not visible in a computer illustration. Following the making of this art

project, several questions arise that can be a starting point for future research.

Given the base o = %‘*‘31 and the digits D = {0,1,2,3,4}, we consider a self-
affine tile F(«, D) which is a subset of the space K, = Cx Kj;, where K, is a p-adic
completion of the field K = Q(¢) defined in terms of the Gaussian prime p = 1 + 4.
This example and the corresponding representation space are explained in full detail
in Section 3.3. In [78, Figure 2| there is an illustration of a rational self-affine tile
similar to our example, which was a starting point for the project, and it is essentially
the only illustration of a three-dimensional rational self-affine tile that can be found
in the literature. The lack of pictures in such a visual field of study was also a source

of motivation to carry out the art project.

We proceed to give an overview of the process of creation and assembly of this
piece, without going into the underlying mathematics, since that will be done in
Chapter 3. Given an algebraic number system (a, D), we first come up with an
algorithm to generate points belonging to the so-called intersective tiles associated
with it, which are sets in R™ where n is the degree of the algebraic number «. This
algorithm was written in SageMath, and it relies on writing intersective tiles as shift
radix system tiles. Naturally, we mostly want to see examples when n = 2. With
the goal in mind of having some of these sets laser cut, we looked for tiles that were
topological disks and had an overall simple shape, even though the boundary has a
fractal structure. This is how we arrived at the example @ = # and computed
several tiles (slices). Afterward, for each tile, we exported this list of points to the
program Rhinoceros 3D, intended for 3D rendering. To approximate the boundary
curve of the tiles, we used the notion of concave hull, which is a subset of the convex
hull that is, in some sense, the smallest surface to contain all the points. This has no
formal mathematical definition and is instead obtained through an algorithm given
in terms of a parameter. We computed it using the visual programming language
Grasshopper, which runs within the Rhinoceros 3D application. This allowed us to
laser cut the shapes on 3mm wooden panels. They were subsequently hand painted

with acrylic paint.
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FIGURE 1.7: Photographs of wooden puzzles. Three-piece puzzle
(left), nine-piece puzzle (middle) and 62-piece puzzle (right).

FIGURE 1.8: Photographs of 24-piece wooden puzzle. Different rear-
rangements.

All the puzzles that we show have the property of forming always the same shape.
They are obtained by different stages of subdivisions of the zero slice from Figure 1.6.
The first puzzle has three pieces, and is displayed on the left-hand side of Figure 1.7;
this exhibits a property that we call inter-affinity: each piece can be subdivided as
a union of other pieces. There is a nice application: one could hand the three-piece
puzzle to someone, and tell them to put the pieces together to obtain the same shape
as the red piece, which constitutes a different approach to solving puzzles. In the
middle of Figure 1.7 is the nine-piece puzzle, and on the right-hand side is the 62-
piece puzzle. All the puzzles have the same size and can be solved by stacking them
up, beginning with the simplest one and using it as a hint to solve the next. Moreover,
each puzzle contains a smaller copy of the puzzles with fewer pieces, which can be also
used as a strategy for solving it. Figure 1.8 shows three different stages of assembly

of the 24-piece puzzle.

The color choice is not random. One can see that tiles with similar colors are
also similar in shape. Each tile, denoted G(z) is obtained by “slicing” the central tile

F(a,D) at some fixed height and is positioned on the plane on a point of a certain



1.6. Continued fractions and Sturmian sequences 13

FIGURE 1.9: Photographs of sculpture with branches aligned and ro-
tated.

lattice A. The height of the slice can be computed from the (1 + i)-adic expansion of
this point in A. We came up with an approximation of F(«, D) by placing the tiles
of the nine-piece puzzle in a vertical structure, and the vertical distances somewhat
reflect the (1+1)-adic distance. This gave rise to the sculpture depicted in Figure 1.9.
It consists of a central axe with nine arms, which can turn around. Each of the tiles has
a hole with the shape of a phase of the moon, and each arm has a key that fits exactly
in the hole, and there is a unique way to place the tiles in the structure (even if one
flips or rotates them). The base of the sculpture is actually the set F' from Figure 1.5.
The design and construction of the sculpture were carried out together with Reilly-
Dickens Hoffman from the Sculpture Department of the University of Arkansas. The
central structure is 3D printed and the vertical axe contains a screw that fits into the

base, which also has metal plates inside for stability.

1.6 Continued fractions and Sturmian sequences

Continued fractions provide a different way to represent real numbers as a string
of digits (generally known as coefficients), which is in some sense more natural than
number systems because it does not require the choice of a base; moreover, in general,
continued fractions give better rational approximations of real numbers than digit
expansions. However, the coefficients do not belong to a finite set of digits. The

classical continued fraction expansion of a real number x is an expression of the form
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r=a+—7
a) + ——
as + -

where ag is an integer and a, is a positive integer for n > 1. Then x is the limit
of the sequence of rational numbers obtained by truncating the fraction at the n-th
coefficient ay,. It is usually denoted by x = [ag; a1, ag, .. .|, and ag, a1, ... are called the
continued fraction coefficients of x. The continued fraction expansion may be finite
or infinite, and it is not hard to check that it is finite if and only if x is rational.
For example, 7 = [3;7,15,1,292,1,1,1,2,1,3,1,...]. The expansion is unique for
irrational numbers, whereas rational numbers have exactly two closely related different
expansions. Some algebraic properties of real numbers can be visualized from the
properties of the sequence of their continued fraction coefficients. For example, the

continued fraction is eventually periodic precisely for the quadratic irrationals.

The continued fraction coefficients are obtained iteratively through the Gauss
map T : R — R, which is defined as T'(z) = 1 — | 1] for = # 0 and T(0) = 0, where
|-] denotes the floor function. Then a,, = {Tn%l(z)J for n > 0 whenever 7"~ 1(x) # 0.
If T"1(x) = 0 for some n, we obtain a finite continued fraction.

Sturmian sequences have been studied extensively (see, for instance, the survey
[8]) and are closely linked to continued fractions. A sequence w in AN (where A is
a set known as an alphabet, usually taken to be finite) is known in combinatorics as
an infinite word or a string. A factor of w is a finite or infinite word that appears
somewhere in w. An infinite word w is called Sturmian if, for any given n € N, there
exist exactly n + 1 pairwise different factors of w of length n (the length of a word is
how many letters it has). More formally, given a word w, consider the factor complezity
function p,, : N — N defined as p,(n) = #{u : u is a factor of w of length n}. Then
w is said to be a Sturmian sequence if p,(n) = n+1 for all n € N. Sturmian sequences
are the non-eventually periodic sequences with the smallest possible complexity (see
e.g. [22, Corollary 4.3.2]). A Sturmian sequence w has the property that, given any
two factors w and v of w of the same length and a letter a € {0,1}, the number of
occurrences of a in u differs from the number of occurrences of a in v by at most
one. This property is called 1-balance (or just balance) and characterizes Sturmian
sequences. More precisely, the Sturmian sequences are exactly the non-eventually
periodic balanced sequences over two letters (cf. e.g. [8, Theorem 6.1.8]). Moreover,
Morse and Hedlund [62], as well as Coven and Hedlund [23], discovered a connection
between Sturmian sequences and rotations by an irrational number . Rauzy found a
very elegant proof for this connection that relates Sturmian sequences to substitutions
and the classical continued fraction algorithm (see [11| and Rauzy’s earlier papers 69,
68]). Given an irrational number , we can obtain a Sturmian word w(x) which relates
to the continued fraction coefficients of x, and one way to do this is using substitutions,

a notion that we will introduce and study in Chapters 5 and 6.
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A generalized continued fraction is an expression of the form

b1
b )
a+ ———
az + -

ap +

where a,, and b, can be any complex numbers. To motivate the use of generalized
continued fractions, we can see that for some cases we obtain regular expansions for

7, like, for example, when we let b, = (2n — 1)

12

T=23+ 2

6 +

6+ .
We will study a type of generalized continued fractions called N-continued fractions
(N is a fixed positive integer), obtained by letting b, = N for all n > 1, and in par-
ticular we will consider coefficients a,, > N. We will mention some properties of these
expansions, but our study will focus on constructing infinite words that generalize

Sturmian sequences for the case of N-continued fractions.

1.7 Structure of the thesis

The thesis can be seen to be divided into two parts. The first part is made up of
Chapters 2, 3 and 4. It is devoted to the study of tilings related to number systems in
the rational case. The setting of Chapter 2 is contained in the setting of Chapter 3,
which is as well contained in the setting of Chapter 4. The second part of the thesis
is made up of Chapters 5 and 6, and it is centered around N-continued fractions, the
construction of generalizations of Sturmian sequences and Rauzy fractals for families

of non-unimodular S-adic substitutions.

We begin our journey into the world of rational self-affine tiles in Chapter 2,
which is meant as an introduction to the main notions of the theory. Most of it is
devoted to a number system, which we call the negasemiternary system because it
is done in base —% with digits {0,1,2}. It is, in some sense, the simplest rational
number system, and that is why we chose it as a starting point. We show how the 2-
adic valuation is used to introduce a suitable representation space of the form R x Qs.
We prove some theorems for this particular example, as it is useful to understand the
main ideas before jumping to broader definitions. We introduce a set F that tiles
R x Q2 and prove how this implies unique expansion almost everywhere. We link our
work to shift radix systems, giving insight into the shape of F. We also give some
applications in two number theory problems: the Josephus problem and Mahler’s

problem. Afterward, we move to general rational bases § and construct a space of the
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form R x Qp, where Qp is a product of p-adic spaces that can alternatively be defined

as a projective limit. We state some results in this new setting.

Chapter 3 is devoted to algebraic number systems, that is, number systems whose
base is an algebraic number «v € C. Note that this contains Chapter 2 because rational
numbers are algebraic numbers. We consider a digit set of the form {0,..., |ag| — 1},
where ag is the independent coefficient of the minimal primitive polynomial of « in
Z[X]. Digit sets of this form were used by Steiner and Thuswaldner in [78], and
we follow the terminology of that paper and state some of their results. This digit
choice guarantees that the set of fractional parts of the number system (a, D) has
positive measure, becoming a rational self-affine tile. We start by introducing several
preliminary notions in algebraic number theory. In particular, we do a careful study
of completions of number fields K = Q(«) with respect to finite and infinite places p,
denoted Kj, and relate p-adic completions to projective limits. We introduce Adele
rings because the representation spaces that we study are in fact subrings of Adéle
rings. We introduce rational self-affine tiles and state some results for general algebraic
number systems. Part of this chapter is centered around the example a = # We
link our study to shift radix systems and show how this is useful in the computation of
the tiles. Finally, we show an analogous way of expressing algebraic number systems

in terms of matrices and vectors, motivating the next chapter.

Chapter 4 contains several original results and extends the existing theory of
rational self-affine tiles in two directions: the reducible case and the non-standard
case. For the reducible case we mean that we consider digit systems where the base
is an expanding rational matrix A and we allow the characteristic polynomial to be
reducible. We use results of linear algebra (in particular the Frobenius normal form
of a matrix) to find the appropriate cardinality of digit sets. This is illustrated with
an example. In the reducible case, we no longer have completions of algebraic number
fields to introduce the representation space. Instead, we define the space in terms of a
projective limit. In the non-standard case, we consider digits that are not necessarily
a complete set of residues. We generalize the results obtained by Lagarias and Wang
for the case of integer matrices: we show some topological properties of the central
tile and prove a tiling theorem. Classical results of topology play a key role in the
study of self-affine tiles, as well as measure-theoretic results involving Haar measures.
The last part of Chapter 4 centers around the proof of the multiple tiling theorem,
which is perhaps the strongest result presented in the thesis. The theory of locally
compact abelian groups is needed to study the character group of the representation
space and certain quotient groups. A preliminary example of the study of characters
of p-adic spaces is done first. The key to the proof relies on a lemma that shows that

the multiplication by A in a certain quotient group is ergodic.

In Chapter 5 we introduce N-continued fraction expansions of real numbers for
N > 1, which corresponds to the classical continued fraction expansions when N =

1. We define two families of infinite words on a two-letter alphabet that generalize
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Sturmian sequences, called N-continued fraction sequences. They are obtained as
limit words of sequences of substitutions. We show that they are finitely balanced
and compute their letter frequency. We use tools of combinatorics on words to find
an explicit formula of their factor complexity function. Furthermore, we study the
entropy and growth rate of N-continued fraction sequences. Ergodic theory plays a

very important role in this section.

Finally, in Chapter 6 we consider Rauzy fractals in the setting of non-unimodular
S-adic substitutions. We show some examples of the classical case and the S-adic case
and proceed to show how self-affine Rauzy fractals for the non-unimodular case can be
obtained using the same ideas we used for number systems, by introducing a represen-
tation space defined in terms of a projective limit. This is done as a form of closure to
connect the two seemingly distinct topics of the thesis, one being self-affine sets related
to number systems and the other being N-continued fraction sequences, which are in
fact limit sequences for S-adic non-unimodular substitutions, so this theory allows
us to define the corresponding Rauzy fractal. The theory of non-unimodular S-adic
Rauzy fractals is not studied extensively, and even though we mention some results,

most questions are still open and this will hopefully be a line for future research.
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Chapter 2

Number systems with rational

basis

In this first chapter, we tackle the issue of defining self-affine tiles related to
digit expansions in rational bases. We show that a base § € Q and the set of digits
{0,1,...,]a] — 1} are suitable to represent points of a space of the form R x Qy, where
Qp is the ring of b-adic numbers (better known when b is a prime). We define a set
F(%,D), called a rational self-affine tile, that induces a tiling of R x Q; and shares

properties with classical self-affine sets.

We will start our journey with the negasemiternary system, an example that
was published in the expository article A Number System With Base -3/2 (American
Mathematical Monthly, 2022, [74]). It is presented now with further improvements.
Number systems with rational bases similar to ours were introduced by Akiyama et

al. [3] and generalizations of these have been studied in [19] and [75].

2.1 The negasemiternary system

The aim of this section is to define and explore a number system with base f%

and digits {0, 1, 2} that we call the negasemiternary number system. This terminology,
first used by Donald Knuth in [45], is due to the basis being negative (nega-), the
denominator being 2 (-semi-) and the numerator being 3 (-ternary). We abbreviate it
as NST. We chose to start in this manner because we believe that difficult concepts
are more easily understood when a simple case is presented first, rather than directly
jumping to abstract general definitions. This example has many beautiful properties
that link different areas of mathematics and, nevertheless, can be studied in a way
that is accessible to a broad readership. We mention that there are other ways to

—3: see, for example, the one using the digit set

define a number system with base —3;

{0,1} in [4].

We start our study of the NST number system by investigating expansions of
real numbers and realize that the real line is somehow “too small”. We introduce the

space K = R x Qo, where Qg is the field of 2-adic numbers, and show how it naturally



20 Chapter 2. Number systems with rational basis

arises as a representation space. We relate to our number system a set F, we study
some of its topological properties and prove that it induces a tiling of the space K by
translations. This tiling property is strongly related to the existence and uniqueness
of expansions with respect to the base —% in K. We relate the slices of the tile F to
shift radix systems. Afterward, we provide applications of the NST number system

to Mahler’s %—problem and the Josephus problem.

The minimal polynomial of —% is 2X + 3, which is not monic; therefore, —%
is not an algebraic integer. This is a relevant feature because it means that, acting
as the base of a number system, —% is of a different nature than integers such as
10 and 2. When the base under consideration is not an algebraic integer, rational
self-affine tiles live in subrings of certain adéle rings, which are important objects in
algebraic number theory. In particular, the representation space K introduced here is
an example of such a subring. The reason why we consider K instead of R is that —%
acts in some sense like an algebraic integer in K because its denominator is “multiplied

away” in the 2-adic factor of K. We will explain this in more detail later on.

Expansions in the real line.

In the decimal system, each integer can be expanded without using digits after the
decimal point. In this section, we wish to define and explore such “integer expansions”
in the number system with base —% and digit set D = {0, 1,2}, which we denote as
(-3.D).

We write
k .

(... do)_gpo =Y di(—=3)"  (k€N, d; € D; dy # 0 whenever k > 1)
=0

and call (dy...do)_3/2 an integer negasemiternary expansion. For instance, —6 =
(2110)_3/2 and 8 = (21122)_3/2

As a next step, we characterize the set
D [—%} = {(dk ...do)_3s2 : k€N, d; € D; di # 0 whenever k > 1}

of all real numbers with an integer NST expansion (see also |75, Example 3.3]).
Theorem 2.1.1. The set of all numbers having an integer NST expansion is Z[%]

Here, as usual, we set Z[3] = {a2™* : a € Z, £ € N}.

Proof. The inclusion D[—3] C Z[1] is trivial. For the reverse inclusion, let Ny € Z[3]
be arbitrary. Then there exist ag € Z and ¢ € N such that Ny = ag2~¢. In order find

an expansion of Ny of the form

No=di (=3)" +der (- 4+ +d (-3)+do  (deD)  (21)
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for some k € N, we use the following algorithm. First, note that 2¢D = {0, 2¢, 21} is
a complete residue set modulo 3. Find the unique dgy € D so that ag = 2°dy (mod 3).
Write Ny = —%Nl + dp. We have

ag — Qédo

Ny = —%(No —do) = —3(ao2™" — do) = -3 5

and ag — 2%dy is divisible by 3 because of the choice of dy, therefore N; € Z[%]
Moreover, if we let a1 = %ﬂdo € 7Z then Ny = 22‘%1 We recursively define N;; for
¢ > 0 by the equations

N; = —%Nﬂ,l +d; (22)

where d; € D is chosen so that N;y1 € Z[%} Iterating (2.2) yields N; = ;27 for
a; € Z. When i € {0,...,£}, d; is obtained by taking a; = 2°7%d; (mod 3), and when
i > ¢, d; is obtained by taking 2~‘a; = d; (mod 3). One can easily see by induction
on ¢ that this yields

No = (—%)Hl Nit1 +d; (—%)Z +ody (=3) + do. (2:3)

Note that N; = 0 implies N;+1 = 0. If we can prove that N; = 0 for ¢ large enough,

our algorithm gives the desired representation.

Since N; = ;27" with a; € Z, we get N; € 27 for i > £. Let M; = % € 7Z for
i > {. We show that M; = 0 for some ¢. We have N;11 = f%Ni + %di, so dividing by
2 yields M1 = —%Mi + %di with d; € D; hence |M;41| < %|MZ\ + % and therefore
|Mit+1| < |M;| holds for each |M;| > 3. This implies that there is an ¢ € N with
|M;| < 2. Direct calculation shows that if M; = —2, then M;11 = 2, M40 = —1,
M;y3 =1, and M;;4 = 0. Thus there is kg € N with N, = 0 for all £ > ko, and this
implies that Ny € D[-3].

O]

By residue class considerations one can show that each z € Z[%] has a unique
integer NST expansion. For instance, —3 = (120)_3/, and = (111)_3/5. The
uniqueness holds because we are considering only integer NST expansions; otherwise,
it is not true. We proceed to study NST expansions for arbitrary reals, allowing
negative powers of the base. We consider the matter of uniqueness and motivate the

subsequent construction of a tiling.

Let

k
(d...do-drd_n...) 35:= Y di(-3)" (keN, d;eD) (2.4)

1=—00
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and assume that there are no padded zeros to the left of the “decimal point” (i.e.,
that di # 0 whenever k > 1). Consider

2= {(O.dfldfg .. .)_3/2 cd_; € D}, (25)

the set of fractional parts of the NST number system in R. One can prove that
2= [— %, %] Clearly, (2 is bounded, and by a Cantor diagonal argument we can
show that it is closed as well, so 2 is a compact set. We want to give an explicit
characterization of {2 by establishing a set equation. If we multiply {2 by —%, this
is tantamount to moving its “decimal point” one digit to the right. For an arbitrary
element w = (0.d_1d_3.. .),3/2 € {2 there are three possibilities: if d_; = 0, then
when multiplying w by —% it remains in {2; if d_; = 1, then —%w € 241, and if

d_1 = 2, we have f%w € {2+ 2. This leads to the set equation
—30=00(R+1)U(2+2)

or equivalently,
N=(-3)00(-3) (2+1)U(-3)(R+2), (2:6)

which means that {2 can be expressed as a union of contracted copies of itself. By

Hutchinson’s Theorem [39], there exists a unique non-empty compact subset of R for

which (2.6) holds. Since [— 22, 2] is a solution of (2.6), the uniqueness of the solution
yields 2 = [— %,g].

Each decomposition of a real number x as the sum of an element of Z[%] and
an element of {2 leads to an expansion of x of the form (2.4), by Theorem 2.1.1 and
the definition of {2. The collection {2+ z : z € Z[%]} covers the real line, so each
real number can be written as such a sum, and hence it admits an expansion of the
form (2.4). But since each x € R is contained in multiple elements of the collection
{2+2z: z€Z[5]} (in fact, in infinitely many), it admits multiple expansions of the
form (2.4). For example, § = (0.020202...) 3/ = (2.11111...)_35.

Different translations of {2 by elements of Z [%] overlap in sets of positive measure;
in other words, we do not have the desired tiling property. This results in expansions
that are not unique. In the subsequent sections, we will find a way to embed the

collection {2+ 2z : z € Z[%]} in a suitable space where it will give rise to a tiling.

2.2  Ambinumbers

The real line seems to be “too small" for the collection { [— %, %] +z:z2€Z [%] },
so we wish to enlarge the space R to resolve the issue of overlaps. Another way, which
we do not pursue here, would be to restrict the “admissible” digit strings; see [3].
Indeed, our next goal is to define a new space, called K, in which the NST number
system induces a tiling in a natural way. We call its elements ambinumbers, a term

also coined by Donald Knuth in [45]. The idea behind this is as follows: the overlaps
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3
5.
Such a base would need one and a half digits, which is, of course, not doable. What

occur because the three digits {0,1, 2} are “too many” for a base whose modulus is

causes all the problems is the denominator 2. Roughly speaking, this denominator
accumulates powers of 2 that are responsible for the overlaps. It turns out that these
overlaps can be “unfolded” by adding a 2-adic factor to our representation space. The
strategy of enlarging the representation space by p-adic factors that we are about to
present was used in the setting of substitution dynamical systems, e.g., by Siegel [77]

and in a much more general framework than ours in |78].

We begin by introducing the 2-adic numbers. Consider a non-zero rational num-
ber y and write y = 2¢ % where ¢ € Z and both p and ¢, are odd. The 2-adic absolute
value in Q is defined by

27f, ify #0,
0, if y =0,

|y\2 =

and the 2-adic distance between two rationals x and y is given by |z —y|2. Two points

are close under this metric if their difference is divisible by a large positive power of 2.

We define Q2 as the completion of Q with respect to |- |2. The space Q is a field
called the field of 2-adic numbers. Every non-zero y € Q2 can be written uniquely as

a series -
y:ZCiQi (L e€Z, ¢; €{0,1}, cp #0).
=L
This series converges in Qo because large powers of two have a small 2-adic absolute
value. Indeed, we have |yl = 27

We define our representation space as K = R x Qq, with the additive group struc-
ture given by component-wise addition. Moreover, Z [%] acts on K by multiplication;

more precisely, if « € Z[%] and (z1,x2) € K, then « - (21, z2) = (awy, axe).

For every (z1,x2), (y1,y2) € K define

d((z1,22), (y1,9y2)) := max{|z1 — y1|, |z2 — yal2}.
Then d is a metric on K. Intuitively, two points in K are far apart if either their real
components are far apart or their 2-adic components are far apart.

We define the embedding
v: Q—K, z > (z,2).

Consider the image of Z[%] under ¢. Despite both coordinates of ¢(z) being the
same, the set p(Z [%]) is not on a “diagonal” as it would be if it were embedded in R.
Indeed, the points of Z[%] that are close in R are far apart in the 2-adic distance. In

particular, we will show that the points of @(Z[%]) form a lattice.
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A subset A of K is a lattice if it satisfies the three following conditions.
1. A is a group.

2. A is uniformly discrete, which means that there exists r > 0 such that every

open ball of radius r in K contains at most one point of A.

3. A is relatively dense, which means there exists R > 0 such that every closed ball

of radius R in K contains at least one point of A.

Lemma 2.2.1. ¢(Z[3]) is a lattice in K.

Proof. 1. The fact that ¢(Z [%} ) is a group follows from the additive group structure

of Z[%] because ¢ is a group homomorphism.

2. To get uniform discreteness of p(Z[1]), we first show that d(p(z),¢(0)) > 1
holds for every non-zero z € Z[$]. Recall that d(¢(z), ¢(0)) = max{|z|, |z|2}.
If |2| < 1, there exist a,/ € Z with a odd and ¢ > 1 such that z = a27¢, so
|z|2 = 2¢ > 1. Due to the group structure, this implies that the distance between

1

any two elements of ¢(7Z [%]) is at least one; hence p(Z [5]) is uniformly discrete.

3. For the relative denseness, consider an arbitrary element (x1,x2) € K. We claim
that there exists z € Z[3] such that d(¢(z), (21, 22)) < 2. Let 21 € Z be one of
the integers closest to z1. If 2o =) .7, ¢;2! with £ € Z and ¢; € {0, 1}, then set
2o =312 € Z[5] (note that 2o = 0 if £ > 0). Therefore,

d((z1,22), (21, 22)) = max{|x] — z1], |2 — 22]|2} < 1.

Now we set z = 21 + 29 € Z[%] Because z; is an integer, |z1]2 < 1, and since
z9 € [0,1], we have |zo| < 1. Thus d(p(2), (21, 22)) = max{|z2|, |2z1]2} < 1, and
so d(p(z), (z1,22)) < 2 by the triangle inequality; hence ¢(Z[3]) is relatively
dense. O

Figure 2.1 illustrates some points of @(Z[%} ). Drawing pictures in this setting is
not straightforward: the space K is non-Euclidean, so we need to represent it in R?
while somehow maintaining the 2-adic nature of the second component. We do this
in the following way: any point y € Qo has a 2-adic expansion y = > .2, ¢;2" with
LeZ, ¢; €{0,1}. We consider the mapping

o o
Y:iQ =R, Y a2y 27, (2.7)
i=t i=t

which is well-defined since the sum on the right-hand side converges in R. An am-
binumber (x1,72) € K is now represented as (x1,7(x2)) € R?. The reason for the
choice of this embedding is that, in 2, multiplying by 2 has in some sense the same
effect as dividing by 2 in R. We note also that in [78| a very similar embedding was

used to illustrate rational self-affine tiles.
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-8 -6 -4 -2 2 4 6 8

FIGURE 2.1: Representation of the lattice points @(Z[%]) € K using
the embedding v : Q2 — R.

The lattice cp(Z[%] ), which will play the role of the “integers” in K, turns out to

be a proper translation set for a tiling of K related to the number system (—%, D).

In the real case, when defining a tiling we allowed overlaps as long as it was on a
set of Lebesgue measure zero. To generalize this, we need to define a natural measure
on K. Such a Haar measure is a translation-invariant Borel measure that is finite for
compact sets. It can be defined in spaces with a sufficiently “nice" structure. (More
specifically, it is defined on locally compact topological groups.) A Haar measure is

unique up to a scaling factor. The Lebesgue measure A on R is a Haar measure.

Let Zy = {E?io ci2t 1 ¢ € {0, 1}} C Q2 be the ring of 2-adic integers, and let
pi2 be the Haar measure on Qo that satisfies u2(2¢Zs) = 27¢. Note that multiplying a

set by large powers of 2 makes its measure pg small.

Let 4 = X x pg be the product measure of A and ps on K = R x @Qq9; that
is, if M1 C R and My C Q9 are respectively measurable, then the sets of the form
M = M x My generate the o-algebra of u, and u(M) := A(My)p2(Mz). One can
show that p is a Haar measure on K. For any measurable set M = M; x My C K, we
have A(—3M7) = 3A(My) and po(—2Ma) = 2pus(Ma),

which yields
p(=5M) = X (=3 M) pp (=3 M2) = 3u(M). (2.8)

Thus multiplying any measurable set M C K by the base —% enlarges the measure

by the factor 3, which can be interpreted as having “enough space” for three digits.
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2.3 A tiling of a non-euclidean space

Recall that in (2.5) we defined the set {2 of real numbers of the form (0.d—1d_2...)_3/5.
We now embed the digits in K, obtaining the set

F = {i (—%)_i o(d_;) : d_; € D}. (2.9)

=1

The set F is a compact subset of K. Indeed, given any sequence in F, we can
use a Cantor diagonal argument to find a convergent subsequence. Let x € F. If we
multiply z by the base —2, we obtain —3z € F + ¢(d_;) with d_; € {0,1,2}. Thus
F satisfies the set equation

—SF=FU(F+e1)U(F+¢?2) (2.10)

in K, which can be written more compactly as —%]—" = F + ¢(D). It turns out that

this set equation completely characterizes F. Note that (2.10) is equivalent to

F=(-3)Fu(-3) (F+e)U(-3) (F+92), (2.11)

and multiplying by —% is a uniform contraction in K: it is a contraction in R because

— 2| < 1 and also in Q because | — 2] = 1 < 1. Thus (2.11) states that F is equal
to the union of three contracted copies of itself. Due to this contraction property,
we may apply Hutchinson’s theorem (see [39]) which says that there exists a unique

non-empty compact subset of K that satisfies the set equation (2.11). The set F is

an example of a rational self-affine tile in the sense of [78].

Foe

FIGURE 2.2: The tile F related to the number system with base —%.

Figure 2.2 (left) shows a representation of F in R?, again using the function
from (2.7) to map Q2 to R. The right-hand side illustrates the self-affinity of F. The
copies of F appear to have different shapes; this is due to the embedding of K in
R?, and there is essentially no way to avoid this. When depicting p-adic spaces or

ultrametric spaces, there is always something “lost in translation”. We color red the
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points such that d_; = 0, green when d_; = 1, and yellow when d_; = 2. Note how
the green tile is on top because these points have residue one modulo two, and hence

are further away from zero in the 2-adic distance.

Since according to Theorem 2.1.1 the set Z[%] is the analog of Z in the NST

number system, we define the analog of the collection in (1.1) by setting
C={F+o(2):2€Z[}]}.

Then C is a collection of copies of F translated by elements of the lattice ¢(Z[1]).
We will show in Theorem 2.3.3 that C is a tiling of K, meaning that:

1. Cis a covering of K, i.e., (C) = K, where (C) = F + ¢(Z[3]) is the union of the

elements of C.

2. Almost every point in K (with respect to the measure p) is contained in exactly

one element of C. In particular, the elements of C have disjoint interiors.

In Figure 2.3, we have a subdivision of F into nine smaller copies of itself,
which again appear to be different because of the way the embedding is defined. Or,
equivalently, we can say that we have placed nine copies of F to form an enlarged
version of F. This is an illustration of the idea behind the proof of the existence of a
tiling because the union of these nine copies can be seen as a patch of a covering of

the whole space K. The color choice in this example is not related to the digits.

FI1GURE 2.3: A patch of the tiling C of K by translates of F.

To define a tiling, it is necessary that our central tile F has reasonably nice
topological properties. In particular, we prove that F is the closure of its interior and

that its boundary 0F has measure zero. In a general setting, this result is contained
in [78, Theorem 1].

Theorem 2.3.1. F is the closure of its interior.
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Proof. We first prove that C is a covering of K, i.e., (C) = K, where (C) is the union
of the elements of C. Applying the set equation (2.10), we obtain the following.

—3(C) = —3F — 30(2[1]) = F + ¢(D) — 3p(2[L]).

Note that D is a complete set of representatives of residue classes of Z[%] / (—%)Z[%],

so p(D) — 2p(Z[3]) = ¢(Z[3]). Thus —3(C) = (C) and, a fortiori, for any k € N we
have (—2)*(C) = (C). Recall that multiplying by —2 is a contraction in K. We have
shown in Lemma 2.2.1 that ¢(Z[3]) is a relatively dense set in K, and therefore so is
(C), meaning there is some R > 0 for which every closed ball of radius R intersects
(C). But since (C) is invariant under contractions by (—2)¥, this implies that any ball
of radius (2)*R with k € N intersects (C); hence, it is dense in K.

Consider now an arbitrary ambinumber x € K and a bounded neighborhood V'

of z. Since (p(Z[%]) is uniformly discrete and V' is bounded, V intersects only a finite
number of translates of F, each of which is compact. Since (C) is dense in K, z cannot
be at positive distance from all these translates of F. Thus x is contained in some

translate of F and, hence, x € (C). Since x was arbitrary, this implies that (C) = K.

Next, we show that int F # @. Assume on the contrary that int / = &. Consider
the sets U, := K\ (F + ¢(z)) with z € Z[3]. By assumption, U, is dense in K for
each z € Z[%], and {U, | z € Z[%]} is a countable collection. Baire’s theorem asserts

that a countable intersection of dense sets is dense. But

N U.=K\ |J Frolz)=K\(C)=2

z€7Z[3] 2€Z[3]
which is clearly not dense. This contradiction yields int F # &.

We now prove the result. Iterating the set equation (2.10) for k£ € N times yields

F=(3)"F+ (=1 0@+ (3" @+ + (-3) ¢(D)
Setting
Dy=D+(-3)D+---+(-3)"'D, (2.12)
this becomes
F=(=2"F+eDy) (keN), (2.13)

which means we can write F as a finite union of arbitrarily small shrunken and
translated copies of itself. We know that F has an inner point x, and therefore each
copy of the form (—2)*¥(F + ¢(d)), d € D, has an inner point. Thus for any y € F
and any € > 0 we can choose k € N and d € D, so that diam((—2)*(F + ¢(d))) < e
and y € (—2)F(F + ¢(d)). Thus there is an inner point at distance less than & from
y. Since y € F and € > 0 were arbitrary, this proves the result. O

Theorem 2.3.2. The boundary of F has zero measure.
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Proof. Let x be an inner point of F and B.(z) C F an open ball of radius ¢ > 0
centered at . Because multiplication by —% is a uniform contraction in K, there is
k € N such that diam (—%)*F < e. Thus by (2.13) there is dy € Dy, such that

(=2)* (F + ¢(dy)) C B.(w) C imt F.

Let y € O( (—%)k (F+¢(do))) C int F. Since y is also an inner point of F, and (2.13)
exhibits F as a finite union of compact sets, y must lie in (—2)¥(F + ¢(d)) for some
d € Dy, \ {do}. Thus the boundary d((—2)*(F + ¢(do))) is covered at least twice by
the collection {(—2)*(F + ¢(d)) : d € Dy}. This entails that

w) =u( U (9" +ola))

deDy

Son((-3)" (F+ o) = (@ (-2)" (F +¢(do))))-

deDy,

N

Note that (as a Haar measure) p is translation invariant, the cardinality of Dy, is 3%,
and from (2.8) it follows that p((—2)*F) = 37%u(F). All this combined yields

u(F) < 2 u((-3)°F) = u(0((-3)" F)) < n(F) = u(d((-3)" 7))

and therefore u(@((—%)k]—")) = 0. This implies that p(0F) = 0. O

This section contains a tiling theorem for the NST number system. This result is
contained in |78, Theorem 2| in a more general setting. For our special case, the proof
is much simpler. We will also show that the tiling property relates to the uniqueness

3

(almost everywhere) of NST expansions in the (—3)-number system embedded in K.

Theorem 2.3.3. The collection C = {F + ¢(2) : z € Z[]} forms a tiling of K.

Proof. We have shown in the proof of Theorem 2.3.1 that C is a covering of K. It
remains to show that almost every point of K is covered by exactly one element of
the collection C. Recall that for each k > 1, the sets Dy, (see (2.12)) consist of all the
integer NST expansions with at most k£ digits. According to Theorem 2.1.1, the set
Z [%] is the set of all integer NST expansions. This implies that Z[%] = Uk>1 Dy, and,
hence, K = F + ¢(Z[1]) = Uis1 F + ¢(Dk). Therefore, it suffices to prove that the
collection {F + ¢(d) : d € Dy} has essentially disjoint elements for each k > 1, that
is, if d,d’ € Dy, are distinct then pu((F 4+ ¢(d)) N (F +¢(d’))) = 0. Applying (2.13) we

obtain

$u(F) = u((-3)F) = u( U 7+ w<d>> < D mF+eld)

dEDk dEDk
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This implies equality everywhere and, hence, different ¢(Dy,)-translates of F only
overlap in sets of measure zero. Thus the same is true for different Z[%}—translates of

F. So the tiles in C are essentially disjoint, and C is a tiling. O

Corollary 2.3.4. Almost every point x € K has a unique expansion of the form

k
xr = Z (=2)" o(d;) (k €N, d; € D; di, # 0 whenever k > 1). (2.14)

1=—00
Proof. Let x € K and suppose it has two different expansions

k k

r= 3 (D e) = Y (-9 eld),

1=—00 1=—00

where dj # 0 for £ > 1 and where we pad the second expansion with zeros if nec-

U

m, and consider the

essary. Let m < k be the largest integer such that d,, # d

point (—3) ™x. Recall that multiplying = by (—3)

~™ is the analog of moving the

decimal point m places to the left if m is positive and to the right if it is negative.
Let w = (di ... dms1dm)—3/2 and o' := (d}, ... d}, . d},)_3/2. Then w,w’ € Z[}] are
distinct, and it follows from our assumption and the definition of the tile F that
(=23)™™mz — p(w), (—2) ™z — p(w') € F. Hence, we obtain

(=3) " € (F +¢W) N (F + o).

As tiles only overlap on their boundaries, this implies that 2 € (—3)™9(F + ¢(w)).
Therefore, a point = € K has two different expansions if and only if x € I', where
= U,en(=2)"0(F + ¢(Z[3}])). Since Z[1] is countable, I' is a countable union

2
of the sets (—3)mO(F + ¢(2)), m € Z, z € Z[L], each of which has measure 0. Thus
wu(I') = 0, which gives the result. O

2.4 Slices of the central tile

A natural question that can arise at this point is: what can we say about the
shape of F?7 We can partially answer that by looking at its slices. By a slice, we
mean the following: consider the space R x {0} C K, which is clearly isomorphic to
R. Given z € Z[1], we can consider the intersection of F + ¢(z) and R x {0}, and
naturally embed it in R. We denote this set by G(z), and call the the slice at height
z. Namely,

G(z):={zeR : (z,0) € F+ p(2)}. (2.15)

It is a consequence of |78, Proposition 6.1] that F can be seen as a union of such

slices, each of them placed in the corresponding 2-adic height, so
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F = (G(2) x {0} — ¢(2)).

ezl})

In particular, it follows from |78, Lemma 6.2] that G(z) = @ for all z € Z[1] \ 2Z.
A good deal of information can be obtained by carefully examining the congru-
ence properties of fractional expansions. We follow some ideas from Donald Knuth’s
preprint “Ambidextrous Numbers” [45]|, where several properties of ambinumbers are
displayed. In particular, it is shown in [45, Theorem 10] that the slices of F are closed
real intervals, and algorithms are given to compute their lengths. Moreover, the NST

expansion of points of each slice G(z) is characterized in terms of a directed graph.

Let us start with the slice at height zero. A point x € R belongs to G(0) if and
only if (z,0) € F. From Corollary 2.3.4, and using that F is the set of fractional
parts, we know that there exists an expansion (that could start with padded zeros) of

the form
o0

(r,0) = Y (-9 p(d),  deD.

i=1
Therefore, x is the limit (in R) of the series

o0

> (-3 du (2.16)

i=1

Moreover, the series (2.16) converges to 0 in the 2-adic metric, due to the definition
of G(0). We claim that this holds if and only if, for every n > 1,

(2.17)

Note that d_p_1(—3)™""' + d_p_o(—3)"""2 4+ ... is a (rational) multiple of 2"*1,

hence this last tail of the expansion will not affect the value of the 2-adic absolute

value, yielding | 3°5°, (=3) " d_;|]» > 5, a contradiction.

In other words, we can establish conditions on the digits to ensure that their
2-adic absolute value is small enough, and we use this idea to express G(0). Equation
(2.17) can be rephrased as 2"*! divides Y7 | (—32)~%d_;, which holds if and only if
2 divides Y7 ;(—2)""d_; (here, the notion of division is in a rational sense). This
yields
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GO0)={> (-3 "dieR:d;eDand Y (-})"d €2 foralln >1}.
i=1 =1

Consider the map
T,g/QZ[%] %Z[%], x»—>—%(m—d),

where d is the unique element of D such that T_3/9(z) € Z[%] It is known as the
backward division mapping. Note that T_3/9(z) = y if v = —3y + d. Moreover, this
map is related to the digits of the integer NST expansion of dyadic rationals that we

used in Theorem 2.1.1.

It follows from |78, Lemma 6.11| that G(0) is the Hausdorff limit
G(0) = Lim (—3)""(T~F ,(0) N 22).

k—o0 —3/2

In general, for y € 2Z we get

G(y) = Lim (=3)"M(T},(y) N 22).

k—o0

As a direct consequence, we have for every z € 2Z that

6= |J -39
yeT 5 (2)
Moreover, the collection {G(y) : y € 2Z} forms a tiling of R (see |78, Theo-

rem 3|).

The study of the slices of F can be made more precise with the help of shift radiz
systems, or SRS for short. These are simple dynamical systems that provide a unified
notion for several types of number systems and admit an interesting tiling theory
(see |44] for a complete survey). In particular, Knuth’s Twin Dragon from Figure 1.1
is an example of a shift radiz system tile. For a given parameter r = (r1,...,74) € RY,

a shift radix system (abbreviated SRS) is a map
Ty © Zd — Zd, (a:l,... ,xd) — (xg,... ,$d,—LT1$1 + - +7"d1'dJ),

where |y| = max{n € Z : n < y} is the floor function. The NST number system is
related to the shift radix system 7y/3 : Z — Z, which is given by

Tys3(N) = —[3N].
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It can be seen by some simple computations that

T35 (y) N 22 = 73 5(y).-

We define the set

Tojaly) == Lim (—=3) (13 5(v).

k—o00

This is an example of an SRS tile. Then

G(2y) = 2T3/3(y)-

This implies that we can approximate G(y) by taking the preimages of a map. For a
large k, it is much faster to compute Tig(y) than to compute all points of T :§/2(y)
and then select the ones that belong to 2Z. Later on, when we deal with examples
in more dimensions and compute pictures, this becomes a huge advantage because it
saves hours of compiling time and allows for much more accurate pictures of these sets.

We will see in what follows that very interesting shapes arise in greater dimensions.

2.5 Applications in number theory

We relate our object of study to some problems in number theory.

Mahler’s Problem.

Rational base number systems can be used to shed some light on Mahler’s %—

problem (see [59]), a well-known question in number theory concerning the distribution
of powers of rationals modulo 1. It is formulated as follows: We say that z € R is

a Z-number if the sequence of fractional parts {z(3)"}, n > 1, is contained in the

1
2
In [59], Mahler proves that the set of Z-numbers is at most countable.

interval [0, 5]. The (still open) question stated by Mahler is: Do Z-numbers exist?

More generally, given a rational number 2 with [2] > 1 and a set I C [0, 1], one
can ask for which z € R the sequence {z(g)"}, n > 1, is eventually contained in I,
meaning {z(g)”} € [ for all sufficiently large n. This can be answered for particular
sets I using rational base number systems (see [3]). Indeed, consider the number
system (%,D) with D = {0,1,2}; it is defined analogously as (—%,D). Associated
with this number system is the tile F (%, D), defined by replacing —% by % in the set
equation (2.9). A k-subtile is an element of the k-th iteration of the set equation of

F(2,D). Let

Z_355(I) = {zeR | {2z (—%)n} is eventually contained in I}.
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By [3, Theorem 49] the set Z_3/5([0, 3] U [3,1]) is countably infinite and equals the
set of all z € R such that (z,0) € K has multiple 3-expansions. (The “— sign
makes no difference because [0, 1] U [2,1] (mod 1) is symmetric around 0.) With our
theory we can give a geometric interpretation of this result! Indeed, analogously to
Corollary 2.3.4, one can show that points with multiple %—expansions correspond to
points on the real line that are located in more than one k-subtile of F (%, D) for some
k € N. Thus Z_35([0, 2] U[2,1]) consists of all points in R in which two k-subtiles of

F(2,D) meet, and we arrive at the following result.

Corollary 2.5.1. The sequence ({z(—3)"})n>1 stays eventually in [0, £]U[2,1] if and
only if (2,0) € K is contained in more than one k-subtile of F(3,D) for some k € N.

Josephus Problem.

This famous riddle goes back to the Jewish historian Flavius Josephus (see |30,
Book 3, Chapter 8, Part 7]), and has a simple formulation: given two positive integers
m and p, consider a group of m people standing in a circle, numbered clockwise from
1 to m. Starting at position 1, the first p — 1 people are skipped, and the pth person
is executed. The procedure is repeated with the remaining people, starting with the
next person, going clockwise, and skipping p—1 people, until only one person remains,
who is freed. Where should a person be positioned in the initial circle in order to avoid

execution? We denote the answer to this question by J,(m).

The solution is not hard for p = 2, that is when every other person gets executed,
and it is given explicitly by Jo(m) = 1+2(m —2U°82(™)]) In the case p = 3, according
to [64], the solution is given by

3 {10g3/2 2Km7(—§)1-|

J3(m) =3m+1— \‘K(3)<2> J,
where [y] = min{n € Z : n > y} is the ceiling function, and K(3) = 1.62227... is
a constant. Interestingly, the value of K(3) is related to SRS tiles: consider the map
T_o3(N) = —|—2N] and the SRS tile T—2/3(0) := Limkﬁoo(—%)*k(T:Qk/g(O)). (Just
as in the NST case, the SRS tile T_5/3(0) is half the length of the intersective tile
G(0) of F(3,D)). Then K(3) = A(T_g/3) (sce [78, Section 2] and [3, Section 4.4 and
Theorem 2|).

2.6 Rational base number systems

In the last section of this chapter, we consider number systems with any rational
base. We generalize the theory that we developed for the NST number theory and

state some results.

Let 7 € Q with a and b coprime integers, |a] > b > 2. A complete residue set
of Z[§] mod ¢ is given by D = {0,...,|a| — 1}. By taking the base § and the digit
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set D, can we define a number system that has the tiling property? Can we define

a suitable representation space as in the —% case? The answer is yes, however, it is

perhaps not obvious at first.

We recall some notions on p-adic numbers first; for more on this topic, we refer

the reader to [38]. Let p be a (positive) prime number. The p-adic valuation is defined

ls
L

where s,t € Z are coprime with p, and ¢ € Z. We define on Q the p-adic valuation
vp:Q —= ZU{oo} as

on QQ as follows: given a non-zero rational number x, we write it uniquely as y = p

¢, y#0,
vp(y) = . (2.18)
oo, y = V.

On Q the p-adic absolute value is defined by

lylp == p~ W, (2.19)

°© = (0. We mention that the p-adic absolute value is not

with the convention that p~
a norm because it does not satisfy the property of homogeneity. We define the field
of p-adic numbers Q, to be the completion of Q with respect to | - |,. Every non-zero

y € Q, can be written uniquely as a series

o

y= Z cipt (ci €1{0,...,p =1}, ¢y y) #0). (2.20)

i=vp(y)

This series converges in Q,. Here v,(y) extends the p-adic valuation to all of Q,, and
naturally (2.19) holds in Q. The p-adic metric is defined on Q, by

dy(y.y) =y — o/l = p~ ). (2.21)

The p-adic metric satisfies the ultrametric inequality (also known as the strong triangle

inequality), namely

d,(y,y") < max{d,(y,y"),dp(v",v)}

for every y,y',y” € Q,. This ultrametric property will be extremely important in
what follows, in particular when we come up with ways to visualize rational self-affine
tiles. The reason is that points in ultrametric spaces are not to be thought of as lying
in a continuous, Euclidean-like space; instead, they can be seen as having different
orders of magnitude: the metric is defined in terms of a valuation, and the valuation

takes discrete values.

The field of p-adic numbers is a complete (ultra) metric space, which is also
a locally compact abelian group. Moreover, it is totally disconnected. The ring of
integers of Q, is denoted by Z, and called the ring of p-adic integers, which are exactly
the points y € Q) such that v,(y) > 0. There is a Haar measure y, on Q, which
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is normalized in a way that p,(Z,) = 1, and we call it the p-adic measure: it is
translation invariant, finite on compact sets, and positive on open sets. If M C Q, is

a measurable set, then, for every k € Z,
k —k
pp(p" M) = p~ " pup(M). (2:22)
Back to the number system in base ¢ and digits D = {0,...,|a| — 1}, suppose
that b = p is a prime number. Then we can consider the representation space R x Q,,
and everything works the same as in our example from the previous section, with the
only difference that we may need the minus sign at the beginning of negative numbers’

expansions whenever a is positive. The tiling property and unique expansion almost

everywhere hold.

If b is not a prime number, it is perhaps not so obvious how to proceed. Imagine
that we have b = 6: what would be the 6-adic absolute value of, say, x = %? For
non-prime b, there are two different yet equivalent ways to proceed in the definition
of the representation space. One is by looking at the product of all Q, for p dividing
b. This was done in [78] in a more general context, and we begin by explaining it in
this form. The second, equivalent way, is to look at what we will call b-adic numbers.
We can define a space QQp also for non-prime b > 2, however, this space is no longer
a field. To show the equivalence between the two spaces, we introduce the notion of
projective or inverse limits, which will be crucial in what follows. We present both
ways to explain this in order to establish a bridge between the setting that has already

been defined and studied and the new setting that we have worked out.

The b-adic numbers.

Let b € Z, b > 2 and suppose

for distinct positive primes p1,...,pgr and rq,...,7, > 1. Consider the fields Qp, , ..., Qp,
endowed with their respective metrics and measures. Then the product R x Q,, X
-++ X Qp, inherits the product topology and product measure. The ring Z[%] can be
diagonally embedded via

0 Z[Y] = RxQp x -+ xQp,, z (2,...,2).

Note how the exponents 7; do not affect the definition of the space, but only the prime
factors do. It holds in fact that ¢(Z[3]) is a lattice in the product topology, yet we
will not prove it now, because we will show the results after we have introduced the
space Qp. However, it is quite intuitive after all we have learned about —%: points of

Z[%] that are close to 0 in the Euclidean metric need to have a power of at least one
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prime p; in the denominator, making the corresponding p;-adic absolute value large

for this number.

Definition 2.6.1 (b-adic valuation and absolute value). Define the b-adic valuation

v Q—ZU{oo},  wm(y) = H;ligl{vp(y)}-

This induces the b-adic absolute value |y|, = b="*W). We define the space of b-adic
numbers Qp as the completion of Q with respect to | - |p.

For example, v6(3) = min{vy(%),v3(3)} = min{1, -1} = —1. The ring Q, is not

necessarily a field when b is not prime, and that is why these spaces are not so well
known; for our purposes, the field property is irrelevant. The valuation v, is extended
to all of Qp, and the ring of integers is denoted Z;. It follows that Q,r ~ Q, and
Zyr ~ Ly, for any prime p and any r > 1.

For each n € N, consider the quotients Z/b"Z. We can define the canonical
projections
Tt L/6TIZ — 2.0, x+—x mod b".

Therefore, we have the following sequence which is known as a projective system:
= LT T 70 S T — TS TV
This entitles the definition of the projective limit (or inverse limit), given by

lim ZJV"Z = {(Yn)nen : Yn € Z/V"Z and mp(Ynt1) = yn for every n}.
neN

Take y = (Yn)nen € fm o Z/b"Z. Consider the set of residues {0,...,b — 1}. There
are unique cg, c1,... € {0,...,b— 1} such that

Yo =co mod b
y1 = co+bc; mod b?
(2.23)

Yn =cCo+ -+ b"¢,, mod bt

and thus for every n € N it holds 7, (yn+1) = yn. Therefore, we can express y as a

formal series

y = icibi (c; €1{0,...,b—1}). (2.24)
=0

This series converges under the b-adic metric. We get the isomorphism l'&nneN 707 ~
Zy (see [63, Proposition 4.5]). The whole space of b-adic numbers can be reached by
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“shifting” the starting point: it holds that

Qp = U b7 ~ U lim bHZ/"Z).
>1 ¢>1neN
We can also regard the elements of (Q, as Laurent series: each non-zero b-adic number

can be expressed uniquely as

o0

y= Y b (¢ €{0,....,b—1}, ¢, #0). (2.25)
i=vp(y)

For example, % =4-6"'4+0+0-6+0-62+---, which shows that 1/6(§) = —1 since

the 6-adic expansion is unique.

Let b = p}*-- -p};’“. We now show an isomorphism Q ~ Q,, X --- x Q,,. From
the Chinese Remainder Theorem, it holds, for every n € N, that

ZJVL = ZJpR L X - X T p

and it follows using Q,r ~ Q, and Z, ~ Z, (the intermediate steps are left for the
reader) that

lim Z/b"Z ~ lim Z/p{Z x - lim Z/p}Z,
neN neN neN

yielding Qp ~ Qp, x -+ x Qp, and Zy ~ Zp, X -+ X Ly, .

a

b

subindex to distinguish different spaces, so the space K from before is, in fact, K_3).
2

For each basis £, consider the representation space K% =R x Qp. (We use a

This space is endowed with a metric

d((z1,22), (y1,92)) = max{|z1 — y1|,|z2 — y2|p}

Let u = X\ X up be the product measure on ]K%, where A is the Lebesgue measure on

R and py is the Haar measure on Qj, satisfying puy(Zy) = 1.

The embedding ¢ can be now written as

¢:Q— Ka, x = (x,1)

Proposition 2.6.2. The set (Z[]) is a lattice in Ka.

Proof. 1. The fact that ©(Z[%]) is a group follows from the additive group structure

of Z[$] because ¢ is a group homomorphism.

2. To obtain the uniform discreteness of ¢(Z[3]), we first show that d(¢(2), »(0)) >
1 holds for every non-zero z € Z[¢]. Recall that d(p(2), ¢(0)) = max{|z|,|z|s}.
If |z| < 1, there exists a prime p that divides b that appears in the denominator

of z, so vp(z) < —1. By the definition of 13, we have 14(z) < —1, and hence
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|z], = b=*() > 1. Due to the group structure, this implies that the distance be-
tween any two elements of ¢(Z[7]) is at least one; therefore ¢(Z[7]) is uniformly

discrete.

3. For relative density, consider an arbitrary element (z1,z2) € Ka. We claim that
there exists z € Z[§] such that d(y(2), (x1,22)) < 2. Let 21 € Z be one of the
integers closest to z1. If mo = Y 0%, ¢;b" with I € Z and ¢; € {0,...,b— 1}, then
set 2o = Z;ll cib' € Z[%] (note that zp = 0 if [ > 0). Therefore,

d((z1,22), (21, 22)) = max{|z1 — 21|, [r2 — 22)p} < 1

Now we set z = z1 + 20 € Z[}]. Because z; is an integer, |21], < 1, and since
zo € [0, 1], we have |z2| < 1. Thus d(¢(2), (21, 22)) = max{|z2|, |z1]s} < 1, and
a

so d(¢(2), (r1,22)) < 2 by the triangle inequality; hence ¢(Z[%]) is relatively

dense.

O

Let H(K) be the family of non-empty compact subsets of K%. Consider the map
¥ defined on ‘H(K) by

U HK) > HK), X | 2X +ed (2.26)
deD

Since multiplication by 3 is a contraction in K%, the mapping ¥ is a contraction in
H(Kq) with respect to the induced Hausdorff metric, and the attractor of an iterated
function system is the Hausdorff limit of the sequence of compact sets ¥*(X), for any

compact set X. This implies that the following definition makes sense.

Definition 2.6.3 (Set of fractional parts). Let D ={0,...,|a| — 1} be a digit set for
the base 7. The set equation on K% given by

oF = |J(F+ (@) (2.27)
deD
has a unique non-empty compact solution, which is given explicitly by
F=F$D) = { Y ($)7e(d) : ;e D}.
j=1
We say that F is the set of fractional parts of this number system.

We state some results analogous to the ones in the previous section for the case
4 = —32. Proofs can be found in [78, Theorems 1 and 2] in a more general case.
Moreover, they are direct consequences of the results we state in Chapter 4 in even

more generality.
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Theorem 2.6.4. Let D = {0,...,|a| — 1} be a digit set for the base § and let F =
F(%,D) be the set of fractional parts. Then F has positive measure and its boundary

OF has measure zero.
Theorem 2.6.5. The collection C = {F + ¢(2) : z € Z[§]} forms a tiling of Ka.

Rational number systems can be associated with degree one polynomials a X — b
where the zero has modulus greater than 1. In the next chapter, we will consider
integer polynomials of arbitrary degree, and define number systems with more dimen-

sions.
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Chapter 3

Number systems with algebraic

basis

This chapter is devoted to the study of number systems where the base is an
expanding algebraic number «, and we call this an algebraic number system. We
consider digit sets of the form D = {0,1,...,|ag| — 1}, where ag is the independent
coefficient of the minimal primitive polynomial of . We are going to use a lot of
machinery from algebraic number theory, and notions regarding the factorization of
ideals will play a key role; these topics will be introduced in Section 3.1. We will intro-
duce certain completions of the field Q(«) that are analogous to p-adic completions of
Q. In section 3.2, we will define rational self-affine tiles for algebraic bases as subsets
of a representation space K. Rational self-affine tiles are introduced in [78|, and the
results from this chapter, as well as the terminology, derive from that paper. However,
the theory here is presented with a thorough study of the underlying mathematical

notions, numerous pictures, and explicit calculations.

Section 3.3 centers around the example o = # and D = {0,1,2,3,4}. That
section is self-contained and the definitions can be read without having to learn all the
preliminaries in algebraic number theory because the computation of the representa-
tion space will be fairly easier than in the general case. Working with C instead of R
will result in more interesting pictures. The central tile F(«, D) for this example can
be depicted in three dimensions, and we visualize it as a pile of slices. We will carefully
study how these slices distribute to form a tiling of C and how each can be expressed

as a union of contracted copies of other slices, a notion that we call inter-affinity.

Finally, in Section 3.4, we relate intersective tiles to shift radix systems, which
have huge computational advantages. Moreover, we show how algebraic number sys-
tems can be defined in terms of rational matrices and vectors; this motivates Chapter 4,
where we will consider arbitrary expanding rational matrices. This shows that the

setting of this chapter is contained in the setting of the next one.
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3.1 Preliminaries in algebraic number theory

We follow [63] and [83].

Algebraic number fields.

Consider an algebraic number field, that is, a field that is a finite extension of
Q. Then it is always of the form Q(«) for some algebraic number «, which means
the smallest field to contain both Q and a. The degree n of the primitive minimal
polynomial P, is exactly the degree of the extension Q(«) over Q, which means that
Q(a) is an n-dimensional Q-vector space with basis given by {1,a,...,a" '}. The
ring of integers of Q(«) is given by the elements that are algebraic integers. Moreover,

Q) =~ Q[X]/(Fa)-

The field Q has the property of unique factorization, which means that every
element can be uniquely expressed as a product of irreducible elements, which are
the prime numbers (sometimes called rational primes to distinguish them from a
more general notion of primes) and a unit, which can be +1. However, an arbitrary
algebraic number field Q(«) is usually not a unique factorization domain. For that
reason, the theory of ideals allows one to define a generalization of the notion of prime
factorization by showing that an algebraic number field is a Dedekind domain, and

hence every ideal has a unique factorization into prime ideals.

By Ostrowski’s theorem [65], every absolute value in Q is either equivalent to
the usual absolute value, denoted by | - |s, or it is equivalent to a p-adic absolute
value | - |, for some prime p € Z (recall that two absolute values |- | and |- |" are
equivalent if | - |" = | - | for some ¢ > 0). Each prime number p induces a maximal
ideal in Q denoted by (p). We could consider “c0” to be another prime. In other
words, we define the set 9 = {c0,2,3,...,p,...} as the set of places (or primes) of
Q, each of which corresponds to an equivalent class of absolute values. Each place
defines a completion of QQ with respect to the corresponding absolute value, which is
given by the field of p-adic numbers Q, for each rational prime p, and to R for the

infinite prime oo.
Places.

Consider an algebraic number o € C of degree n, let K = Q(«) with ring of
integers Ok . A place or prime p of K is an equivalent class of absolute values of K.
We denote by 9 the set of places of K. An absolute value |-| is said to be archimedean
if {|n| : » € N} is unbounded, and non-archimedean otherwise. A place p is called
infinite, denoted by p | oo, if it is a class of archimedean absolute values, and it is
called finite, denoted by p 1 0o, if it is a class of non-archimedean absolute values. We
can identify p with a prime ideal of Ok noting that there is a prime ideal given by

{zr € K : |z|, < 1} that is independent of the representative | - |, and, therefore, we
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identify this prime ideal with the equivalence class and, with abuse of notation, also
denote it by p. Let K, denote the completion of K with respect to |- |,. Its ring of
integers is given by O, = {z € K, : |z|, < 1}. K, is also a (locally compact) ring.

Let us first study the infinite places of K. Since K is a field extension of Q,
and the only infinite prime of Q is the usual absolute value, each infinite place
of K must equal the usual absolute value when restricted to Q. The Galois con-
jugates of a are the n roots of the minimal polynomial of «, which are given by
Qlyeeey Qpy Qg 1, Qg 1y - - -, Qipsy Qprs , Where aq, ..., a, € R are the real conjugates,
Qg1 O ly - -+ Qs Oprs € C\ R are the imaginary conjugates. Then r + 2s = n.
An embedding from K to R or C (that is, an injective field homomorphism) leaves
@ unchanged and is uniquely determined by the image of a. Consider the Galois

embeddings

Tj K — R, o aj, 1<5<r (3.1)
:K—=C,  ama;, r+1<j<r+s. '

When r +1 < j < r 4+ s (that is, when the Galois conjugate is imaginary), we
can consider also the conjugate maps 7; such that 7j(a) = @;. Given an embedding
7j : K — R with 1 < 57 <r, there is an infinite prime p of K given by the represen-
tative |z|p := |7j(x)|, and the completion of K with respect to this absolute value is
isomorphic to R. Given an embedding 7; : K — C for r +1 < j <r + s, there is an
infinite prime p of K given by the representative |z|, := 7;(z)7;(x) and the completion
of K with respect to this absolute value is C. It turns out that every real embedding
7: K — R is equivalent to 7; for 1 < j < r, and every complex embedding 7 : K — C
is equivalent to 7; or 7j for r+1 < j < r+s. Therefore, we have exactly r + s infinite
primes in K. The Galois embeddings form a group called the Galois group, which we
denote as Gal(K/Q).

When the primitive polynomial P, has degree 2, the Galois conjugates of a are
«a and &, and hence the Galois embeddings are the identity and the conjugate map.
This yields only one archimedean absolute value, given by |z| = x - Z, namely the
usual complex norm. The completion of Q(«) with respect to this absolute value is

of course C.

Prime factorization and norms.

We now proceed to study the finite primes of K. For each prime ideal p of Ok,
the quotient Ok /p is a field whose characteristic is a rational prime number p. It
holds that pNZ = pZ, so p is a divisor of the ideal pOg; we say in this case that p lies
over pZ. Then Ok /p is a finite extension of Z/pZ, and we denote by f, the degree of

this extension and call it the degree of inertia of p.
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Definition 3.1.1 (Norm of a prime ideal). We define the norm of the prime ideal p
of O as N(p) := pfe, where p is the rational prime such that p lies over pZ and fo

is the degree of inertia.

If g is an ideal of O, then there exist prime ideals p1, ..., p, and positive integers

e1,...,¢e. such that
a = py

The factorization is unique (up to rearrangement). Then the norm of the ideal q is
given by M(q) = N(p1)* ---N(p,). It follows form the definition of JN(p) and the
Chinese Remainder Theorem that 9(q) = |Ok/q| (this could alternatively be given

as a definition).

The notion of unique decomposition can be also applied to the so-called fractional
ideals of Ok: this generalizes the fact that rational numbers can also be expressed
uniquely as a product of rational primes if one allows negative exponents. A fractional
ideal of Ok is an ideal q of K such that there exists a € K satisfying aq C O. Then
there exist two ideals a and b of Ok such that q = ¢. This quotient is unique if we
require (a,b) = Ok, that is if there is no finite prime p that is a factor of both a and
b. We say that a and b are coprime, and they satisfy a+b = Ok . Then we can define

the norm of a fractional ideal by setting M(q) = g{gg%

Given an invertible element z € K*, let (z) := xOg. Then (z) is a fractional

ideal of O, and we can express it as a quotient of coprime integer ideals
a
T)=—.
() =%

Both a and b factor in a unique way as a finite product of prime ideals, which

yields

. Hp‘a pep
Hp\bpep.

If we rewrite this factorization by setting a negative exponent for p whenever p | b,

(z)

and by setting the exponent of p to be zero whenever p does not divide a nor b (which
occurs for almost all primes), then we can find a unique factorization for the ideal (z)

as

(@) = [[p*™. (3.2)

pfoo

This entitles the following definition:

Definition 3.1.2 (p-adic valuation and absolute value). Let p be a prime ideal of Ok.
We define the p-adic valuation as

vy K = Z, x = (),
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where vy(x) is given by the exponent of p in the decomposition of the ideal (x) given
in (3.2) whenever v € K*, and v,(0) = oo. We define the p-adic absolute value

|-|p: K = R, z— N(p) @),

with the convention that |0, = N(p)~> = 0.

In this way, we see how the prime ideal p induces the corresponding absolute
value (place). Then
N((x)) = []N(p)»™.
pfoo
This yields the following important formula: if 91 is the set of all (finite and infinite)
places of K, then for every x € K it holds that

H jzfp = 1.

peM

Given a prime p, the corresponding Haar measure y;, in K is defined as follows:
When p | oo, the completion K, is either R or C, which is endowed with the real or
complex Lebesgue measure, respectively. When p { oo, we let p, be the Haar measure
satisfying pp(Op) = 1 (recall that the Haar measure is unique up to a scaling factor).

For each prime p of K, for every x € K, and every measurable set M C K, we have

pp (2 - M) = []ppp (M).

The norm of x € K, seeing K as an extension of Q, is defined as

Ngjg(r) = H 7(z).
reGal(k/Q)

The norm of a principal ideal of K coincides with the norm of the generator, that is,
N((x)) = Nk yg(z).

Moreover, one can also define an ideal norm on fractional ideals of Ok as follows:
given a ring R, we denote by Zgr the group of non-zero fractional ideals of R. Fach
q € Zr can be written uniquely as q = Hp p® where e, € Z and p ranges over all

prime ideals of R. Then we have the ideal norm

Nijg:Tox =Tz, Niga([[#”) = [T [1*2
P P pl(p)

where p ranges over all rational primes, p | (p) means that p lies over pZ and f, is the
inertia degree. For principal ideals, the ideal norm is compatible with the field norm

of a generator, hence

Nijo((2)) = Nijg(2)Z = N((x)) 2.
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Each embedding 7 defined in Q(«) can naturally be extended to ideals of Q(«).

From [63, Proposition 1.6 (iv)], the ideal norm satisfies

Nkio®ox= ] ). (3.3)
reGal(k/Q)

If P, =ap X"+ ...+ a1 X + ap € Z[X] is the primitive minimal polynomial of

a, then
_ laol

N((@)) = Ngjgla) = (3-4)

%9
(recall that a,, > 0 by assumption). The next formula regarding the norm of a and b

is proven following [78, Lemma 3.3].
Lemma 3.1.3. If (o) = ¢ then
N(a) = |ag| and N(b) = ay.

Proof. Given a polynomial f € K|[X], we define the content of f, denoted by c(f), as
the (fractional) ideal of O generated by the coefficients of f. We have

oo (120

Gn an

because the coefficients of P, are coprime by definition. The monic polynomial

%HX) € Q[X] has the Galois conjugates of « as roots, so we get

P T -,
reGal(k/Q)

In our setting, non-zero ideals of Ok are always invertible, so it follows from the
Dedekind-Mertens Lemma (see [6, Theorem 8.1]) that

c(fg) = c(f)eclg)

for all f,g € K[X]. This yields

C(Pa;f))=c< 11 (X—T(a))>: [I ox—=r(a).

reGal(k/Q) reGal(k/Q)

Note that
(X —71() =7(c(X — ).

From (3.3) follows that

[T (X —a)=Nigle(X —a)Ok.
reGal(k/Q)
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The content of the polynomial X — « is the ideal (Og,aOk), and using that a and b

are coprime we get
a 1
(Ok,a0k) = (OK, E) =%

Combining everything, we obtain

1 1 1
a<9K = JI & —7(a)=NgpgleX —a)Ox =N <b> Ok = mOK.
reGal(k/Q)
Hence 91(b) = a,,, and from (3.4) follows M(a) = |ag]. O

As a consequence, we get |Of /b| = ay.
Adéle rings.

Let K be an algebraic number field and O its ring of integers. Consider the
set M of all finite and infinite places of K. We will introduce the Adéle ring Ag
of K, which will be used later for defining rational self-affine tiles related to number
systems. The space Ag will have a particular metric so that K will be embedded in it
as a Delone set (i.e., a uniformly discrete and relatively dense set, similar to a lattice).
The existence of this lattice will allow us to define lattice tilings in certain subsets of

Adele rings. Both the topological and the algebraic properties are of interest.

We would like to embed K into a product of its completions K, in a way that
every x € K is a p-adic integer for all but finitely many p € 9. And that is exactly
how we define Ag. Let

Ag = {(ap)pegm S H K, : ay € O, for all but finitely many p € im}
peM

This is also known as a restricted product. Note that the restriction of being in
the ring of integers for almost all places is only relevant for finite places, since there

is a finite number of infinite places.

What is most relevant is the topology assigned to A g, which is not the subspace
topology of the product topology. Instead, we take as a basis of the topology the set

8:={ [}

peMm

where U, C K, is open and U, = O, for all but finitely many p € 9. Alternatively,

we can define

B={TI0x []0s: 5 Mis finite |.
pes p¢s
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The Adéle ring A is also a measure space endowed with the product measure of the
Haar measures py, of each factor. Since K is canonically embedded in each completion
K, it can be embedded into A by

K — AK, €T — (.’L‘)pegm.

Then K is embedded into A g as a discrete, co-compact set. Moreover, K acts multi-

plicatively on Ag by & - (zp)peom = (€ - p)pem.
Projective limits.

Let K = Q() and p a prime ideal of O. Consider the quotients O /p* for

k € N and the canonical projections
T - OK/]Jk+1 — OK/]Jk

Therefore, we have the projective system

k+1

L Ok JpF I8 Ok fpP B2 TS Ok /.

This entitles the definition of the projective limit (or inverse limit), given by

1HOK/PIC = {y = (yk)ren : Yk € O /p" and 71 (yp11) = yi. for every k € N}.
keN

This definition can be stated in terms of any ideal of Of.

Lemma 3.1.4. Let O, be the ring of integers of K. Then

Op = lim O /p*
€

>
Z

Proof. See |63, Proposition 4.5]. O]

As a consequence,

= UJpr70p = | limp~ (Ox /p")

>1 ¢>1keN

Next, we choose a uniformizer [ for the ideal p, that is, an element of Q(«)
satisfying v,(8) = 1. Let £ be a complete set of residues of Ox mod p. We can
regard the elements of K, as Laurent series: each non-zero x € K, can be expressed

uniquely as
oo

Yy = Z Ciﬁi (Ci S g, Cuy(y) 7é 0). (3.5)

i=vp(y)
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In the setting where K = QQ and p = pZ for a rational prime p, the projective
limit obtained is the field of p-adic numbers. The uniformizer is canonically taken to
be p and the residue set is £ = {0, 1,...,p — 1}. For that reason, we will refer to the

elements of K, as p-adic numbers and to the elements of O, as p-adic integers.

3.2 Rational self-affine tiles

We have established the necessary preliminaries to arrive at the main definitions
of this chapter, namely of representation space and of rational self-affine tiles for the
setting of algebraic number systems. We will assume that « is an expanding algebraic

number as defined next. We follow the notations of Section 3.1.

Definition 3.2.1 (Expanding algebraic number). We say that o € C is an expanding
algebraic number of degree n if o is a root of an irreducible polynomial Py(X) =
an X"+ ...+ a1 X + ag € Z[X] and all roots of P, have modulus greater than 1.

Assume, as before, that the coefficients of P, are coprime and the leading coefhi-
cient a,, is positive. Consider the number field K = Q(«) and its ring of integers Ok
Let () be the fractional ideal of Of generated by « that factorizes as (a) = § where
a and b are coprime ideals of Ok (that is, a+b = Ok). Let 9 be the collection of all
places of K. Recall there are finitely many infinite primes in 91, given by the r real
Galois conjugates and the s pairs of imaginary Galois conjugates of a. Recall there

are finitely many finite primes dividing b.

Definition 3.2.2 (Representation space and embedding). Let
S ={peM:p|looorp|b}

Define the representation space

K, = H K,.

pESH

Keq s endowed with the product topology and the product Haar measure, denoted piy.

Define the diagonal embedding

Yot K = K, x = (T)peS, - (3.6)

Definition 3.2.3 (Euclidean and b-adic components). Let
Koo := [ [ Ky, Ky =[] K,
ploo plb

Then
Ko = Koo x Kp.
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We constider the corresponding embeddings

Yoo : K = Ko, T = (T)p|oo (3.7)

and
©p - K — Ky, X — (x)p\b- (38)

We say that K, has an archimedean component (or Euclidean component) given

by K, and a non-archimedean component (or a b-adic component) given by Kj.

The field Q(«) acts multiplicatively in the space K,: if £ € Q(«) then

£ (Tp)pesa = (£ Tp)pes. -

Our goal is to introduce a number system in base « that is embedded in K,. For
this matter, we look at series of powers of o where the powers go from —oo. Since
(a™1) = g, it turns out that a~! generates the ideal p® whenever p | b for the exponent
e of p in the prime factorization of b. Therefore, power series of a~! are convergent
in K,.

Proposition 3.2.4. We have the isomorphisms
Ko = R" x C°* ~R"

and

Ky~ lim b~(Ok /).

¢>1 keN

Proof. For the first isomorphism, recall that there are r real Galois embeddings and

s pairs of imaginary Galois embeddings and that r + 2s = n.

For the second, let b = Hp‘bpep with e, > 1. It follows from the Chinese

Remainder Theorem that, for every k,
O /6" =[] Ox /p**.
plb

From the definition of projective limit, it follows that

lim O /p®* = lim O /p".
keN keN

Therefore

lim O /6" = H@@K/pk.

keN plb kEN
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One can check that %(’)p = %(’)p, which implies

im0 /o8) = [T U iy 0/

£>1keN plb £>1keN
Hence, Lemma 3.1.4 implies
J lim 67Ok /6") = [ [ Ky = Ko
>1keN p|b
O

Note that we can embed Q(a) in R" x C*® using the Galois embeddings 7; for
1 <j <r+sdefined in (3.1), as

Yoo : K = R" x C%, = (11(x),. .., Trgs(T)). (3.9)

The action of Q(a) on R" x C* would be seen as follows: given ¢ € Q(«) and
(X1, .., Trys) € R” x C*) set

te (1, Trgs) = (T1(t) 1, o ooy Trgs(t) Tpgs).

In particular, a- (z1, ..., Trys) = (1 T1, -, Qs Tpts)-

Definition 3.2.5 (b-adic valuation and absolute value). Define the b-adic valuation
as

vp : Ky — Z U {00}, vp(y) == ng‘ibn{up(y)}.

This induces the b-adic absolute value
lylo = (b)),

which is the same as the one from Definition 3.2.5.
Recall that M(b) = |Ok/b| = a, follows from Lemma 3.1.3.

We equip K, with the following metric: let (z,9),(2,y) € K x Ky = K,.
Then
d((l‘, y): (.’L'/, y/)) - max{’x - y’007 ’x/ - y/‘b}‘

We can regard K, as an open subring of Ag via the embedding

Ko — Ak, (Tp)pesa = (Tp)pesa X (0)peo\ s, -

The space K, inherits the subspace topology from Ay, but because K, is a finite
product, it coincides with the product topology of its factors. This is exactly the
same topology as the one induced by the metric we just defined. This metric is chosen

so that o (Ok) is discrete.
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Definition 3.2.6 (Rational self-affine tiles). Let a be an expanding algebraic number.
Let D C Z[a]. The non-empty compact set F = F(a,D) C K, defined by the set

equation

oF = | J(F + ¢ald))
deD

is called a rational self affine tile if po(F) > 0.

Definition 3.2.7 (Standard and primitive digit sets). Given an expanding algebraic
number « and a digit set D C Z[a], we say that D is a standard digit set if it is a
complete set of representatives of Z[a|/aZ[a]. We say that D is a primitive digit set

if Zla] is the smallest a-invariant Z-submodule of Z[a] containing the difference set
D-D.

For now, we are going to consider standard digit sets of a particular form.

Lemma 3.2.8. Let a be a root of the primitive minimal polynomial Py(X) = a, X"+
.+ a1 X +ag € Z[X]. Then the set D = {0,1,...,|ag| — 1} is a complete set of

residues of Z[a] mod «, that is, (o, D) is a standard digit system.
Proof. Let x € Z]a]. Then we can write
w:xkak+~-+x1a+xo

with zg,..., 21,29 € Z and k € N. Note that ag # 0, otherwise P, would be reducible.
Then there exists a unique d € D such that xg = agZg + d for Ty € Z. This yields

=z’ + 4 z100+ agZo + d

=z’ + - ria— (apd” + -+ a1a)T + d
so x € aZ[a] + d and this choice is unique. O

Recall that, given an expanding matrix with integer determinant in the classical
setting, we could always obtain a self-affine tile by considering a residue set for the
digits (this was stated in Theorem 1.3.2). We now state some theorems that can be
found in 78, Theorem 1 and 2].

Theorem 3.2.9. Given an expanding algebraic number o and a standard digit set
D C Z|a], the rational self-affine tile F(ca, D) is the closure of its interior and its

boundary has measure zero.

Theorem 3.2.10. Consider an expanding algebraic number o and a standard and

primitive digit set D C Z[a]. The collection
{F(a,D) + pa(z) : z € Z[a]}

forms a tiling of K.
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3.2.1 Intersective tiles

After all the considerations of the previous sections, we have a more clear un-
derstanding of how to represent F(«,D) by introducing a space where it becomes
self-affine. Nevertheless, this does not solve the problem of how to depict it. The
factor Ky of K, is endowed with an ultrametric, so there is essentially no completely

faithful way to portray subsets of K.

Recall from Definition 3.2.2 that the space K, is of the form K, = HSa Ky,
where S, are the places of K that divide either oo or b. Moreover, we can write
Ko = Ky X Kp and from Proposition 3.2.4 we have Ko, ~ R”. From now on, we
identify K, with R™. We write (x,y) € K, where x € R", y € K. If we think of K,
as a one-dimensional space, we can picture K, as an n + 1 dimensional space, where

copies of R™ are indexed by points of Kj.

Given a rational self-affine tile F(c, D), Steiner and Thuswaldner [78] introduced

intersective tiles as follows.

Definition 3.2.11 (Intersective tile). Given z € Z[a], we define the intersective tile
of F(a, D) at height z as

G(z) :={z eR" : (z,0) € F(a, D) + p(2)}. (3.10)

If we identify Ko x {0} with R™, the set G(z) is the intersection of F(«, D)+ ¢(z)
with Ko, x {0}. For this reason, G(z) is called an intersective tile, or a slice of F(a, D).
In particular, the zero slice G(0) is made up of the points of F(«,D) whose b-adic

part equals zero, and we identify them with points in R™.

One important remark is that F(c, D) is bounded, hence (F+¢(2))N (K x{0})
is empty whenever z is “too far away” from 0 in the distance induced by |- |p. In fact,
we can exactly characterize for which heights the intersective tile is empty. Consider
the set

A:=Za]Nna 1 Z[a 1.

It is endowed with the structure of a Z-module. This set is very important because
we will use it to decide which points belong to each slice of F(«, D). Moreover, as we
will see later, it is related to a tiling of R™ given by the intersective tiles of F(«, D).
In the negasemiternary number system, this module corresponds to 2Z. It is shown
in [78, Lemma 6.2] that G(z) = @ for all z € Z[a] \ A. This implies the following

proposition.

Proposition 3.2.12. We can write F(c, D) as a union of intersective tiles in the

form

F(a.D) = [J(G(2) x {0} — o(2)).

zEA

Proof. See |78, Proposition 6.1] and |78, Lemma 6.2]. O
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Each intersective tile can be obtained as a Hausdorff limit of a sequence of sets,
that is, a limit taken with respect to the Hausdorff distance. This sequence of sets
will be defined in terms of A and of the map

x—d

Ty : Zla] — Z]a], T (3.11)

where d is the unique element of D such that T, (z) € Z[a] (this holds because D is
a complete set of residues modulo «). Then T, is known as the backward division

mapping, or as a shift map.

Proposition 3.2.13. Let z € A. Then

() = Lim pue(a™H(T74(2) N1 1)) (3.12)
where the limit is a Hausdorff limait.
Proof. See |78, Lemma 6.11]. O

It follows for every k > 1 that
)= U o), (3.13)
yeT5 F(2)NA
and this union is disjoint.

An illustration is shown in Figure 3.1 for a = _5_i/ﬁi, which is a root of

222 4 5x + 5, and digits {0,1,2,3,4}. It corresponds to the previous equation when
z =0, and k = 1, and shows the union of the slices G(0), G(2), and G(4) forming an
enlarged copy of G(0).

FIGURE 3.1: The union of the slices G(0) (left), G(2) (middle) and
g(4) (right) for a = —5—T\/ﬁl
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Theorem 3.2.14. The collection {G(z) : z € A} forms a tiling of R™.
Proof. See |78, Theorem 4]. O

We can summarize the ideas regarding intersective tiles as follows: F(«, D) gives
a tiling of K,, and we can think of K, as copies of R™ indexed by Kj. Suppose that
we consider the tiling given by F(«, D) and we intersect it with one of the copies of R”
that make up K,. This is like slicing the tiling at some fixed height. Then different
translations of F(a, D) get intersected at different heights, and what we obtain is a
tiling of R™ given by the different slices of F(a, D). Moreover, because F(a, D) is
self-affine, it can be subdivided into smaller copies of itself, and when taking a slice of
the space each of the slices of F(«, D) becomes a union of other slices. Because the

smaller copies of F(«, D) were essentially disjoint, so are the slices.

3.3 An example with base (-1+3i)/2

Let o = =53 root of P, = 2X2 +2X + 5, and D = {0,1,2,3,4}. The study
of this particular example can be made simpler than the general case, so this section
can be read independently, as it does not require the definitions or results introduced

as preliminaries in Section 3.1.

For a = # we have the underlying field

Qo) =Ql) ={a+bicC :abeQ}.
The ring of integers of Q(¢) is the ring of Gaussian integers
Zi] ={a+bicC : a,beZ}.

There are exactly four units of this ring, namely {£1, +i}. For a general commutative
ring, a prime p is a non-zero element that is not a unit such that whenever p divides
a product ab, then p divides a or p divides b. The primes of Z[i] are called Gaussian
primes. In particular, Gaussian integers whose norm is a prime number are Gaussian
primes. Given a Gaussian prime p and a unit u, the number up is a Gaussian prime

associated to u.
We can express a as a quotient of Gaussian integers as

-2+
o= .
141

Note that N(—2+1i) =5 and N(1+1i) = 2, where N is the usual complex norm
defined as N(a + bi) = a? + b?. This shows that they are both Gaussian primes.

Let K = Q(i). We will define a completion of K in terms of p = 1 + i denoted

Ki4;. The current example is simpler than the general case of completions of algebraic
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number fields, because Z[i] is a principal ideal domain, so the notion of p-adic in this

space can be defined without using the notion of ideal.

Given a non-zero = € Q(i), it can be expressed as a product

z=u(l+0)plt-. . pk (3.14)

where u € {1, +i}, e144,€1,... € Z, and p1, . .., p; are Gaussian primes different
from 1+, and by different we mean that none of them is an associated prime of 1+1.
Note that the exponents e; might be negative because Q(¢) is the field of fractions of
Z[i]. In fact, this factorization is unique up to multiplication by units if we take all
the Gaussian primes to be different. For example, note that 2 is not prime in Z[i,
and it factors as 2 = —i(1 + )%

Definition 3.3.1 ((1 + ¢)-adic valuation and absolute value). Consider the Gaussian
prime p =1+ 1i. We define the (1 + i)-adic valuation

vivi Qi) = Z U {0}, T e1ag
for x as in (3.14), and v14+;(0) = oco. This induces the (1 + i)-adic absolute value

|14 = 2711+,

For example, we get v11;(2) = 2 and hence |2|14; = 1. We define K14; as the
completion of K with respect to this absolute value. The residue field Z[:]/(1 + 1) is
isomorphic to the finite field Fy of characteristic 2, so we can choose {0, 1} as a set of

residues. We can regard the elements x € K14, as infinite series

[e.9]

r= Y (1+i)e, ¢ e{0,1}, (3.15)

j=v14i(x)

where v, extends the valuation to all of Kj4; and satisfies ¢, () # 0. The space
K14, is endowed with a Haar measure, normalized so that its ring of integers (that is,

the set of points x so that v14;(z) > 1) has measure 1.

Suppose now that we take z € Q(i) and consider a series expansion in base

a= # of the form

Y ald (3.16)
j=k

where d_; € D = {0,1,2,3,4}. Note that ™! = f;jﬁl, and so |a Y4 = %, hence

the series (3.16) is convergent in | - |14, namely it converges to an element of Kj;,
1| —

but it also converges in C, since |a~ % These two limits are different, so the idea

is that we can regard (3.16) as a pair, where the first coordinate is the limit in C and
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FIGURE 3.2: Front view of F(a, D) for a = =1H3¢,

the second one is the limit in Kj4;. More formally, let ¢, be the embedding
ot Qi) = C x K44, z > (z,2).

Then, instead of looking at a series (3.16) in C we look at the series
o .
(21,22) = Y a7V pald-), (3.17)
j=k

where d_; € D,z1 € C and 23 € Kq4;. Let

F(a,D) = {ia—j%(dj) d_j € D.} (3.18)
j=1

Then F(c, D) is the attractor of the set equation

aF(a, D) = | J (Fla, D) + ¢a(d)). (3.19)
deD

It is illustrated from different angles in Figures 3.2 and 3.3. The plane of the floor
corresponds to C, and K7, is illustrated in the vertical direction. F(ca, D) is depicted

as a union of slices that pile up. The embedding ¥ used to depict points of Kj4; in a

vertical line is obtained from the (1 + ¢)-adic expansion defined in (3.15) as follows:

00 0o
UKy =R, Z (1—|—i)jCj — Z 2_jCj
J=vi+i(x) J=vi+i(x)

(recall that ¢; € {0,1}).
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FIGURE 3.3: Top view of F(a, D) for a = =13,

Let pq be the product Haar measure on C x Kjy;. It follows from |78, Lemma
3.3] that
pala - M) = |ao| pra (M)

for every measurable set M C C x Kjy;, where ag is the independent coefficient of
P,. Moreover, by Lemma 3.2.8, we have |D| = |ag|. For this example, ag = 5.
This implies that the union on the right of the set equation is essentially disjoint.
Moreover, F(a, D) is a compact set that is the closure of its interior and its boundary
has measure zero. Therefore, F(«, D) has positive measure, and it is in fact a self

affine set. Consider the set of integer expansions

k
pa(D)la) = {3 aigald;) : k€2, d; € D}.
j=1

For this particular choice of D = {0,1,2,3,4} we have ¢,(D)[a] = ¢a(Z[a]). Then
the collection F(a, D) + ¢ (D)[a] is a tiling of C x Ki4; (see [78, Theorem 2|).

3.3.1 Inter-affine tiles

We continue with the example o = # and D = {0,1,2,3,4}. We are going to
study the intersective tiles G(z) of F(a, D) as in Definition 3.2.11. A useful feature of
this example is that there is only one Archimedean completion of Q(«), which implies

that the map ¢ is the canonical embedding of Q(«) in C.

Consider the space C x {0} € C x Kj4;. Clearly, C x {0} ~ C. We take
intersections of the form (F(a,D) + ¢(z)) N (C x {0}). Hence, we can naturally
illustrate the slices of F(a, D) in the plane. We show how this set is subdivided by
means of equation (3.13). The Z-module A = Z[a] N o~ 'Z[a~!] can be computed in
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terms of a special Z-basis called the Brunotte basis (we will study it in more detail
in the next section). The Brunotte basis for this example is given by wy = 2 and

w1 = 3i+ 1, so A is given by

A =spany{2,3i +1} c C

and is depicted in Figure 3.4.

FIGURE 3.4: The lattice A in C for @ = =132,
Let z € A and consider the backward division map T}, defined in (3.11). Then

G(z) = Lim o *(T;*(2) N A). (3.20)

k—o0

In particular, this implies that the zero slice G(0) is the Hausdorff limit

G(0) = Lim a F(T7R0) N A). (3.21)

This gives a way of approximating G(0): given k£ > 1, we consider points with integer

expansions in base « of at most k digits, select which ones belong to A and renormalize

by multiplying by a .
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From equation (3.13), we obtain that the first subdivision of the zero tile is given
by
o= | a'dw.

yeTa 1 (0)NA

Note that T;!(0) = D, so we have 5 candidates and we need to find which ones are
in A. We see that AND = {0,2,4}. It follows

Yt
- 3

FIGURE 3.5: The union of the slices G(0) (left), G(2) (middle) and
G(4) (right) for ov = =132,

The union G(0) U G(2) UG(4) is shown in Figure 3.5. If we multiply this union

by ot = =123 we obtain G(0).

A relevant feature of the zero slice is that

{0} c--- ca'G(0) C G(0) C aG(0) C a?G(0) C - - -

This is not hard to check. A point x is in G(0) if and only if (z,0) can be
expanded as (z,0) = ¢(d—_1)a " +p(d_2)a™2+... We get that a~(z,0) = (" 1z,0) =
o(d_1)a2 + p(d_2)a3 + ..., therefore o=tz € G(0). Hence, a~1G(0) C G(0) and

the rest of the inclusions follow. This is illustrated in Figure 3.6.

We can continue iterating the process of subdividing the zero slice into a union
of other slices. We already had the first iteration for k£ = 1, and for the next step, we
would have to consider T;2(0) and find which of those points belong to A. That gives

us
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FIGURE 3.6: Inclusion of affine copies of G(0).

T720) N A ={0,2,4,—1+ 30,1+ 30,3 + 3i, —2 + 64,6i,2 + 6i},

so there are 9 tiles in the second iteration. Each of these complex numbers has a
(1 + i)-adic expansion and this expansion tells us the height where we can find the

corresponding slice in F(«, D).

We introduce a notation for the (1+4)-adic expansion of a (1 +i)-adic integer as
oo
Z 1+1i)ej =: [co,c1,¢2,- - Jiti
7=0

with ¢; € {0,1}. Then

0 =1[0,0,0,0,0,0,0,0,0,0, ...
2=1[0,0,1,1,0,1,1,1,1,1,....
4=10,0,0,0,1,0,1,1,1,1,...

]

]

]
~1+43i=10,1,0,1,0,0,0,0,0,0, .. J14i

1+3i=10,1,1,0,0,0,0,0,0,0,.. )14 (3.22)

343i=1[0,1,0,1,1,0,1,1,1,1,.. ]144
—2+46i=1[0,0,0,1,1,1,0,1,1,1,.. J14
=100,0,1,0,1,1,0,1,1,1,.. J14
246i=1[0,0,0,1,0,1,0,1,1,1,.. J14s.
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All of the previous expansions are eventually periodic, so the three dots indicate
that the rest of the coefficients are all 0 or all 1, corresponding to the last written
digit. They can be computed in the same way as any p-adic expansion is computed
in Z. Note that writing it in this manner gives us a natural order for points in A
with respect to their (1+1i)-adic expansion, because we can consider the lexicographic
order of {0, 1}, This yields

0<4<61+2<61—-2<61<2<3t—-1=<31+3<3i+1.

We color the zero slice with red and move towards the blue in the color spectrum
as we get away from zero. As is reasonable, tiles that are closer are more similar in

shape.

24
*r¥e

FIGURE 3.7: Ordered slices for 0 <4 <6i+2 <6i—2 <61 <2<
3i—1<3i+3<3i+1.

These complex numbers all belong to the lattice A. If we place each tile at the

corresponding position, we get a patch of a tiling of C illustrated in Figure 3.8.
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FIGURE 3.8: Patch of tiling with 9 tiles.

Each of these 9 tiles can be subdivided as well, and in fact we get

G(4) = o H(G(6i — 2) UG(6i) UG(6i + 2))
G(6i +2) = a HG(-10) UG(—8) UG(—6))
G(6i —2) = o H(G(—6i — 8) UG(—6i — 6) UG(—6i — 4))

G(2)=a YG(3i —1)UG(3i+1)UG(3i +3))
3i—3)UG(—3i—1))

) =a (4(
) (G(
) (G(-
) (G(-
G(6i) = a1 (G(—3i —9)UG(~3i —T)UG(-3i — 5)) (3.23)
) (G(
) (G(—
G(3i+3)=a YG(3i —5)UG(3i — 3))
) (G(

FIGURE 3.9: G(0 “1(G(o)u G(4)) (left),
G4)=a" (g(6z - 2) U G(6i) U 9(61 —l— 2)) (rlght)
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¥

FIGURE 3.10: G(6i+2) = a~1(G( 10 ug(— (left),
g(6i—2) = ’1(9(— —8)UG(—6 )UQ( - )) (rlght)

1314

FIGURE 3.11: 961 )=a HG(-3i—9)UG(—3i—T)UG(—3i—5)) (left),
G2)=at 932—1 Ug?n—i—l UG(3i+3)) rlght

FEE¥

FIGURE 3.12: G(3i—1) = a‘l —3i — —3i — 1)) (left),
G(3i+3) —a‘lg3z—5 Ug?n rlght

'y

FIGURE 3.13: G(3i+ 1) =a~ — —

The subdivision of each of the 9 tiles is illustrated in Figures 3.9, 3.10, 3.11, 3.12
and 3.13. Note that now we have a total of 24 new tiles, yet 9 of them are again the

same as the original ones. The color choice is consistent with the previous iteration.

In Figure 3.14 we see that the union of the 24 tiles forms again an enlarged
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version of G(0). All the tiles have different shapes because they all correspond to a
different slice of F(a, D). In each step, the slices are translated via the lattice A, so
they form a lattice tiling of the plane. Moreover, we can place each of the slices at
the corresponding height to obtain an approximation of F(a, D) depicted in R3, and

that is exactly what we have in Pictures 3.2 and 3.3.

FIGURE 3.14: Patch of tiling with 24 tiles.

In Figure 3.15 we have a patch of the tiling with 155 tiles. For this image, we
chose a different pattern for the coloring of the pieces: for each z € A, consider its
(14 i)-adic expansion Z?‘;O(l +1i)7e; = [co, €1, 2, . J14i. Note in particular that, for
the points we are considering, cp = 0. We paint each tile G(z) red whenever ¢;co = 00,

blue whenever cico = 01, yellow whenever c;co = 10 and green whenever cyco = 11.

The iteration process can be iterated until the tiles cover the whole plane. From

equation (3.13) we can deduce that

c=Jd(). (3.24)

zEA

3.4 Generalizations

As a final section of this chapter, we link algebraic number systems with shift

radix systems and we express them in matrix form.

Shift radix systems.

We proceed to rewrite (3.21) using shift radix systems (SRS), in a way that does
not need the condition of the intersection with A, making it faster to compute. We

now follow |78, Proposition 6.15].
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F1GURE 3.15: Patch of tiling with 155 tiles.

Consider an expanding algebraic number «, the minimal polynomial P, = a, X"+
-4+ a1 X + ag. Recall that Q(«) is an n-dimensional Q-vector space; it has a special
basis which is defined in terms of P,. It is known as the Brunotte basis and is given
by {wo,w1,...,wn_1} where

wo = Qp,
W1 = A&+ Ap—1

(3.25)

Wne1 = apa™ Pt ap_ 10" 2 4 ay

which satisfies w; = aw;—1 + ay—; for 1 < i < n.

The Z-module A = Z[a] Na~'Z[a~!] of Q(a) is generated by the Brunotte basis
over Z. In other words, consider the map

n—1

to 1 Q" = Q(a), (204 -+, 2n—1) — sgn(ag) Z Z;W;. (3.26)
i=0

Then it holds that a complex number belongs to the lattice A if and only if it

can be expressed in the Brunotte basis using only integer coefficients. That is, z € Z"™
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if and only if ¢4 (2) € A. Hence we can select points from A by restricting a map to an

integer domain. This becomes much easier to compute. For that, consider the vector

rz(%?""%) and the n X n matrix
0 1 0 0
My = |
0 0 1
_Gn _On1 . _az _a
ao ao ag ao

The matrix M, represents the multiplication by a~! with respect to the Brunotte
basis of Q(«), that is,
a Vo (2) = 1a(M,2)

for all z € Q.

Consider the SRS map
T I — T, (205 s 2n—1) = (21, .oy 2n—1,— |7 2]),
where “-” here denotes the scalar product in R™. Then it holds that

Tr(2) = Myz+(0,...,0,7 2 —|r-z]).

We define the set
Tr(2) := Lim o *(7,%(2)),
k—o00

known as an SRS tile. Suppose that the set of digits considered for the base « is
D =1{0,1,...,]ag| — 1}. It is important that D is of this form to consider intersective
tiles as SRS tiles. Recall that poo(x) = (T1(2),. .., Trys(x)) Where 75 (1 < j <r+s)
are the Galois embeddings of «. Consider the map ¢, from (3.26). If G(z) is the slice
of F(a, D) at height z embedded in R™, then

G(ta(2)) = $oo 0 ta(Tr(2))-

Rewriting G(z) in terms of SRS has one very useful application. If we create a
picture of G(z) by approximating some of its points via an algorithm and we are not
aware of SRS, the way to proceed would be to compute all points of the tile F(«, D)
and afterward select those that correspond to the height z. Alternatively, one could
select at each step the k-th preimage of the map T, and take its intersection with A,
as in (3.20). In both cases, a lot of points would have to be computed and only a few
of them would actually end up belonging to the desired slice. This is very expensive

and ends up taking a long time to come up with a nice enough image. With the use
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of SRS tiles, however, this process can be sped up drastically. This is the algorithm

that we used to compute all the pictures of slices of this thesis.

Matrix form.

For a given expanding algebraic number « of degree n, a number system in base
« can be thought of in terms of an expanding matrix A, € Q™*™ whose characteristic
polynomial is P,. The eigenvalues of A, are the Galois conjugates of «, all of which
are assumed to have modulus greater than 1. We know that Q(«) is an n-dimensional
Q-vector space with canonical basis {1, a,...,a""'}. Multiplying by « is a linear
transformation. Define A, as the matrix associated with the multiplication by « on
this basis.

Let {ei,...,en} be the canonical basis of R™. There is a canonical vector space
isomorphism
v :Q(a) — Q" ozj_li—>ej (1<j<n).

The following diagram commutes:

Q(a) ——Q(a)

|k

Q' —-Qr

Recall that we established an isomorphism between K., and R" x C* ~ R" in
Proposition 3.2.4. In this setting, Q(a) acts on R" x C*® by means of the Galois

embeddings, satisfying o« (z1,...,Zr4s) = (1 X1, .o, Qpps Trys).

Given a digit set D C Q(«) (here we do not impose any restriction on D), let
I C R™ be the attractor of the set equation

Aok = | (P +w(d)),
deD

and let F» C R" x C® ~ R™ be the attractor of the set equation

aFy = [ (B + po(d)), (3.27)
4D

Note that we are not considering any p-adic limit whatsoever, so in general F} and
Fj are not self affine in the rational case. Consider the map Yo% : 0uo(Q(ar)) — R™,
which is well defined because ¢ is clearly injective. Then F; =¥ o gp;ol (Fy).

When « is an algebraic integer, F» = F(a, D), hence self-affine tiles for algebraic

Z’an

integers can be defined in terms of matrices, and in this case A, € , so Iy is an

integral self-affine tile. Consider the example « = —2 44 and D = {0,1,2,3,4}. We
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get that a is a root of P,(X) = X? +4X + 5, and the companion matrix of P, is

0 -5
Ay = .

The eigenvalues of A, are a and &. There is an isomorphism

given by

7 : Qo) — Q2 1»—>(é>, ow—>((1)).
Then ¥ (D {() () () (3> , (3)} For this example, ¢, is the canonical
embeddlng of Q(«) into C. Then we obtain ¥(F(a, D)) = F(Aa, ¥(D)).

How is this connection established for non-integer a? The set Fy from (3.27) is
only the projection of F(«, D) into ]R” We know we can map the archimedean part of
F(a, D) into R™ via the map ¥ o ¢, but how does the non-archimedean component

manifest in the matrix setting?

Given a series Z L d_], we can consider its limit in Ko and its limit in Kp.

z) = AJw(d)
j=k

is convergent under the usual Euclidean metric in R™. We need a non-archimedean

The series

metric in which this series also converges and that commutes with the b-adic valuation
vp from Definition 3.2.5. In Chapter 5, we will construct a valuation vg such that
vp(x) = vp(¥(x)). More generally, we will consider a representation space for number

systems in terms of a general expanding rational matrix A.
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Chapter 4

Standard and non-standard digit

systems

The results presented in this chapter are contained in the paper Rational Self-
affine Tiles for Standard and Nonstandard Digit Systems (Panoramas et Synthéses by
Société Mathématique de France, accepted in 2023, [73]). We make a contribution to
the theory of self-affine tiles that was established in the early 1990s by Bandt [14],
Kenyon [43], Grochenig and Haas [35], as well as Lagarias and Wang [51, 53, 50], and

has gained a lot of attention in the past decades.

We refresh the reader with the definitions of digit systems and self-affine tiles.
Let A € R™™ be an expanding matrix (i.e., all its eigenvalues lie outside the unit
circle) with integer determinant, and let D C R™ be a digit set with |D| = |det A|.
Then we call the pair (A, D) a digit system. By Hutchinson [39], there exists a unique
non-empty compact subset F = F(A, D) of R™ that satisfies the set equation

AF = | J(F +a). (4.1)
deD

If F has positive Lebesgue measure, it is called a self-affine tile. Of special interest are
the so-called integral self-affine tiles (see [51]), which are obtained when the matrix
and the digits have integer coefficients. By Bandt [14], the Lebesgue measure of an
integral self-affine tile F is certainly positive if (A4, D) is a standard digit system, that
is when D is a complete set of residue class representatives of Z"/AZ™. Lagarias and
Wang [51, 53] regarded the matter of (A4, D) being a non-standard digit system for a
given matrix A € Z"*™. It is a highly non-trivial problem to characterize all digit sets
D for which F(A, D) has positive Lebesgue measure (cf. |5, 54]).

A beautiful example in R? found by Lagarias and Wang is given by F(A, D)
where 4= (3 5). 2= {(5). (). (2) (). (1) () - () () (5]} - 1¢ s depieted
in Figure 4.1, where it becomes apparent that this tile has infinitely many connected
components. The self-affinity of F(A, D) is illustrated in Figure 4.2. A tiling of R?
given by F(A, D) is exhibited in Figure 4.3.
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0.5 10 15 2.0 25

FIGURE 4.1: The tile (A, D) in R? found by Lagarias and Wang for
A (30
—\0 3

Rational self-affine tiles are introduced in [78]. They constitute a generalization
of self-affine tiles to rational matrices with non integer determinant. In the examples
considered up to now, the digit set D was always a complete set of residues modulo the
base. This was a very strong assumption and all the results presented in the previous
chapters heavily relied on it. If we allow the digit set D not to be a residue set, we lose
the group structure when considering certain digit expansions. This makes it harder

to define tilings.

We provide results in the spirit of Lagarias and Wang in the rational setting.
Given A € Q™™ an expanding matrix, we introduce a space K, := R” x Z"((A™1)),
where Z"((A~1)) is a valuation ring of certain Laurent series of powers of A~! with
coefficients in Z". The ring Z"((A~!)) is a solenoid, and in the one-dimensional case,
it is isomorphic to the ring Qp of b-adic numbers for some b € N (as studied in
Chapter 2). We establish a suitable “diagonal” embedding ¢ that maps the elements
of Z"[A] into K4 in a natural way. This allows us to define the rational self-affine tile
F = F(A,D) C Ky, through the set equation

AF = | J(F + pla)).
deD

We want to study tilings of K4 induced by F, so we require rational self-affine
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FIGURE 4.2: Subdivision of F(A, D) into nine subtiles.

tiles to have positive measure, and we give a criterion in terms of the digits to guarantee
this. When dealing with matrices, computing quotients is not always so simple, and
we make use of some machinery of linear algebra (like the Frobenius normal form) to
solve some of these issues. We prove some topological properties of rational self-affine
tiles, as well as the existence of a tiling and multiple tiling. For that, we present a

careful analysis of the character group of K4.

4.1 Digit systems for rational matrices

Let A € Q"™ be an expanding matrix and let

00
z"(A] = | J (Z” FAZM 4t A’Hzn)
k=1

be the smallest A-invariant Z-module containing Z™. We first define a digit system
(A, D) where A acts as a base and D C Z"[A] is some finite digit set, and explore its
properties (we refer to [40] for more on rational matrix digit systems). We will always
assume |D| = |Z"[A]/AZ"[A]|, which turns out to be a natural size for a digit set.
This leads to the following definition.

Definition 4.1.1 (Digit system). Let A € Q™*™ be an expanding matriz and let
D C Z"[A] be such that |D| = |Z"[A]JAZ™[A]|. Then we say that (A, D) constitutes a
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FIGURE 4.3: A tiling of the plane by F(A, D) for A = (8 g)

digit system, where A is the base and D is the digit set. When D is a complete set of
residue class representatives of Z"[A]JAZ"[A], we say that (A, D) is a standard digit
system (following [51, p. 163]). Otherwise, we say that (A, D) is a non-standard digit

system.

In connection with digit systems, finite expansions are desirable. For digit sys-
tems (A, D), the finiteness property, stating that every vector x € Z"[A] has a fi-
nite expansion of the form z = A*dj, + --- + Ad; + dy has been studied extensively
(see |40] and the references given there). The requirement that D is a complete sys-
tem of residue class representatives of Z"[A]/AZ™[A] is a necessary but in general not
sufficient, condition for (A, D) to have the finiteness property. Eventually periodic

expansions have also been investigated.

When the characteristic polynomial is reducible.

Computing the size of a digit set for a given expanding matrix A € Q™*™ amounts
to computing the order of the quotient group Z"[A]/AZ"[A], and this is not always

straightforward. From here onward, set

a:= [Z"[A]JAZ"[A)], b= |Z"[A"Y/A71ZM[AY). (4.2)
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We show how to make use of the Frobenius normal form of A to compute a and b, and
we prove that |det A| = ¢, which will be crucial later. Let A € Q"*" with character-
istic polynomial y4 be given. Let Q[t] be the polynomial ring in one indeterminate
t with coefficients in Q. Consider the space Q" regarded as a finitely generated Q[t]-
module with the action of ¢ given by multiplication by A, that is, if v € Q™ then
t-v:= Av, and the action can be linearly extended to all elements in Q[¢]. According
to the structure theorem for finitely generated modules over principal ideal domains

(see [26, Chapter 12, Theorem 6]), there exists an isomorphism of the form

k

Q" =~ i/ (),

=1

where p; € Q[t] are the so-called invariant factors of Q™, with the divisibility properties
p1 | p2] ... | Pk | xa. The polynomials p; are assumed to be monic, and with this
assumption they are unique. In fact, x4 is the product of the invariant factors of
A. This implies that A is similar to a block diagonal matrix F = diag(C1,....Cg),
where C; is the companion matrix of p; (1 < i < k). F is the well-known Frobenius
normal from of A, also called rational canonical form, see [26, Section 12.2]. Using

this notation, we get the following result which shows how to compute the value of a.

Proposition 4.1.2. Let A € Q"*™ be given, let p; € Q[t] (1 < i < k) be the cor-
responding invariant factors, and consider the integer polynomials ¢; = c¢;p; € Z|[t],
where each ¢; € Z is chosen so that g; has coprime coefficients. Let ¢ € Z[t] be the
reciprocal polynomial of q;, namely g} (t) := t4 @) g;(t=1). Then

k k
a=[Tla@),  b=T]laO) (4.3)
i=1 =1

and |det A| = ¢.

Proof. Let F = diag(C1,...,Ck) be the Frobenius normal form of A. Then it is clear

that
k

a= H |Zd8(@:) (] ) C; 79989 [y . (4.4)
i=1
Let C € Q™*™ be the companion matrix of some polynomial p € Q[t] and let ¢ =

cp € Z[t], where ¢ € Z is chosen so that ¢ has coprime coefficients. We claim that

Z"C] = Z[t]/(q)- (4.5)

To prove this, let v € Z™[C] be given; then it can be expressed as v = ZJL:() Clv;
with v; € Z™, L > 0. For 1 < j < m, denote by e; € Q™ the j-th canonical
basis vector. Clearly, each v; can be expressed in the canonical basis with integer

coefficients. Since C' is a companion matrix, it follows that Ce; = ej;1 for 1 < j < m,
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so all this yields the result that v is of the form

l
v = ijC’jel, (46)
§=0
for some ¢ € N minimal and by, ...,by € Z. If £ > m, we will show that we can take
by -, b €{0,...,]¢*(0)| — 1} (here, ¢* € ZJt] is the reciprocal polynomial of ¢, so

q*(0) corresponds to the leading coefficient of ¢). In fact, note that ¢(C') = 0 because
C' is the companion matrix of q. Suppose that by is not in {0,...,|¢"(0)] — 1}; then
one can add or subtract C*~™¢(C) = 0 in order to obtain another expression on the
right side of (4.6), without altering the value of v. This can be done the appropriate
number of times, so we can assume w.l.o.g. that b, € {0,...,|¢*(0)| — 1}. Repeating
this for £ — 1,4 — 2,...,m, we arrive at by,,...,by € {0,...,]¢*(0)| — 1}, and the

representation (4.6) with this property and ¢ minimal is unique.
By [75, Lemma 4.1] each polynomial r € Z[t]/(¢) can be expressed uniquely as

r=r+ Zgzmrjtj mod ¢, with v € Z[z], deg(r’) < m, £ € N and ry,...,7p €
{0,...,|g*(0)| — 1}. Using this, one easily checks that

4 4
h:Z7C) = ZIt/(q), > biCler > bt (4.7)
=0 =0

is an isomorphism, and the claim in (4.5) is proved.

Because t h(G) = h(CG) for any G € Z™[C], this isomorphism implies that
Z™(Cl/Cz™(C) = Zi] / (g, 1) (4.8)

It is easy to check that |Z[t]/(g,t)| = |q(0)] (see |75, p. 1460]) and, hence, we have
that

1Z™(C/CZ™ (]| = 1g(0)]- (4.9)
Applying (4.9) for ¢ = ¢; (1 < i < k) in (4.4), the left equation of (4.3) follows. The
right equation of (4.3) is proved in the same way by replacing A by A~!. The assertion
det A = § follows from (4.3) (recall the definition of ¢; and the fact that each p; is

monic), because

k k

“la(0)] a
[det A| = [ det Gif = T Ipi0)l = T] Tt = 7

i=1 =1 =

An example of the computation of ¢ and b.
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Let
7 3 5
3 2 g 1
_lo _17 5 10
— 3 6 2 3
A=l 5 5
2 2
_4 13 1T 8
3 6 6 3

We have det(A) = %0. The characteristic polynomial of A is

XA(X) = (X = )*(X? + X +3),

which is clearly reducible, so the ring Z"[A] is not isomorphic to a number field. The
matrix A has three distinct eigenvalues: % (with degree 2), # (

and % (with degree 1). Hence, A is an expanding matrix. We won’t go into the

with degree 1),

details of how to compute the invariant factors of A (algorithms can be found in |26,
Section 12.2]). It holds that the invariant factors of A are

pl(X) =X —
pX)=X-HX*+X+H=X"-1x?+Ix -1

colus

This yields that the Frobenius normal form of A is given by

200 0

10
F:000§7
010 -

1

001 32

(One way to verify that this is correct is by checking that A and F' are similar). The

integer polynomials ¢; and their reciprocals are then given by

@(X)=3X -4
GH(X)=4X -3
i) (4.10)
@(X)=6X>—2X?+7X —20
¢ (X) = —20X% 4+ 7X% - 2X +6.

Then a = |q1(0)||g2(0)] =4 -20 = 80 and b = |¢;(0)||¢5(0)] =3 -6 = 18. Then

a 80 40
_= — = — = A .
b =18 g et
This is an example where a and b are not coprime, which also shows that the deter-

minant of A does not give enough information about the cardinality of D.

We show how to construct a residue set D for Z*[A]/AZ*[A]. We know that
D must have 80 elements. The Frobenius normal form has two blocks Cy and (s,

corresponding to the companion matrices of each of the invariant factors p; and ps.
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We can then decompose F' as a direct sum

10

00 %
F=CiaCy=(3)e |1 0 I
01 %

The Frobenius normal form is similar to A, which yields

ZA[A)/AZHA] = Z*[F)/FZUF] = (Z[3)/3Z[3]) @ (Z°[C:]/ CoZP(Ca)).

A residue set for Z[3]/3Z[3] is given by Dy = {0,1,2,3}. From (4.8) we ob-
tain that Z3[Cs]/C2Z3[Cs] ~ Z[t]/(q2,t), and using that |g(0)] = 20 we get that a
residue set for Z[t]/(g2,t) is given by {0,1,...,19}. Using the inverse of the isomor-
phism A from (4.7), we can map these points back and obtain that a residue set for
73[Cs] /CoZ3[Cs] given by Dy = {(4,0,0) : 1 < j < 19}. Hence, a digit set is given by

D=D; ®Dy={(3,4,0,0) : 1<i<4,1<j<19}.

It follows that |D| = 80 and (A, D) is a standard digit system.

4.2 The representation space

Let A € Q™*™ be expanding. For convenience in the notation, from here onward

we set

B:= A"
Consider the ring

k>1

(note that Z™(A) = Z™(B)). We define on Z"(B) the B-adic valuation vg : Z'(B) —
Z U {oo} as

min . kn k+17n
voly) = (k€ Z:ye B*Z"[B]\ B*'Z"[B]}, y#0, w11)
09, y=0.

On Z"(B) the B-adic metric is defined by
dp(y.y) = b""20Y), (4.12)

for b as in (4.2) and y,y’ € Z"(B), with the convention that b~ = 0.



4.2. The representation space 79

Definition 4.2.1 (B-adic series). We define the space Z"((B)) of B-adic series as
the completion of Z™(B) with respect to the metric dp.

We extend the metric dp to the completion Z"((B)), and hence we extend the
B-adic valuation vp to Z"((B)) so that it satisfies (4.12). Then, every non-zero

y € Z™((B)) can be expressed as Laurent series
e .
y= Y  Bly, y €z (4.13)
i=vB(y)

of powers of B with coefficients in Z", which converges with respect to the metric dp.
Then vp(y) is the smallest index such that y has an expansion (4.13) with y,,,(,) # 0.
We denote by Z"[[B]] the subring of Z™((B)) consisting of points y € Z"((B)) with
vp(y) = 0, the ring of power series in B with coefficients in Z". The B-adic metric

satisfies the ultrametric inequality, namely

dp(y,y') < max{dg(y,y"),ds(y",y")}

for every y,vy',y” € Z"((B)). This metric turns Z"((B)) into a complete separable
space, which is also a locally compact topological group. Thus there is a Haar measure
pp on Z™((B)) which is normalized in a way that up(Z"[[B]]) = 1, and we call it the
B-adic measure. If M C Z"((B)) is a measurable set, then

pp(APM) = b pp(M). (4.14)

Definition 4.2.2 (The representation space). Given an expanding matriz A € Q"*"™,

define the representation space K4 as

K4 :=R" x Z"((B)).

We endow the space K with the following structures:
1. It inherits the structure of an additive group from its cartesian factors.

2. Consider the group given by

ZIA] = | J@ZATF + ZAT 4 ZA),
k>1

Then Z[A] acts on Ka by multiplication, i.e., G - (x,y) = (Gz,Gy) if G € Z[A]
and (z,y) € Ka.

3. We define the metric

d((z,y), (2',y)) == max{||lz — 2|, dp(y,y)},
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for (z,y), («',y") € Ka, where || - || denotes the Euclidean norm in R™ and dp is
the B-adic metric in Z"((B)). This turns K4 into a locally compact topological
group. It is easy to check that for every closed ball B, (x,y) of radius r > 0 and

center (x,y) € Ky, there is a decomposition
Br(%y) = Br(x) X Br(y)7

into closed balls on each respective space. This characterizes the topology of K 4.

4. We define a measure i in K4 as the product measure
pi=AXpg,

where X is the Lebesque measure in R™ and pp the B-adic measure in Z"((B)).

Then p is the Haar measure on K4 satisfying p([0,1] x Z"[[B]]) = 1.
Remark 4.2.3. When A € Z™*" is an integer matriz, the space Z"((B)) is trivial
and does not play a role, and hence K4 = R™. However, Ky = R" may also happen

0 3

i.e., that Z'[B]/BZ"[B] is trivial. Then by Lemma 4.1.2 det A = a is an integer.

The results presented in Section 4./ are proven by Lagarias and Wang in [53] for real

in the non-integer case: for example, if A = (2 %> we have b = 1. Suppose b = 1,

expanding matrices with integer determinant. For this reason, in all that follows we

assume b > 2.

Lemma 4.2.4. If M C Ky4 is a measurable set, then pu(AM) = a u(M).

Proof. Consider a measurable subset of K4 of the form M; x My, where My C R”
and My C Z"((B)) are both measurable sets. We have seen in Proposition 4.1.2 that
det A = 7. Then

HA(My x Mp)) = NAM) pp(AMy) = 2 A(M) bpup(Me) = a (M x My).

Since g = A X pup is a product measure, the o-algebra of p-measurable sets is generated
by sets of the form My x M. Therefore, if M C Ky4 is measurable we have u(AM) =
a pu(M). O

4.3 Rational self-affine tiles

We proceed to introduce the set F(A, D) associated with the digit system (A, D),
which can be regarded as the set of “fractional parts” and reflects features of its

structure. In Section 4.4 we will study topological properties of F.
We need the following lemma, which is in the spirit of Lind [58].

Lemma 4.3.1. Let A € Q"*"™ be expanding and assume b > 2, with b as in (4.2).

Then there exists a metric £ on K4 with respect to which the action of B= A" is a
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contraction. In particular, there exists 0 < k < 1 such that

B (z,y), B («,y)) <wl((z,y),@"y)  (z,9),(@y) €eKa). (415

Proof. Let Spec(A) denote the set of eigenvalues of A. Since A is expanding, there
exists p € R such that 1 < p < min{|n| : n € Spec(A)}. For z € R", define

o0
lz]":= ) p" | B*2]. (4.16)
k=0

Since all the eigenvalues of p B = pA~! are strictly smaller than 1 in modulus, the
series on the right-hand side of (4.16) converges and || - ||" becomes a norm in R™ that

satisfies

1 & 1
| Bzl = - Zp’“ |BY || < = ||l
p p

Also, for all y,y’ € Z™((B)), it follows from the definition of the B-adic metric that
dp(By, By') = +dp(y,y'). Let (z,y), (2',y') € Ka. Define on K, the metric £ given
by

£((z,y), (2", ¢) == max{[|lz — 2|[", dp(y,y)}-

Then (4.15) follows with x := max{%, i<l O
Note that d and £ are equivalent, because || - ||" is equivalent to || - ||.

We now introduce a suitable way to embed our digit system into the representa-

tion space K 4. Define the diagonal embedding ¢ as

p:Z2"(B) — Ky, x = (z,x).

Definition 4.3.2 (Rational self-affine tile). Let (A, D) be a digit system. Define
F =F(A,D) C K4 as the unique non-empty compact set satisfying the set equation

AF = | J(F + ¢(d)). (4.17)
deD

If W(F) > 0, then F is called a rational self-affine tile.

Because A is expanding, Lemma 4.3.1 implies that the mapping
KA — KA7 («T,y) = Ail((ajvy) + (p(d))

is a contraction for each d € D. Let H(K4) be the family of non-empty compact

subsets of K4, and consider the map

U HKA) = HEKL), X (AT +o(d). (4.18)
deD
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By Hutchinson [39], there is a unique non-empty compact set which is a fixed point
of ¥, hence F is well defined. This set is the attractor of an iterated function system,
meaning that it is the Hausdorff limit of the sequence of compact sets {¥*(X)}x>1,

for any compact set X.

Every point of F can be expressed in base A with digits in ¢(D) using only

negative powers of the base. In fact, F is given explicitly by
F= {ZA*jgo(dj) L d; € D}. (4.19)
j=1

Indeed, it is easy to see that F is non-empty, bounded, and satisfies (4.17). The fact

that F is closed follows by a Cantor diagonal argument.

Suppose F has positive measure. In order to define a tiling, we want the union
Uden(F + ¢(d)) to be essentially disjoint (that is, disjoint up to a p-measure zero
set); since multiplication by A on K4 enlarges the measure by a factor of a, then it
is necessary for D to have exactly a elements. In the next section, we show that if

(A, D) is a standard digit system, then F(A, D) has positive measure.

Remark 4.3.3. Without loss of generality, we will always assume that 0 € D. This
can be done because replacing D by D—v, where v € Z™[A] is a constant vector, means
that F(A, D —wv) is a translation of F(A, D), hence it is equivalent when we study the

existence of tilings.

Remark 4.3.4. When n = 1 and A = § where a and b are coprime integers, we

obtain Z"((B)) ~ Qp, where Qp is the ring of b-adic numbers, and Z"[[B]] ~ Z,

where Zy s the Ting of b-adic integers.

4.4 Topological results on rational self-affine tiles

Let (A, D) be a digit system, and let K4 be the representation space with metric
d and Haar measure p as before. In this section, we give some equivalent topological

and combinatorial conditions for the set F(A, D).

We introduce some definitions before stating the results. To denote blocks of
digits, let

Dy := {do—l—Adl —|—-"—|-Ak_1dk_1 2 dy,...,dp_1 € D} and Dy = UDk

k=1
(4.20)
From the set equation (4.17), we deduce the iterated set equation
AFF = | (F+ed). (4.21)

deDy,
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Definition 4.4.1 (Uniform discreteness). We say that a set M C Ky is uniformly
discrete if there exists r > 0 such that every open ball of radius v in Ky contains at

most one point of M.

Our first result is a criterion for F(A, D) to have positive measure formulated in
terms of D. It is an extension of |53, Theorem 1.1| and [43, Theorem 10] to the case

of rational self-affine tiles.

Theorem 4.4.2. Let (A, D) be a digit system, and let F = F(A,D) C Ka. Then
F has positive measure if and only if for every k > 1, all a* expansions in Dy, are

distinct, and ¢(Dso) is a uniformly discrete subset of Ky4.

Proof. We mention that in [53, p. 32 — 34] a similar proof is provided in the setting of
self-affine tiles in R™. Assume first that ¢(Ds) is a uniformly discrete set and that all
the elements in Dy, are distinct for every k£ > 1. Recall the metric £ and the constant
0 < K < 1 defined in Lemma 4.3.1. Then £(B - (z,y),0) < xk£((z,y),0) for every
(z,y) € K4. Consider the closed ball B..(0) := {(z,y) € Ka : £((z,y),0) < r},
and let (z,y) € B/(0). Let ¥ be the map defined in (4.18); then by Hutchin-
son [39], F is the Hausdorff limit of the sequence {¥*(B.(0))}1>1. Suppose that
r > % maxqep{€(¢(d),0)}; then ¥(B;(0)) C B;(0). Consequently, by Lebesgue’s
dominated convergence theorem, we get

uﬂﬁzggu@WE@Dl

It suffices to find a set of positive measure contained in every ¥*(B/.(0)). Since ¢(Dx)
is uniformly discrete, there exists § > 0 such that for every (z,y) # (2/,7') in ¢(Dso)
it holds that £((z,y), (,4')) > §. For 0 < & < min{$,r}, consider the closed ball
B.(0). By hypothesis, Dy, has aF distinct elements for all k, and all sets of the form
B.(0) + ¢(d) for d € Dy, are pairwise disjoint. Therefore u(¥*(B.(0))) = u(B.(0))
for every k, and hence

u(F) > lim p(@*(BL(0))) = u(BL(0)) > 0.

k—o0

For the converse, assume p(F) > 0. Then

aFu(F) = p(ACF) = (| (F+e@) < 3 ulF +e(d) < aFu(),
deDy, deDy,

so all the terms are equal. Hence, |Di| = a* and the union is essentially disjoint,

meaning that for d # d’ in Dy, we get

p((F +¢(d)) N (F + ¢(d)) = 0. (4.22)

It remains to show that ¢(Ds) is uniformly discrete. Suppose that this was

not the case, then we can find a sequence {(d;, d})};>1 where, d; and dj are distinct
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elements of some Dy, for each [ > 1, and such that
lim d(p(dp), p(dp)) =0
l—00

We claim that there is (x,y) sufficiently close to 0 such that u((F + (z,y)) NF) > 0.
If u(F) > 0, then by Federer |28, page 156, Corollary 2.9.9]|, there exists a Lebesgue
point (z*,y*) € F such that, if yr is the characteristic function of F, then

1
lim / xr(z,y)du = xr(z*,y*) = 1. 4.23
rNO (B (2%, 4%)) JB, (2 ) () ( ) (4.23)

Given € > 0, this implies the existence of a sufficiently small r for which

p(Br (", y*) N F) = (1 — &) u(Br (2%, y7)). (4.24)

Here, B, (z*, y*) denotes the closed ball of center (z*,y*) and radius r with respect to
the metric d. Let 0 < & < r, and consider (z,y) € K4 such that d((z,y),0) < & <r.
Then

> p(Br—o ((z%,y") + (,9)) N (F + (2,9))) (4.25)
>

(1 —e)pu(Br_o (2", y")).

Recall that b satisfies (4.14). Note that B, (y*) = By iog,~ (¢*), and define K :=
[logy(r)| — |logy(r —€’)| > 0. Then y € B,(y*) if and only if BXy € B,_.(BXy*).

Hence, since p is the product measure g = A X up, we get

u(Ber (2%, y") 0 (F + (2,9)))

/

r—e¢ r—e

p(Br(a® ) = A" B()) np(BEB(y") = () b Eu(Br(a,y)),

r

and thus for the appropriate value of &” > 0 it follows from (4.25) that
p(Br (2", y") 0 (F + (2,9))) > (1 = ")uBr(x",y7)). (4.26)
By inclusion-exclusion and combining (4.24) and (4.26), we get
P(F +(z,y) N F) > (1 —e—")uBr(z",y") > 0
for (z,y) sufficiently close to 0. This implies that, for large enough I,
P((F + () N (F + ¢(dy) = p(F N (F +@(d — dp)) >0
which is a contradiction. O

Corollary 4.4.3. If (A, D) is a standard digit system, then F(A,D) has positive

measure.
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The second result of this section gives some topological equivalences for F being

a rational self-affine tile. It is in the spirit of |53, Theorem 1.1].

Theorem 4.4.4. Let (A, D) be a digit system and let F = F(A,D) C Ka. The

following assertions are equivalent:
(1) F has positive measure.
(i7) F has non-empty interior.

(791) F is the closure of its interior, and its boundary OF has measure zero.
Proof. (iii) = (ii) = (i) is trivial.

(74) = (iii) follows from the same arguments as the proof found in [53, p. 30
— 32]. Suppose F° # @. The inclusion F° C F holds because F is closed. To
prove the converse inclusion, recall that F satisfies the set equation (4.17), and so
Ugen A7 (F° + ¢(d)) is an open set contained in F and hence in F°. Taking closure
yields
U AN Fe + p(d)) c Fo,
deD

hence W(F°) C F° where ¥ is the map in (4.18), and ¥*(F°) converges to the
attractor F. Thus, every point of F is a limit point of a sequence in ¥*(F°), and so

F C Fe.

Next, we prove that the boundary has measure zero. Suppose F contains an
open set. Then we can choose k large enough so that there is an open ball in A*F
containing the set F + ¢(d) for some d in Di. Since we get an open ball covered by
compact sets, they must necessarily overlap. Therefore, the boundary of F + ¢(d) is
contained in Uy ep,\(ay F + ©(d'). We have shown in (4.22) that for d # d’ in Dy,
the sets F + ¢(d) and F + ¢(d’) are essentially disjoint. This is equivalent to having

disjoint interiors, so we get

AF+e(d)c |J oF+ed)).
€Dy \{d}

Hence

pOF + o) < Y wOF +e(d) NAF +¢(d))) =
d'€Dy\{d}

and therefore p(0F) = 0.

(i) = (éi) : Because F has positive measure, it has a Lebesgue point (z*,y*)
satisfying (4.24). This implies that we can consider a sequence € \, 0 together with
a sequence of radii 7 \, 0 such that, for every [ > 0,

WA By (z*,4*) N F)) = (1 — &) (A'Byy (27, y)). (4.27)
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Claim 1: For every index k there exists a large enough I, > 0 and (u®),0v®)) € K,
such that By (u® v®)) ¢ AXB,, (z*,y*) with

p(By(u®) v®)y AR F) = (1 = Cep) p(By(ul), v ™)),

where (z*,y*) is a Lebesgue point of F and C > 0 is a constant depending only on the
space K 4.

To prove the claim, we draw on ideas from [53, p. 35]. With a slight abuse
of notation, we will use B,(-) to denote closed balls of radius r in each respective
space. Fix k, and note that, since A is expanding, AlBrk (z*) € R™ is an ellipsoid
whose shortest axis’ length goes to infinity as [ goes to infinity. Consider I > 0 large
enough so that b= < 7y, and such that the ellipsoid A%*B,, (z*) has a shortest axis
greater than 4. Define Ej, := {z € A*B,, (z*) : d(x,0(A*B,, (z*))) > 1} as the set
of points of A%*B,, (z*) whose (Euclidean) distance from the boundary is at least 1.
Consider the set 2E), — x*, obtained by doubling F; and centering around z*. Then
E, C A%B,, (z*) € 2B, — o and A(A%B,, (2%)) < A(2E), — z¥) = 2"\(E},).

Consider the compact subset of K4 given by Uy, := Ej, x A%B,, (y*), which is
trivially covered by the collection of unit balls G := {Bi(u,v) : (u,v) € Ux}. Let
{B1(u1,v1),...,Bi(us,vs)} be a maximal disjoint subcollection of G. Then U}, C
Uj=1 B2(uj,v;) because of the following reason: let (z,y) € Uy. If Bi(z,y) ¢ G,
then by maximality there exists j € {1,...,s} with By(z,y) N B1(uj,v;) # @. Take
(@',y') € Bi(z,y) N Byi(uj,vj). Then

d((z,9), (uj,v5)) < d((z,9), («',9") +d((=",9), (us,v5)) < 2.
This yields

WA By, (2%,57)) = MA" By, (a7)) pp(A* By, (7))

< 2"A(Ey) (A% By, (y*)) (4.28)

= 2"u(Uy) <2 p(Ba(uy,v5)).
j=1

Note that A(Ba(u;)) = 2"A(B1(u;)) while pp(Ba(v;)) = b8 2l up(By(v)));

hence

> u(Ba(uy, vy)) = 2"ploe 2Jﬂ< | | Bl(uj,vj))
j=1

j=1

because the unit balls are disjoint. Combining this with (4.28), we have
p(ABy, (2", y") < Cu( | Bius ) (4.20)
j=1

for C' := 4"pl°8s 2] We show next that all the balls By (u;,v;) = Bi(u;) x By (v;) are
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contained in A*B,, (z*,y*). Fix j € {1,...,s}. For the real part, u; € Ej, meaning
it is a point of A%*B,, (z*) which is at distance at least one from its boundary, hence
Bi(u;) € A%B,,(z*). For the B-adic part, consider y € Bj(v;) and recall that
A~y € By, (y*). From the ultrametric inequality it follows

dp(A™"*y,y*) < max{dp(A *y, A~ %v;), dp(A *v;, y*)}
= max{b_lk ds(y, Uj)a Tk} (4.30)

< max{b_lk, Tk} =Tk,

since we assumed b~ < rg. Therefore, A~y € B,, (y*) for every y € By(v;), and so
Bi(vj) € A%By, (y*). From (4.27) it follows that

WAVB,, (", y") \ (A¥B,, (¢*,y") 1 A*F)) < pu(A¥B,, (", y")).  (431)

Equations (4.29) and (4.31) and the fact that | |7_; B1(uj,v;) C AlB,, (z*,y*) imply
,LL( |_| Bl(uj,vj) \ ( |_| Bl(u]',’Uj) N Alk}—)) < e C,u( |_| Bl(’LLj,Uj)).
j=1 j=1 j=1

Since the balls By (uj,v;) are pairwise disjoint and contained in A%B,, (z*,y*), then
for at least one ji € {1,...,s} it holds that

1(B1(uj,,vj,) N A*F) < (1 — e, O) (B (wy,,v5,)),

which yields Claim 1 with (u®), v®)) = (u;,,v;, ).

Back to the main proof, Claim 1 together with the iterated set equation (4.21)
implies that, for every k, there exists {; > 0 and (u(k), v(k)) € K4 such that

u(Bi® @) ([ Fre)) <0 - e Ou®Bi®, o). (432)
deDy,

Define the finite sets
Vi = {o(d) = (®,0W) : d € Dy, (F+p(d) — (P, 0®) 0 F # 2},

Then shifting the arguments inside the measures in (4.32) by —(u®,v®)) and re-

stricting to translates contained in Vy yields

p(B1(0) N (F +Vi)) < (1 =& C)u(B1(0)).

Note that FNBj(e) # @ for every e € V. Thus, because F is bounded, all V}, C
Br(0) for a sufficiently large constant R. Recall that ¢ (D) is a uniformly discrete set
by Theorem 4.4.2, and D;, C Dy, hence there exists 6 > 0 such that d(e,e’) > ¢ for
every e, €’ € Vy for every k. This implies that the sequence of cardinalities {|Vg|}r>1
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is bounded. Therefore, {V;}r>1 has a convergent subsequence {Vg;};>1 whose limit,
denoted by V), is a finite set. Then

©(B1(0) N (F +V)) > liminf u(B1(0) N (F + Vi)

J]—00

> liminf(1 — Ceg; )u(B1(0)) = u(B1(0)).

J]—00

(4.33)

Because T is closed this implies that (F+V)NB1(0) = B1(0). Thus F +V is a finite
union of translates of the compact set F containing inner points. Baire’s theorem

implies that F has non-empty interior. O

Example.

Let A = % and D = {0,1,8,9}. Note that (%,D) is not a standard digit system;
however, D can be decomposed as D = {0,1} + 4{0,2}, and every d € D can be
uniquely expressed as d = e + 4¢’ with e € {0,1} and ¢ € {0,2}. This is what
Lagarias and Wang called a product form digit set. Consider the representation space
R x Q3. We will show that set ]-"(%, D) C R x Q3 has positive measure. Let

B {3 ele) o < (0.1))

and

By = {i(g)_j<p<e;) L el € {0,2}}.

The unique decomposition of the elements of D yields that ]:(%, D) =E; +4E>. We

have

Define

then F(3,D) = Ey + E3 + ¢({0,6}). Since {0,1} + {0,6} = {0,1,6,7} and every
d € {0,1,6,7} has a unique decomposition d = e+ ¢” with e € {0,1} and ¢” € {0, 6},
we get that ]-"(%, {0,1,6,7}) = E1 + E3 and, since (%, {0,1,6,7}) is a standard digit
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N

FIGURE 4.4: The tile F related to the digit system with base % and
digits {0,1,8,9}.

system, the set ]-‘(%, {0,1,6,7}) has positive measure. Therefore, .7:(%, D) has positive

measure.

Figure 4.4 (left) depicts F (%,D) in the plane. The picture is obtained by em-
bedding Q3 in R using the map

(o) o0
Q3o R, Y 3 Y a3 (6 €{0,1,2}), (4.34)
i=k i=k

and for any (z,y) € R x Q3 we compute points (z,v(y)) € R2. On the right-hand side
of Figure 4.4 we see the subdivision of F (%, D) corresponding to the digits 0 (red), 1
(green), 8 (yellow) and 9 (blue). The different subtiles appear to have different shapes,

but this is just a consequence of the way the embedding v was defined.

4.5 A tiling theorem

In what follows, we will restrict ourselves to the case where F has positive mea-
sure. We have referred to F in this case as a tile, because we will show that there

exists a tiling of the space K4 by translates of F.

Definition 4.5.1 (Tiling, self-replicating tiling, multiple tiling). Assume u(F) > 0.
Let S ¢ K4 and consider the collection {F +s : s € S}, which we denote as F + S

with a slight abuse of notation.

1. F+ S is said to be a tiling of K4 if it is a covering of Ka such that, for any
s # s in S, it holds that u((F + s) N (F +§')) = 0, or, equivalently, if F + s
and F + s’ have disjoint interiors. S is called a tiling set for F. We say that
F + S tiles Ky.

2. F+S is said to be a self-replicating tiling if there exists an expanding linear map
T on K4 such that, for each s € S, there exists a finite subset J(s) C S with

T(F +s) = U (F+5).
s'ed(s)
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3. F 4+ S is said to be a multiple tiling of Ka, if there exists k € N such that p-
almost every point of K4 is contained in exactly k distinct sets of the form F +s
with s € S.

It follows that a self-replicating tiling is completely determined by the set of tiles
that touch the origin. We call a self-replicating tiling atomic if the origin touches
exactly one tile. We want to study the nature of the tilings of K4 obtained using

self-affine tiles. For any k > 1, consider the difference sets
Dy — Dy = {d—d/ : d,d/ S Dk},

and define

(e o]

A = U gD(Dk — Dk)
k=1

Theorem 4.5.2. Suppose that F contains an open set. Then:

(i) There exists a set of translations S C A such that F + S tiles K4. Furthermore,
there exists a translate 8" of S such that F+S8' is an atomic self-replicating tiling
of K4, and the expanding linear map associated to it is of the form T = A* for

some sufficiently large k.

(13) If A is a group, then F + A is a tiling.

Proof. (i) The proof is in the spirit of the one in [53, Theorem 1.2|. Suppose first that
0 € F°. Recall the definitions of Dy, and Dy in (4.20) and the iterated set equation
(4.21). Since A is expanding, we have

Ka=JA"F=J U F+o@= |J F+e),

k>1 k>1deDy, d€Doo
hence F + ¢(Do) is a covering of K 4; also, (4.22) implies that two different translates
of F are measure disjoint. Therefore, S = p(D) is a tiling set for F.

Let s € p(Dw). Note that

A(F +5)=AF + As = | J(F + ¢(d) + As),
deD
and define J(s) := {¢(d) + As : d € D}. Since ADy, + D = Di41, we have Ap(Dy) +
©(D) C ¢(Dwo), therefore J(s) C (Do) We found an atomic self-replicating tiling

with matrix A.

Suppose now that 0 is in the boundary of F. Let d* € Dj, and D’ := D), — d*.
Denote by Id the identity matrix. Consider F(A* D’) the self-affine tile with matrix
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Ak and set of digits D’. Then
F(AF D) = ZA Ik po(Dy, — d¥)
= ATH(AM 4+ A+ Id)p(D) — p(dY))
~ (Y A7)
j=1
F- (Y a7 )e
j=1

[
Il
—

(4.35)

I
NE
"

.
Il
—

Suppose that d* satisfies the property that F(A*, D’) contains 0 in its interior. Then,
because 0 € D', the proof above shows that F(A¥, D’) gives an atomic self-replicating

tiling of K4 with matrix A* and translation set

oo

o(Dhe) = {3 A¥(dy) - d; e D'}

Jj=0

But the tile F is a translated copy of F(AF,D’), meaning that, in that case, F
would also induce a self-replicating tiling with matrix A* and translation set o(DL, —
> i A=Ikd@*). So, it remains to find d* € Dy, such that F(A*, D’) has 0 as an interior
point, which is equivalent to (Z;’;l A~I k)(p(d*) being an interior point of F.

Consider the set of finite sums

c_{ZAJ >1,d; eD}

which is dense in F. Since by hypothesis F° is non-empty, we can find some point
Z 1A p(d;) € F°N L. Let € > 0 such that the ball B.(z*) is contained in
F°. Take k: > ko and set

ko
d*:= AFz* =)~ AFId; e D,
j=1
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Now,
d<<§w>¢<d*>,¢<x*>) _ max{)\@w)d* o ,dB(@Am)d*,x*)}
m— @A—jk)yw* o ,dB((iA—jk)Akx*,x*)}
:max{H(zA—jk)Akm*_f ,dB(@A—jk)Akx*_x*,o)}.

(4.36)
Since A is expanding, we get the equality
S oA =AHId—- AR
j=1
which implies
(Z A*jk> Abg* — ¥ = (Id — A" 1g* — 2
j=1
=(Id— A" Ha* - (Id — A %)
I R e L

—k([d _ A_k)_l:z,‘*

A
(S a)a

j=1

Therefore, from (4.36) follows

()t e) e[| (54 (54)070))

In the Euclidean component, we get

I(35 )

o0

< Ja* I (DA rpe)

Jj=1

where ||A7¥|| denotes the Euclidean operator norm. Since A is expanding, the series
converges because ||A7F|| < p(A)™* < 1, where p(A) is the spectral radius of A.
Moreover, ||[A™*|| — 0 as k — oo and thus P |A=F|l7 — 0 as k — oo.

In the B-adic component, we get

() = () (S a7m)) 2
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and hence

an(( o4 )a",0) <v+1,

j=1
which also tends to 0 as kK — oo.

This means that we can choose k large enough so that

e}

(DA e(d),e@) < 5

Jj=1

and so
Bg/z((iA-j’“)wd*)) C B.(z") C F°.

(74) Assume that A is a group. Since by (i) there is a subset S C A for which
F + S tiles Ky, F + A is a covering of K4. Given any s # s’ in A, then it suffices to
show
0=pu((F+s)N(F+5))=uFnN(F+s —5s)).

Because A is a group, then s’ —s € A. That means that there exists k > 1 and d # d’
in Dy, such that s’ — s = ¢(d — d'), so the assertion is equivalent to

p((F +o(d) N (F + ¢(d)) =0,

which holds by (4.22). O

4.6 Characters

In order to prove the multiple tiling theorem, we use some results on the char-
acters of K4 and of a certain torus T. For more on the topic of character theory on

locally compact abelian groups, we refer the reader to [70, Chapter 4].

Definition 4.6.1 (Character). A character x on an abelian group G is a continuous

function x : G — S such that x(z +y) = x(x)x(y) for all z,y € G.

Lemma 4.6.2. The set of all characters of G constitutes a group, called the Pontrya-
gin dual of G, denoted by G. It satisfies the following properties:

1. The Pontryagin dual of@ 1s isomorphic to G.

2. The Pontryagin dual of the product G1 x Go is isomorphic to él X ég and the
characters are of the form x = x1 - x2 with x1 € @1 and xa € ég.
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3. Given a subgroup H C G, define the annihilator of H on G as
Ann(H) :={x € G : x(H) =1}.
Then (@E) ~ Ann(H) and H ~ G/Ann(H).
Proof. See [70, Chapter 4]. O

Characters of (Q, and more.

We are going to start our study of the characters in the simpler setting of n = 1.

In this case, an expanding rational matrix is a rational number § with modulus

greater than one. Let 3 € Q with a and b coprime integers, b > 2. Rational base
number systems were introduced and studied in Section 2.6, where we introduced b-
adic numbers. We defined the b-adic valuation 1}, and the b-adic absolute value | - |,
in Definition 2.6.1. The space K% = R x @, was the representation space. We begin
by showing that the Pontryagin dual of Q is isomorphic to Q.

Definition 4.6.3 (b-adic integer and fractional parts). Let z € Qp with b-adic expan-
sion z =377, ) 20 with z; € {0,...,b—1}. Define the b-adic integer part | -], and
the b-adic fractional part {-}y of z, respectively, as

~1

LZJ(, = izjbj € Zy, {Z}b = Z Zjbj € Z[%]

=0 =)
Lemma 4.6.4. For any z € Qp define the map

X1 Q= Sy exprifayhy). (4.38)
Then x . is continuous and multiplicative, that is, x.(y + ') = x=(¥)x= (V).

Proof. Fix z = Z;’iyb(z) b zj € Qp. For the multiplicativity, we prove first the follow-

ing claim: given w,w’ € Qp, it holds that
{wh +{w'}y —{w+uw'h €Z, (4.39)
By definition of the fractional part, {w}y + {w'}y — {w + W'}y € Z[b]. Also,

{wh +{w'h —{w+w'h = ({wh —w) + {w'}h — o) + W+ = {w+w'h)
= —lwp = [ ]p + lw + '] € Z[5]
Since Z[b] N Z[%] = Z, this yields the claim. Now, for any v,y we have {2(y+¢')}, =
{zy}s + {2y'}» mod Z, and this proves the multiplicativity.

For the continuity, let 3,1’ € Q, such that |y — /[, < *»(*). Then, for every
j > wp(2), it holds that |o/(y — y')|p < 1, and so b (y — ¢') € Zp which implies
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{b'(y —y)}y = 0. Then {2(y —y')}» = 0 and hence, by multiplicativity, x.(y) =
Xz(y/)~ O

Lemma 4.6.5. The characters over Qy are of the form

=1 Q= SY xa(y) = exp(2mi{zy}y)

for z € Qp. Moreover, there is a group isomorphism between Qp and @b given by

=

Proof. Consider the map Q, — @b, z — X.. We first prove that the group oper-
ations are compatible on both sets, that is, Xx,+.(y) = xz(y)x»(y) for every y =
Z;-iyb(y) Vy; € Qp. It is enough to show that S, 4./ (y) = S;(y) +S.(y) mod Z. This

is done analogously to the proof of Proposition 4.6.4.

Next, we show Y, # xg for z # 0, which implies injectivity. Let z = Z;’iyb( 2) vz,
with 2,,(;) € {1,...,b— 1}, and let y = b=*(*)=1. Then

{yehy = { Z bjzj-l—ub(z)-i-l}b = ZV’;)(Z) ¢ 7.

Jj=—1
For the rest of the proof, we refer the reader to Hewitt and Ross [37, p. 400]. O

Proposition 4.6.6. The characters of K% =R x Qp are of the form

Xrz:Ke =8 xpa(2,y) = xe(@)x2(y) = exp(2miar) exp(2mi{zy}y)

for (r,z) € K%. Moreover, there is a group tsomorphism between K% and HA{% given

by (1, 2) = Xr,z-

Proof. In view of Lemma 4.6.2 we have the isomorphism ]K% ~ R x @b. Since it is
known that R ~ R, it remains to show that @b ~ @Qp. This is a direct consequence of
Lemma 4.6.5. O

We have shown in Proposition 2.6.2 that the set p(Z[$]) is a lattice in Ka, where
© is the diagonal embedding. Since a and b and coprime, it is not hard to check that

©(Z[%]) = ¢(Z[}]). We write it as ¢(Z[}]) now so that the statements do not involve a.

Lemma 4.6.7. The set T = [0, 1]xZ; is a fundamental domain for the lattice p(Z[1]),
that is, T + @(Z[3]) is a tiling of Ka.

Proof. Let (z,y) € Ke. Denote by |-] and {-} the (real) integer part and fractional
part, respectively, and let z := {y}, + [z — {y}s] € Z[%}. One easily checks that

z=z+{r—{yh},
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where {z — {y}»} € [0,1], and

y==z+lyls — [z —{y}s)

where |y], — |2 — {y}s] € Zy. Hence, we have found z € Z[}] such that (z,y) €
T + ¢(z), therefore T + ¢(Z[¢]) is a covering of Ka. We show next that this value of

z is unique for almost every (z,y) € Ka.

First note that Z[%] N Zy = Z, hence if 2/ € Z[%] satisfies that y € 2’ + Z;, then
2" = {y}p+ c with ¢ € Z. Suppose that = € 2’/ +0, 1], then there exists u € [0, 1] such
that x — {y}p = c+u. If x — {y}, ¢ Z, then the only possible value of ¢ is [z — {y}s]
and in that case, 2/ = 2. Since x is an arbitrary real number and {y}, € Q, the set of

points (z,y) € Ke such that z — {y}, € Z has p-measure zero. O

The next step is to find the characters of T = [0,1] x Z;. This involves the
quotient group Qp/Zp; when b = p is a prime number, it is called the Priifer group
and is also denoted Z(p>).

Proposition 4.6.8. The characters over T = [0,1] X Zj are of the form

Xrz:Ke = S xea(2,9) = Xo(2)x:(y) = exp(2mizr) exp(2mi{yz}y)

forr € Z, z € Qy/Zy. Moreover, there is a group isomorphism between Z x (Qp/Zp)
and T given by (r,2) — Xr...

Proof. 1t is known that the dual of [0,1] is Z, hence the characters of [0,1] are of
the form y, with » € Z. We prove next that Z, ~ Qp/Zp. In view of Proposition
(4.6.6) and Lemma (4.6.2), it suffices to show that Ann(Zy) ~ Z, that is, given x, a
character of Qp, we show x.(y) = 1 for every y € Z, if and only if z € Zy,.

Let z € Zy and y € Zp. Then {zy}, = 0. Therefore, x.(y) = 1. Consider now
2= 320 Wz € Qp\ Zp; then vp(2) < —1. Let y = 1 € Zy. Then {2y}, =

Lattices.

In order to arrive at the study of the characters of K 4 for an n-dimensional matrix
A, we state some lemmas regarding lattices. The module Z"[A] plays a principal role
in the study of tilings by rational self-affine tiles. We will prove first that, embedded
into the representation space K4, this module becomes a lattice, and we show later
that it is a translation set for a multiple tiling given by copies of F. First, we formalize

the notion of lattice in our setting.

Definition 4.6.9 (Lattice). A subset A of K4 is a lattice if it satisfies the three

following conditions:

1. A is a group.
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2. A is uniformly discrete, meaning there exists r > 0 such that every open ball of

radius r in K4 contains at most one point of A.

3. A is relatively dense, meaning there exists R > 0 such that every closed ball of

radius R in K4 contains at least one point of A.
We show next that ¢(Z"[A]) satisfies these properties. We state a lemma first.

Lemma 4.6.10. There exists an integer K > 1 such that
Z" N BZ"B] = Z" N (BZ" + B*Z" + - -- + BXZ"). (4.40)

Proof. For k > 1, define the lattices

k
Ly[B]:=)_ Bz".

=1

Since L[B] contains BZ™ and B is invertible, the lattice £;[B] has full rank.
Consider a non-zero integer my, such that mpLi[B] C Z™. Then myLy[B] has finite
index in Z". From this fact, one deduces that the intersection Z" N L;[B] has finite

index in Z™ for every k > 1. Therefore, the chain of nested lattices
(Z"N Ly[B]) c (Z"NLe[B]) C---C (Z"NBZ"[B]) CZ"
must eventually stabilize after some K > 1. O
Proposition 4.6.11. The set o(Z"[A]) is a lattice in K 4.
Proof. The fact that p(Z"[A]) is a group follows from the additive group structure of

Z"[A] because ¢ is a group homomorphism.

To prove the uniform discreteness of p(Z"[A]), we claim that there exists 0 <
r < 1 such that d(p(z),0) > r for every non-zero z € Z"[A]. If d(p(z),0) > 1 then
we are done. Suppose on the contrary that d(¢(z),0) < 1. Since z € Z"[A], we can

write it as

k
z = ZAjzj, zj € 1", (4.41)
§=0

with zx # 0, and there is a minimal index k with this property. If z;, ¢ BZ"[B], then
Bkz € Z'[B] \ BZ"[B], so one has dp(z,0) = b*dg(B*z,0) > 1, in contradiction to
d(p(2),0) < 1. Thus, z; € Z" N BZ"[B]. By Lemma 4.6.10, there are vectors wi, wa,
..., wg € Z" such that

2k = Bw1+BQw2+---+BKwK.
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We claim that, in such case, one must have k£ < K. Suppose that k > K. Then

k—1 k—K—1 -1 k—1
z:Akzk—i—ZAjzj = Z Alzj + Z (2j + wy_j) Al :ZAjzg, z; € L".
j=0 j=0 j=k—K j=0

However, that would contradict the minimality of k. Therefore, k < K. Now, let m
denote the least common multiple of the denominators of the entries of A. Since z is
a sum of integer vectors multiplied by A*, 0 < k < K, the non-zero entries of z are
at least 1/m® in absolute value. Hence, d(¢(2),0) > |z|| = 1/m% =r.

We now turn to the proof of relative denseness. Let (z,y) € K4 be arbitrary.
Choose 2/ € Z" to be the closest integer vector to x, so that ||z — /|| < 1, and choose
y' € Z"[A] such that dp(y,y’) < 1 (this holds by taking v’ = {y} 5, see Definition
4.6.14 below). Hence, d((z,y), (2/,y’)) < 1. Choose y" € Z™ to be the closest integer
vector to 2/ —y’ € R™. Let z:= ¢ +¢" € Z"[A]. Then |2/ —z|| = ||z’ — ¢ —¢"| < 1.
Moreover, dp(z,y’) = dp(y”,0) < 1 because y” € Z™. Therefore, d((2,y'), ¢(2)) < 1.
This yields d((z,y), ¢(2)) < 2, which proves the Lemma. O

The next step is to define a space Z"((B*)) that will be crucial later when we

study the characters of K 4. Prior to that, we prove the following Lemma.

Lemma 4.6.12. The group Z"[A| NZ"[B] is a lattice in R™.

Proof. We show that Z"[A] N Z"[B] C Z" + AZ™ + - - - + AKZ" for some K > 1. Let
z € Z"[A] N Z"[B]. Since z € Z"[A], write z = Z?:o Alzj, with z; € Z", 2, # 0 and
kE minimal. If & = 0, then z € Z". Assume k > 1. Since z € Z"[B], from solving

for zj it follows that 2z € Z"™ N BZ"[B]. By Lemma 4.6.10, one can find vectors

wi, Wy, ..., WK € Z"™ such that

2z, = Bwy + BQ’LUQ +---+ BKwK, (4.42)

and by proceeding like in the proof of Proposition 4.6.11, one shows k < K. Therefore
the inclusion follows. This implies that Z"[A] N Z"[B] is contained in a lattice, and

also it trivially contains the lattice Z™. Since it is a group, it is itself a lattice. O
For an arbitrary lattice A C R", define its dual lattice by
AN :={x € Z" : (x,z) € Z for every z € A},

where (-, ) denotes the usual scalar product in R™. Denote by A* the transpose of A,
and let A and I be full rank lattices such that

ZMAINZMB] C A and  T[A*]|NT[BY] C A* C Z". (4.43)
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This is possible because Z"[A] N Z"[B] is a lattice by Lemma 4.6.12, and the proof
that I'[A*] N T'[B*] is also a lattice is analogous.

Definition 4.6.13 (B-adic and B*-adic expansions). Let £ C Z™ be a complete set
of residue classes of Z"[B|/BZ"|B] with 0 € €. Then everyy € Z"((B)) has a unique
expansion of the form o
y= > By, ycé, (4.44)
j=vB(Y)
which we call the B-adic expansion of y with coefficients in €. Recall that vp(0) = oo,

so the B-adic expansion of 0 is the empty sum.

Let B* denote the transpose of B. Consider the full rank integer lattice I' sat-
isfying (4.43) and let £ C T C Z" be a complete set of residue class representatives
of T[B*]/B*T'[B*| with 0 € £*. Consider the space Z"((B*)) defined analogously to
Z™((B)). Then every s € Z"((B*)) has a unique expansion of the form

)
s = Z B*jsj, s; €&, (4.45)

j=v*(s)

where v* is the valuation in Z™((B*)) defined in the same way as vg. We call this the

B*-adic expansion of s with coefficients in E*.

Definition 4.6.14 (B-adic and B*-adic fractional and integer part). Given y €
Z"((B)) with B-adic expansion /.4, we define the B-adic fractional part and the

B-adic integer part of y, respectively, as

—1 0o
{y}p = Bly;,  lyls=) By
J=vs() j=0

Given s € Z™((B*)) with B*-adic expansion 4./5, we define the B*-adic fractional

part and the B*-adic integer part of s, respectively, as

-1 oo
{s}p = Z B*s;, |s]p = ZB“S]-.
j=o(s) =0

From here onwards, whenever we have a B-adic series (resp. B*-adic series), we

assume the coefficients to lie in € (resp. £*).

Remark 4.6.15. Recall that b = |E|. We claim that, if b =1, then the multiple tiling
theorem holds. Note that, in this case, det A = a is an integer. Indeed, an analogous
version of Theorem J.7.5 is proven by Lagarias and Wang in [51] for integer matrices.
However, they show in [51, Lemma 2.1] that this results also holds for self-affine tiles
associated to expanding real matrices A € R™ ™ with integer determinant, as long as
there exists an A-invariant lattice in R™ containing the difference set D—D. If F(A, D)
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is a rational self-affine tile and b = 1, then Z"[A]NZ"[B] is a lattice by Lemma /.6.12,
and it is A-invariant because Z"[B|/BZ"[B] is trivial and hence AZ™B] C Z"[B].
Consider ¢ € Z\ {0} such that cD C Z"; then D —D C 1(Z"[A]NZ"[B]), which is an
A-invariant lattice. Therefore, the assumption that b > 2 made in Remark 4.2.3 also

applies to this section.

Remark 4.6.16. We can assume w.l.o.g. that £ has a subset {ci,...,cn} such that
the lattice © := (c1,...,cn)z has full rank in R™. To show this, suppose first that
b > n. Take a matrix R € Z™" whose columns are distinct elements {ci,...,cn}
of €. Consider the integer matriz N(t) := tB — R, where t € N is chosen so that
tB € Z"*". Its determinant is det (N (t)) = det (B) det(t-Id—AR) = det (B) xar(t),
where x ar(t) € Q[t] is the characteristic polynomial of AR. For all but finitely many
t € N, it holds that xar(t) # 0. Hence, we can choose t in a way that the column
vectors {c1,...,¢n} of N(t) are linearly independent, and hence they span a full rank
integer lattice. Note that c; —c; € BZ"™ for j =1,...,n, so we can replace each c; by

c;, and this produces a new residue set E with the required property.

Suppose now that 1 < b < n. Choose k > 1 so that b* > n. Note that a
complete set of residues for Z"|B*]/B*Z"[B¥] is given by € + BE + --- + BF¥1E, so0
|Z"[B*)/B*Z"[B¥]| = b* > n. Suppose that we consider the digit system (A* Dy)
with Dy, as in (4.20); then & satisfies the assumption of the previous paragraph. Note
that from the iterated set equation (4.21) it follows that F(A*, D) = F(A, D). Hence,
whenever |E| < n we can work with (A*,Dy) instead of (A, D) and with £ + BE +

+ BF1E instead of £.

It is well known that the characters on R™ are given by
Xr: R" — St x — exp(2mi(x, ),

where r € R", and R" ~ R" via the isomorphism 7 — x,.

For any s =377 . ) B*Js; € Z"((B*)) with s; € £*, define the map
Xs : Z"((B)) — S1, y — exp(2miSs(y)), (4.46)
where -
= > {Bly}s.s)). (4.47)
j=v*(s)

The map is well defined because {B’y}p = 0 for all but finitely many indices j. We

show next that this map is indeed a character.
Proposition 4.6.17. For every s € Z"((B*)), the map x5 defined in (}.40) is con-
tinuous and multiplicative, that is, xs(y +y") = xs(y)xs (V).

Proof. Fix s = } 22 Ve (s) B*s; € Z"((B*)) with s; € £*. For the multiplicativity, if
suffices to show that Ss(y+1v') = Ss(y) + Ss(y') mod Z. We prove first the following
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claim: given w,w’ € Z™((B)), it holds that
{wip +{w'}p —{w+uw'}ip €A, (4.48)

where A is the lattice satisfying (4.43). By definition of the B-adic fractional part,
{wig +{W'}p — {w+w'}p € Z"[A]. Also,

whs+ {Whs — (w+e)s = (w)s )+ ()5 ) + (w0 — o+ w')o)
= —|w|lp— ||+ |w+]|peZAT].

Since Z"[A]NZ"[A~!] C A by definition of A, this yields the claim. Now, for any y, 3’

we have

Se) + Ss() = Ssw+y) = > {Blyts+{By}s—{B(y+1)}s,s;) (449)
j=v*(s)
where {By}p+{By'}p—{B/(y+¥')} s € A by (4.48). The summands in (4.49) are
non-zero only for a finite number of j’s. For every index j, we have s; € £* CT' C A*,
thus by definition of dual lattice,

{B'y}p +{B}s —{B'(y+1)}B,sj) € L

and the multiplicativity of ys is established.

For the continuity, let y,7 € Z™((B)) such that dp(y,y’) < b*"(®). Then, for
every j > v*(s), it holds that dg(B’y, B’y') < 1, and so B’(y — ') € Z"[[B]] which
implies {B’(y —y')}p = 0. Then Ss(y —y') = 0 and hence, by multiplicativity,

Xs(y) = xs(y'). Thus x, is locally constant and, hence, continuous. O

We will show that the Pontryagin dual of K4 is isomorphic to R™ x Z"((B*)).

To do so, we prove some lemmas first.
Lemma 4.6.18. Let -
> By, € Z((B))
k=vp(y)
with yi, € € and
> .
= Z B*s; € Z'((B*))
j=v*(s)
with s; € £* be given. Then

o

Z ({B'y}p,s;j) = Z (y, {B**s}3).

Jj=v*(s) k=vp(y)
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Proof. From direct calculation, we obtain

o0 0o —7—1
Ss)= Y. {Bylssj)= < > Btk yk73]>
j=v*(s) j=v*(s) k=vp(y)
00 —j—1 —k—1
- Z Z (yi, B +Hs;) Z Z (yg, B +Hs;)
j=v*(s) k=vp(y) k=vp (y) j=v*(s)
[e'e) —k—1 00
_ Z Y, Z B*]Jrk — Z <yk7 {B*k‘s}*B>
k=vp(y) =v*(s) k=vp(y)

O

Our next step is to establish a Pontryagin duality between Z™((B)) and Z™((B*)).
For that purpose, we express both sets in terms of projective limits. For more on the

topic we refer the reader to [72|. For each k € N, consider the quotients
&, == Z"[B]/B*Z"B).
Clearly, &, C E;41 for every k, so we can define the canonical projections
g Ekr1 — Ek, z+— z mod B".
Therefore, we have a projective system
N LI AL N G L
which entitles the existence of the projective limit

l'glgk ={(My)ken : My € & and 7 (Myi1) = My, for every k},
keN

and it holds that

Z"((B)) ~ lim lim B™/¢j,. (4.50)
jEN keN

Analogously, for k € N consider
& :=T[B*]/B*1[B"].
Then

Z"((B")) = lim lim B* /¢
jEN keN

Proposition 4.6.19. The characters of K4 are of the form

Xrs : Ka — 517 Xr,s(T,y) = Xr(2)Xs(y) = exp(2mi(w, 7)) exp(27iSs(y)),
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forr € R", s € Z"((B*)), with Ss(y) as in (4.47). Moreover, there is a group
morphism given by (r,s) — Xr.s.

Proof. In view of Lemma 4.6.2 we have the isomorphism ]K; ~ R" x Z”/(EE)) It is
known that there is an isomorphism R" ~ Rn given by r — x,. Consider the map
Z"((B*)) — Z"/((E)), s — Xs; we show that it is an isomorphism. We first prove
that the group operations are compatible on both sets, that is, xs+s(y) = xs(¥)xs (y)
for every y = 3772 VB(y)B y; € Z"((B)) with y; € £. It is enough to show that
Ssis(y) = Ss(y) + S¢(y) mod Z. Applying Lemma 4.6.18, we get

oo

Ss(y) +Se(y) = Sers (W) = D (yj ABs} + {Bs'Y; — (B (s + 5 )}).

j=ve(y)

Proceeding in analogy to the proof of Proposition 4.6.17 and using the definition of

B*-adic fractional part, we can see that, for every index j > vp(y),
(BsYs + (B} — (B (s + 8)}5 C T[BY] NT[B* ™ c A" € 2,

with A* as in (4.43). Since y; € £ C Z" for every j > vp(y) and is finite only for a
finite number of indices, this yields the first part of the proof.

Next, we show the injectivity. In view of the first part of the proof, it suffices to
show that xs # 1 for s # 0. Let s = 322 “(s) B*is; € Z"((B*)) \ {0} with s; € &,
and consider a point of the form B~!c € Z"((B)) for 0 # c € £ and [ € N. Note that
{B’~!c}p = 0 whenever j > I. Therefore, applying again Lemma 4.6.18 we get

-1

i <Bj*lc,sj>: Z <c,B*j_l :< Z Bl >

j=v*(s) j=v*(s) =v*(s)

Suppose xs = 1, then Sy(B~!c) € Z for every | € N and every ¢ € £. Recall that
in Remark 4.6.16 we assumed w.l.o.g. that £ has a subset {ci,...,¢,} such that
O :={(c1,...,¢)z is a full rank lattice in R™. Thus Ss(B~'©) C Z and hence, by the
definition of dual lattice, Z;-:,*(s) B*l_jsj € ©* holds for all [ € N. Since s # 0, we
have that

Z B*l j B*l v (s) 4 B*F) \ (B*Z—V*(S)_lr 4+ B*I‘)
(s)

Then (B*l*”*(s)F+~ -4 B*T");>1 is a strictly nested sequence of lattices in Q™. Given [,
consider the entries of all the vectors of B*=*" () 4 ... 4+ B*T" expressed as irreducible
fractions, and define m; to be the maximum of the denominators of these fractions.
It is clear that m; < myy;. However, note that (m;);>1 does not stabilize: this
would imply that, for some lattice A;, there are infinitely many steps in which we can

add a point and form a strictly larger lattice, while not increasing the bound on the
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denominators, which is not possible. This means that ©* contains points with entries

having arbitrarily large denominators, which is a contradiction.

—

For the surjectivity, consider a character y € Z"((B)). By classical arguments
following [70, p. 139], we obtain from (4.50) that

Z7((B)) ~ lim lim B1&.. (4.51)
JEN kel

Since B~1&;, = B~JZ"[B]/B*JZ"[B] is a finite group of cardinality b*, so is its
dual. Consider the group

G, = BY7*T[B*|/B*T (B,

and note that |G| = b* because I is a full rank lattice (and hence, isomorphic to
Z"). Given s € Gjy, we can regard it as an element in B*=F&* 4 ... 4 pr-lgx
and consider the character x, as in (4.46). Note that x, € Ann(B*7Z"[B]) (see
Lemma 4.6.2); hence, s is a character of B~7&;. Also, for s # 0 in Gk, there is
y € B7I&; such that S,(y) # 0: in fact, there exists [ with j —k <1 < j — 1 with
s; # 0; since € spans a full rank lattice, find ¢ € £ such that (c,s;) # 0 and take
y = B~lc. Hence all the characters s for s € G, are distinct over B7I&,, and since
|B77&| = bF = |G, x|, this implies that B/—J\Sk ~ Gk, so (4.51) yields

Z7((B)) ~ lim limy G

jEN keN

It is not hard to establish an isomorphism G ~ B*_jE;;, and so

x € limlim{x, : s € Gj} ~ @@B*‘j&g ~ 7"((B")),

jeNkeN jeNkeN

therefore every character x is of the form y = ys for some s € Z"((B*)). O

4.7 Multiple tiling theorem

The main result of this section states that, whenever F(A, D) is a tile, it gives a
multiple tiling of K 4. In this final section, we will prove that rational self-affine tiles
give a multiple tiling of the representation space. We will make use of the character

theory we have developed in the previous section.

Recall that the set p(Z"[A]) is a lattice by Lemma 4.6.11, hence the torus T :=
Ka/p(Z™[A]) is well defined and compact. We endow it with the normalized quotient

measure [, which is the Haar measure on T. Denote the multiplication by A on T as

T4: T — T, (z,y) — A(z,y) mod p(Z"[A]),
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which is well defined because ¢(Z"[A]) is A-invariant. We will prove that this map is

ergodic by using the following lemma.

Lemma 4.7.1. If G is a compact abelian group with normalized Haar measure and
T : G = G is a surjective continuous endomorphism of G, then T is ergodic if and
only if the trivial character x = 1 is the only character of G that satisfies x o TF = x

for some k > 1
Proof. See |81, Theorem 1.10.1]. O

We are in position to prove the following result.

Lemma 4.7.2. The map T4 is ergodic.

Proof. Because A is an invertible matrix, 74 is a continuous surjective homomorphism.
We first prove that it is measure preserving. Note that p(Z"[A]) is a sublattice of
index a of A~1¢(Z"[A]). This implies that, for any measurable set E C T,

al{ (. ymr A(z,y) mod @(Z"[4]) € EY)
({(x,9) €T : (x,y) mod A~'p(Z"[4]) € A~'E})
i({(z.y) €T : (x,y) mod (Z"[A]) € A7 E})
afi(A™ E) = (E).

alry () =

I
a

By Proposition 4.6.19, the characters of K4 are of the form y, s for r € R"”,
s € Z"((B*)). Since T = Ka/@(Z"[A]), by Lemma 4.6.2 there is an isomorphism
T ~ Ann(p(Z"[A])); this means that a character of T is of the form x, , and satisfies
Xr,s(p(2)) = 1 for every z € Z"[A]. Suppose there exists a character x, s € T satisfying
Xr,s O TJX = Xr,s for some k > 1. In view of Lemma 4.7.1, it suffices to show that x, s

is constantly equal to 1. We have that, for every (z,y) € T,

Xr,s © Tﬁ(iﬂ, y) = Xr,s (.%’, y)7

meaning

exp(2mi((r, A"x) + S5(A™y))) = exp(2mi((r, z) + Ss(y)))

with Sg defined in (4.47). Letting y = 0 implies
(r, A¥z) = (r,z) mod Z

and so, for every x € [0,1]",
(A*Fr — v 2) € 7,

which can only be true if A*¥r —r = 0. Suppose 7 # 0; this implies that A** has 1 as
an eigenvalue, and so therefore A has 1 as an eigenvalue, which contradicts the fact

that A is expanding. Hence, r = 0.



106 Chapter 4. Standard and non-standard digit systems

Next, we prove that x(o,) € T implies s = 0. For every z € Z"[A] we have
L = X(0,5((2)) = x0(2)xs(2) = xs(z). Consider points of the form z = Ale = B7lc
with I > 1, ¢ € £&. Then Ss(Blc) = (¢,{B*7!s}%) € Z. Recall that £ contains a
subset that spans a full rank lattice @. By the definition of dual lattice, this implies
that {B**ls}}} € O* for every | > 1. Suppose s # 0, then the leading B*-adic
coefficient satisfies s,-(5) € I'\ B*I', because the coefficients live in £* C I" which is
defined to be a residue set for I'[B*]/B*I'[B*]. Moreover, we have that

(B sy e BT+ + BT+ D)\ (BT + .. + BT 4+ 1).

Define inductively Ay := T" and A;; the lattice spanned by A; and {B*_IS}E. Then
(A7)1>1 is a strictly nested sequence of lattices in Q, all of which are contained in O*.
Given [, consider the entries of all the vectors of A; expressed as irreducible fractions,
and define m; to be the maximum of the denominators of these fractions. It is clear
that m; < myy1. However, note that (my;);>1 does not stabilize: this would imply
that, for some lattice A;, there are infinitely many steps in which we can add a point
and form a strictly larger lattice, while not increasing the bound on the denominators,
which is not possible. Hence the sequence of denominators (my);>1 tends to infinity.

This contradicts the uniform discreteness of the lattice ©@*. O

We arrive at our final result. The proof is based on the one of [51, Theorem 1.1].

We recall the reader of the definition of multiple tiling given in Definition 4.5.1.

Theorem 4.7.3. Let F = F(A, D) be a rational self-affine tile. Then F + o(Z"[A])
is a multiple tiling of K 4.

Proof. Let i be the normalized Haar measure on the torus T = Ky4/p(Z"[A]). Con-
sider the canonical projection m : K4 — T, and define the function @ : T — Zxg

as
D(z,y) := 7" (z,y) N F],

where |-| in this context denotes the cardinality (not to be confused with the absolute
value). Then @ counts the points on F that are congruent to (x,y) modulo ¢(Z"[A]).
Since F is compact, @ is finite everywhere, hence it is well defined. Also, @ is positive
in a set of positive measure since p(F) > 0. If we prove that @(z,y) is equal almost
everywhere to some k£ € N, this implies the statement of the theorem: it means that
almost every point of K4 gets covered by exactly k translates of F when translating
via the set p(Z"[A]). Note that @ is constant almost everywhere if and only if there
exists k such that every S C T satisfies

/S B(z,y) dp(z,y) = k (S). (4.52)
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To obtain this, we show first that @ satisfies

dey)=- Y ), (15)

a
(@ y)ery (zy)

where 74 is the multiplication by A on the torus.

Using the set equation (4.17) of F and the fact that ¢(D) C ¢(Z"[A]), we have

7y N AF] = |7 @) (U F + @)

deD
= |U e @) - w@)n 7| (4.54)
deD
=> " |r Ha,y) N Fl = ad(x,y).
deD

Recall that the index of the sublattice Ap(Z"[A]) of p(Z™[A]) is a, which implies that

|7’£1($,y)| = qa, and so

m (2, y) N AF| = % S lraly) N AF. (4.55)

(@ y)ery (zy)

Also, for any (u,v) € Ky, it holds that |((u,v) + @(Z"[A])) N AF| = a|((u,v) +
Ap(Z"[A])) N AF|, and hence, for each (2',y) € 7 (x,y),

7 (rala’ ) NAF| = alAn" (@' y) N AF| = aln” (2’ ) N F| = ad(a’,y).
(4.56)
Thus from (4.55) and (4.56) follows that

ey nAFl= Y ey, (457)

(@ y)ery (z,y)

Combining (4.54) and (4.57) yields (4.53). Applying (4.53) and doing the change
of variables (z,y) — Ta(z,y) we get

— _ l :L,/ / il
/S@(x,y)d,u(a:,y)—/ Z (x',y') dip(z, y)

s5a !yl -1
(x'y)ery (z,y)

:/_1 ! > (', y') adp(z, y)
TaA (S)

a
TA(Z' Y )=Ta(,y)

(4.58)

_ / b(z,y) di(z, y).

1 (9)
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Because the map 74 is ergodic by Lemma 4.7.2; iterating (4.58) 7 > 1 times and
afterwards applying the ergodic theorem (see [27, Theorem 3.20]), yields

[opnty = [ e ydate.y
S

C)

_ /T Lo(r) (2, y))B(, y)di(z, y)

(AN
~ [ (§ X104 ) o dite. )

L (S) /T B(z,y)dp(z,y) = k a(S),

(4.59)

N—o0

and this concludes the proof. O
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Chapter 5

N-continued fraction sequences

This chapter contains results published in the article Generalizations of Sturmian
sequences associated with N -continued fraction algorithms (Journal of Number Theory,
2023, [56]).

In this chapter, we will introduce a family of sequences over the alphabet {0, 1} re-
lated to the so-called N -continued fraction algorithms that were introduced by Burger
et al. [21]. Given a positive integer N and z € [0,1] \ Q, an N-continued fraction
expansion of x is defined analogously to the classical continued fraction expansion,
but with the numerators being all equal to N. Inspired by Sturmian sequences, we
introduce the N-continued fraction sequences w(x, N) and W(x, N), which are related
to the N-continued fraction expansion of . They are infinite words over a two-letter
alphabet obtained as the limit of a directive sequence of certain substitutions, hence
they are S-adic sequences. When N = 1, we are in the case of the classical con-
tinued fraction algorithm, and obtain the well-known Sturmian sequences. We show
that w(z, N) and &(z, N) are C-balanced for some explicit values of C' and compute
their factor complexity function. We also obtain uniform word frequencies and deduce
unique ergodicity of the associated subshifts. Finally, we provide a Farey-like map for
N-continued fraction expansions, which provides an additive version of N-continued

fractions, for which we prove ergodicity and give the invariant measure explicitly.

5.1 Preliminaries

5.1.1 N-continued fraction expansions

Let N be a positive integer. As a variation on the regular continued fraction
algorithm, Burger et al. introduced N-continued fraction expansions in [21|. Given
a real number = € [0, 1], an N-continued fraction expansion (or NCF expansion, for

short) of x is an expansion of the form
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with N-continued fraction digits d, > 1. If N > 1, it turns out that there exist
infinitely many different NCF expansions of z (see [25]). Though, when we impose
that d,, > N, we find a unique infinite expansion for all irrational numbers and exactly
two finite expansions for rational numbers. These expansions are called the greedy

NCF expansions.

For N = 1, we find back the regular continued fraction algorithm. For the
case N > 2, these continued fractions share some properties with the regular ones
but there are also differences worth mentioning. For example, in contrast to the
regular continued fraction expansions, any number has infinitely many different NCF
expansions, see [7, 25]. Also the behavior of quadratic irrationals seems to be very
different. For regular continued fractions, we know that any quadratic irrational has
a purely or eventually periodic expansion. In [21] it is proven that for every quadratic
irrational number there exist infinitely many eventually periodic NCF expansions
with period-length 1. On the other hand, for a fixed N > 2 it seems that there
are quadratic irrational numbers with aperiodic NCF expansions, see [25]. Another
difference is that for Lebesgue almost all € [0, 1] the regular continued fraction
expansion has arbitrarily large digits, but for NCF expansions we can find for every

x an NCF expansion such that the digits are bounded, see [49].

We look at the greedy NCF' expansion obtained from the map Txy. Fix N > 1
and define T : [0,1] — [0,1] as

N_|N| .
Tn(z) =4 " [z] @70 (5.1)
0 xz =0,

see Figure 5.1 for examples. Set di(z) = L%J and d,,(z) = di(Tn *(x)) whenever
T (x) # 0. For x we find

This continued fraction expansion is finite if and only if z € Q. We only want to
consider expansions with infinitely many digits, hence from here onward we assume
x € [0,1] \ Q. Following the notation of [21|, we denote d, = d,(z), and write
x = [0;dy,da,...]n for the greedy expansion of z. Note that this greedy expansion is
the unique NCF expansion of x whose digits are all greater than or equal to N. On

the other hand, each sequence (dy,),>1 with d, > N occurs as a greedy expansion of
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FI1GURE 5.1: The map Tx for N = 2 on the left and N = 5 on the
right.

some irrational z € [0,1] \ Q.

5.1.2 Substitutions and S-adic sequences

Consider a finite alphabet A and let A* be the free monoid generated by A
equipped with the operation of concatenation, that is, A* consists of all the (finite)
words wy - - wp—1 with n € N and letters wg,...,w,—1 € A. The choice n = 0
corresponds to the empty word which is denoted by €. A word u € A* is called a
factor of v € A* if v € A*uA* and we denote it by v C v. We call u € A* a prefix
of v if v € wA*, and a suffiz of v if v € A*u. We also define AN as the space of
(right) infinite words or sequences wowy - - - with wg, wy, ... € A. We endow AN with
the product topology of the discrete topology on each copy of A. A word u € A* is a
factor of w € AV if w € A*uAY and a prefix of w if w € uw.AV.

For every u € A*, denote by |u| the length (i.e., the number of letters) of u. For
every a € A, denote by |ul, the number of occurrences of the letter a in the word
u, and, for a word v, denote by |ul, the number of occurrences of v in u. Given
we A* U AN we write w = wowiws - - - where w; € A. Given a € A and d € N, we

d:

write a a---a.

Y
d times

We define the abelianization map as
1: A - NAL s Hufg)aea. (5.2)
The language L, of a sequence w is given by

L, :={ue A" : uis a factor of w}.

A map o : A — A*\ {€} is a substitution over the alphabet A. The domain

of o can be extended to A* by concatenating the images of each letter, that is, o is
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an endomorphism over the free monoid A*. This allows even to naturally extend the

domain of ¢ to the set of sequences AN,

Given a substitution o, we define its incidence matriz as the square matrix
M, = (|o0(j)]i)ijea. This definition immediately implies that 1(c(u)) = M,1l(u) for
every u € A*. We say that ¢ is unimodular if det M, = +1. The substitutions that

we consider will be non-unimodular in the case N > 2.

Definition 5.1.1 (Directive sequence and S-adic sequence). Let o = (0y,)n>1 be a
sequence of substitutions op, : A* — A* over the alphabet A. We denote the set of
substitutions as S = {oy, : n > 1}; this set may be finite or infinite. We say that o is

a directive sequence.

A sequence w € AN is an S-adic sequence (or limit sequence) of the directive

sequence 0 = (0p)n>1 if there exist w® w@ e AN such that

w® =, W = o‘n(w(n+1)) for allm > 1.

See [79] and [18] for results on S-adic sequences in the unimodular case.

Definition 5.1.2 (Generalized right eigenvector). Denote by R‘i the set of vectors
with positive entries in R, Let (My,)n>1 be a sequence of matrices in Nxd A yector

u € R% with |luly =1 is said to be a generalized right eigenvector for (My)n>1 if

() M- MR} =R, u. (5.3)

n>1

Given a directive sequence o = (0n)p>1 on an alphabet A, we say that u € ]R'_f"
is a generalized right eigenvector of o if u is a generalized Tight eigenvector of the

corresponding sequence of incidence matrices (Me,, )p>1.

On the topological space AN we consider the left shift ¥ defined by ¥ (wows - - - ) =
wiwy - - -, where w; € A. Given a sequence w on the alphabet A, consider the closed

set

Xy ={¥"(w) : n € N}

Then (X,,Y) constitutes a topological dynamical system called a subshift. We are
interested in ergodic properties of this type of dynamical systems for NCF sequences,

which translate to the existence of word frequencies.

5.2 N-continued fraction sequences

In this section, we will define our main objects of study, which are two families of
binary sequences called NCF sequences and dual NCF sequences. To do this, for each
irrational z € [0, 1] we will first construct two S-adic sequences. The choice of these

sequences is what is known as a substitution selection for the NCF algorithm and its
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natural extension in the sense of [17]. We start with relating directive sequences of

substitutions to N-continued fraction expansions.

Definition 5.2.1 (Directive sequences for N-continued fraction expansions). Let N >
1 and let x = [0;dy,da,...]n € [0,1] \ Q.

1. For each n > 1, consider the substitutions

0— 0% 1%,
On .
1—-0.

We assign to x the directive sequence oy = (0p)n>1. We denote S = {oy, : n >
1}.
2. For each n > 1, consider the dual substitutions

0 — 091,

1 — oV,

On :

We assign to © the directive sequence 64 = (Gp)n>1. We denote S = {on : n>
1}.

For each n > 1, the corresponding incidence matrices of o, and &,, are given by

d, 1 n
Man - y Man = d N .
N 0 1 0

Note that they are the transpose of each other. Moreover, easy calculation shows that
when d,, > N, which is the case in the greedy algorithm that we have chosen, the
matrices are Pisot. Recall that a matrix is said to be Pisot if one of its eigenvalues is
a real number greater than 1, and the rest of its eigenvalues have modulus less than 1.
Pisot matrices are very relevant in the study of substitutions (see for instance [2]). We
would also like to remark that these are not the matrices of the Mobius transformations
associated to the inverse branches of T (x). The difference is that the numbers of
on the diagonal have to be swapped as well as on the anti-diagonal. One can achieve
this by relabelling 0 as 1 and vice versa. However, this will not affect our results.
We chose the substitutions as it is so that the dual substitutions &, are a particular
instance of so called [-substitutions for simple Parry numbers (see [15, Section 3.2]

and [32]).
Definition 5.2.2 (N-continued fraction sequence and its dual). Let N > 1 and
xr = [O;dl,dg,...]]\[ S [0,1] \Q

1. We define the NCF sequence w(x,N) as the S-adic sequence of the directive
sequence o5 = (0y)n>1. The finite words (01000 --00,(1))p>1 form a nested

sequence of prefizes of w(x, N) and they satisfy
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w(x, N) :JLU;OQOUQO”'OUn(l)'

2. We define the dual NCF sequence W(z, N) as the S-adic sequence of the directive
sequence 05 = (Op)n>1. The finite words (010020 --06,(0))p,>1 form a nested
sequence of prefizes of W(x, N) and they satisfy

w(x,N) :T}Ln;oaloago‘--oan(O).

By Definition 5.1.1, if w(z, N) is the S-adic sequence of the directive sequence
0: = (0n)n>1, then there exist w® w® ... € AN such that w™ = w(z, N) and
w™ = g, (WD) for all n > 1. It is not hard to see that w™ = w(TE *(z), N)
because Tn(z) = [0;da,ds, .. .]n. The same holds for &(z, N).

The notion of limit used in Definition 5.2.2 is rather informal, since we have finite
words “converging” to an infinite sequence, but in this case it simply means that we

have a nested sequence of prefixes of increasing length.

We introduce the following notation. Define the words
Yo :=1, Y, =0100920---00,(1) for n > 1.

By the definition of the substitutions o, in Definition 5.2.1 (1) the words ¥,, satisfy
the recurrence
Si =TSy forn>1 (5.4)

The first iterations are

Yo = 1, ¥ =0, ¥y = 0M1V, Yy = 041NN .. gd1N o,

de times
Y, = 0d11N0d11N . 'OdllNON .. ‘Od11N0d11N . "0d11N0N0d11N . -OdllN )
dy times dy times N times
ds t\irmes
Analogously, let
io =1, S = 0, f]m_l :=010090---00,(0) for n > 1.

Then from Definition 5.2.1 (2) we immediately see that

Shi1 = i;ﬂniﬁ_l for n > 2. (5.5)
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The first iterations are

So=1, S,=0, So=0%1, S3=0410%1...0%10",

d» times
S =041041. .00V ... 001071 .. 0B 0N pB1 .. 0%,
do times do times N ti?nes
ds times

Let w € {0,1}" be a sequence over two letters and a,b € {0,1} with a # b. We
say that a factor v = a - - - a of w is a mazimal a block of w if either vb is a prefix of w of
bub is a factor of w. The recurrences (5.4) and (5.5) immediately allow to characterize

maximal a blocks for w(xz, N) and &(z, N) according to the following lemma.
Lemma 5.2.3. Let N > 1 and x = [0;d1,da,...|n be given.

(1a) 1V is the only maximal 1 block of w(x, N).

(1b) 0% and 01+N are the only maximal O blocks of w(x, N).

(2a) 1 is the only maximal 1 block of &(x, N).

(2b) 0% and 0M+N are the only mazimal O blocks of &(z, N).

Note that the NCF sequence w(x, N) can be obtained from the dual NCF se-
quence &(x, N) by substituting each occurrence of 1 in @(z, N) by 1V. This is true
because the sequences (3,),>1 and (in)nZI satisfy the same recurrence formula, and
the only difference is that o = 091N and f)g =01,

Formally, consider the substitution

0~—0, (5.6)
11N, '
Then
w(xz,N)=T1(w(x,N)) (5.7)

holds. Hence, the dual NCF has essentially the “same shape” as the regular one but is
a bit easier to work with. We will later use this correspondence to be able to transfer
properties of one sequence to the other. The sequence w(x, N) has the advantage
that the ratio of the letter frequencies converges to x, which makes it a more natural

choice.

5.2.1 Letter frequency and generalized right eigenvector

Let N > 1 and consider the expansion x = [0;d;,da,...]ny € [0,1] \ Q. Define

the convergents ¢, = Iq)—” forn > 1 as
n

P 0idy, dy, . ., dn]n,

an
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and choose p,, and ¢, so that they satisfy the following recurrence relations:

p-1=1, po =0, Pn = dppn—1 + Npp_2, (5.8)
q—1 =0, qo =1, Gn = dpgn—1 + Nqn—2.

Then we have x = lim,,_, Z—:. Consider the directive sequence o, = (0p)n>1

and the corresponding sequence of incidence matrices (My, )n>1.

Set My ) = Moy My, - -+ M, . Then we find that

qn  Gn-1
n n—

Since 1(1) = 40, 1), we have
1(0’1 O-+--0 O'n(l)) = M[Ln] (?) — (Z’ﬂ—l>
n—1

o1 0---00m(1)]

and, hence, we gain

. . Pn—1
1 = = 1. .
n1—>Holo ’(71 0-++0 Un(l)‘o n1—>HOlO Gn—1 * (5 9)

We define the frequency of a letter a € A in the sequence w € AN as

foi= lim Pl (5.10)

p|—o0 [P
provided that the limit, which is taken over the prefixes p of w, exists. If the limit does
not exist, we say that a does not have a frequency in w. Equation (5.9) implies that
the N-continued fraction sequence w(x, N) has letter frequencies and the frequency

vector is given by (fo, f1) = ( ) . We show next that this vector is in fact a

1
T 4T
generalized right eigenvector for o,. We will use the following auxiliary lemma.
Lemma 5.2.4 (Birkhoff [20]). Let (Bp)n>1 be a sequence of matrices with non-
negative entries. If there exists a matriz B with strictly positive entries, an inte-
ger h > 0, and a strictly increasing sequence (m;)i>1 of positive integers such that

B = By, -+ By, +h for each i > 1, then (By)n>1 has a generalized right eigenvector.

See also Furstenberg [33] and for instance the proof of |79, Proposition 3.5.5]
where a slightly weaker statement given. Lemma 5.2.4 is used in the proof of the

following result.

Lemma 5.2.5. The directive sequence o5 = (0n)n>1 of NCF substitutions has a
generalized right eigenvector given by (fo, f1) = (%H, )
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1 4+ N 1
A= N and D = .
0 1 N 0

Note that, for every n > 1,

dn—N
My, = (™ = (D) (Y ) 2 amevp,
"\N 0 0 1 N 0

Therefore the sequence of matrices

Proof. Let

(M})p>1=(A,...,A,D, A,...,A,D,...)

d1—N times do—N times

satisfies (7,5 M, R% = MNy>o0 M}R?. Thus o, = (0,)n>1 has a generalized right

eigenvector if and only if (M},),>1 has one.

If the sequence of NCF digits (dy)n>1 is eventually equal to N, then (M])n>1
is eventually equal to D. Because D? has only positive entries, the conditions of
Lemma 5.2.4 are satisfied and (M],),>1 has a generalized right eigenvector. Otherwise,
the sequence (M]),>1 changes infinitely many times between A and D, hence there
exists a strictly increasing sequence of integers (m;);>1 such that M;, M; ., = DA,
which has strictly positive entries. Thus the existence of a generalized right eigenvector

follows again from Lemma 5.2.4.

We conclude that (M]),>1, and hence o, have a generalized right eigenvector.
It follows from the proof of [79, Lemma 3.5.10] that, whenever o, has a generalized
right eigenvector, its entries correspond to that of the letter frequency vector of the

limit sequence. This finishes the proof. O

5.2.2 Substitution selection for the NCF algorithm

We now want to relate the sequences of substitutions o, and &, to the NCF
algorithm. It turns out that these sequences of substitutions can be regarded as a
combinatorial version of the NCF algorithm and its dual. For Sturmian sequences
and their directive sequences, their multi-faceted interplay with the classical contin-
ued fraction algorithm is well-known (see e.g. Arnoux and Rauzy [11] or Arnoux and
Fisher [10]). Berthé et al. [17] generalized this to unimodular multidimensional con-
tinued fraction algorithms by introducing the concept of substitution selection. The

novelty of our setting is that we are working with non-unimodular matrices.

Let N > 1. We want to define a version of the NCF algorithm that works on the
subset P = {[1: ] : 0 <z < 1} of the projective space P. Let x = [1 : z] € P. and

Cn(x) = (L%[J ](;[) .

consider the matrix
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Then the map
Gy : P — P, x = 1Oy (%) x

is called the linear multiplicative N -continued fraction algorithm. It has the form

w0 ) o[- 2] 2]

T

which is a projectivization of T in the sense that the original mapping T can be
seen in the second coordinate of GGy if the first coordinate is normalized to 1. If
x = [0;dy1,da,...]n ¢ Q then we have for each n > 1 that

N
Ox (G () = O ([1: T (@) = {T@@J (1) =<j‘v é):Mgn. (5.11)

Iteration yields

x = 'Cn(x)Gn(x) = On(x) Cn(GN(x))G%(x) = ...
= Cn(x) - 'On (G} (X)) GR (x)

and therefore
x = My Gn(x) = MmMozG%\Z(X) == My - My, G ().

Thus the NCF algorithm applied to = [0;dy,ds, ...]ny produces the incidence ma-
trices of the substitutions oj,09,... given in Definition 5.2.1 (1). Moreover, by

5.2.5, the ray [1 : z] corresponds to the direction of the generalized right

Lemma
eigenvector of these substitutions. In this sense, the directive sequence o, can be
regarded as a substitution selection of the NCF algorithm (see the definition of substi-
tution selection in [17, Definition 2.2]). Indeed, given S = {o,, : n > 1}, we consider
the map

¢ [0,1]\Q — SN, T 0y = (0p)n>1

and endow the space SN with the left shift ¥, that is, Y((on)n>1) = (On+1)n>1. Then

the following diagram commutes:

T
0,]\Q—=[0,1]\Q (5.12)
| E
ST g
Thus we can associate the limit sequence w(x, N) of o, to the NCF expansion of = in

the same way as Sturmian sequences are associated to the classical continued fraction

expansion of z, e.g. in [1, 10, 79].

As in the classical case (see [10]) we go one step further and associate the symbolic
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sequence W(x, N) to the past of the natural extension of 7. The associated directive
sequence &, is in some sense a dual of o,. Let x =[1: z] and y = [1 : y] be elements

of P.. Following [13], a natural extension of the map Gy is given by

) RSN S Bt
Gn : P2< — P2<, — N — X
y 0 Cn(x)) \y 1: —5+
No+|
(5.13)
Taking second coordinates and inspecting the range of y this immediately yields the

following result.

Proposition 5.2.6. A natural extension of the map Ty : [0,1] — [0, 1] is given by

Ty :0,1] x {0, 1} —10,1] x [0, H

N
. 1 . (5.14)
(g;’y)}—) (TN( )’N'yJFV;;[J) #07
(0,0) z =0,

with (lchd;;’)Q as invariant measure.

We mention that in [25], a different natural extension of T, which is isomorphic
to ours, is given (the difference is that y is replaced by ). As we see from (5.13), the
“past” of this natural extension (that is, the second coordinate of TN) is associated
to Cn(x). Moreover, Cn (G 1(x)) = Mg, for every n > 1 (this is straight forward
from (5.11)). Therefore, the natural extension of the NCF algorithm is related the
incidence matrices of the dual substitutions &,,, and we can associate it with directive

sequences of the form o, = (6,),>1 and, hence, with the S-adic words @(z, N).

These “substitution selections” superimpose a combinatorial structure on the
NCF algorithm and its natural extension. As is detailed in [1, 10, 9, 79|, this combi-
natorial structure gives information about the underlying continued fraction algorithm

and vice versa. This motivates our study of the S-adic sequences w(x, N) and &(x, N).

5.3 Results on balance

In this section, we prove that the sequences w(x, N) and @(z, N) are finitely
balanced. For each fixed NV > 1 we provide an upper bound for the balance constant
that is valid for each x. We refine this result by defining some sets in terms of the
size of the NCF digits for which the balance constant can be improved. After that,
we provide lower bounds for the balance constant. We refer the reader to [1]| for some

notions on balance of sequences.

We begin with the definition of balance.
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Definition 5.3.1 (Balance). Given C > 0, we say that a pair (u,v) of words over the
alphabet A is C-balanced if |u| = |v| and

—C <ulg—v|e <C for every a € A.

We say that a sequence v € AN is C-balanced if every pair (u,v) of factors of v with
|u| = |v| is C-balanced. We say that v is finitely balanced if it is C-balanced for some
C > 0.

Before we prove finite balancedness for NCF sequences and their duals, we in-

troduce the following definition of a minimal pair.

Definition 5.3.2 (Minimal pair). Let v € AY, two factors u,v C v and C > 0. We
say that (u,v) is a minimal pair of not C-balanced factors if |u| = |v|, ||v]s — |ula| > C
for some a € A, and the length of u and v is minimal with respect to this property

among all factors of v.

We have mentioned that it is easier to work with the dual sequence @(z, N) than
with the related sequence w(xz, N). Thus our strategy is to prove results for dual NCF
sequences and translate them to NCF sequences afterwards. The following lemma

allows us to transfer the property of balancedness in this way.

Lemma 5.3.3. If W(x,N) is C-balanced for some C' > 0, then w(x,N) is N - C-

balanced.

Proof. Suppose this is not true, then given that &(z, N) is C-balanced for some C' > 0
there exists a minimal pair (u,v) of not N - C-balanced factors of w(z, N). It is clear
that u and v cannot start with the same letter nor end with the same letter. Assume
w.l.o.g. that |v|; > |u|;, then v must start and end with 1 and v must start and end
with 0. Thus according to Lemma 5.2.3 we can write v = 1704V 0% 1% for some word
V and j,k € {1,..., N}. We distinguish two cases.

If j+ k < N, then Lemma 5.2.3 implies that 7 = 04 +titF=N170d11N i5 also in
w(x, N) and satisfies |[v|; > |v|; and |v| = |v|. Then because (u,v) is not N-C-balanced
and both words start with 0, (u,v) is not a minimal pair of not N -C-balanced factors,

a contradiction.

Suppose now that N +1 < j+k < 2N. It is clear that, if (u,v) is a minimal pair
of not N - C-balanced factors, then |v|; — |u]; = N - C + 1. Because u starts and ends
with 0, |u|; is a multiple of N, so we must have j+k = N + 1. Hence, we can assume
w.l.o.g. that v = 1V04 V0% 1, because according to Lemma 5.2.3 we can adjust the
values of j and k by “shifting” v. Consider the substitution 7 defined in (5.6). Then
by (5.7) we have that w(z, N) = 7(@(z, N)). Find @,v C @(x, N) such that 7(u) = u
and 7(?) = v1¥"1. Then [3]; > ||, and [3] < ||. Find a word V such that 5V is a
factor of W(z, N) and ]617] = |u|. Then, because W(z, N) is C-balanced by hypothesis,
5V |y — [ti]1 < C. Therefore, by the definition of 7, |(3V)|; — |7(@)|; < N - C. But
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lv|1 < ’T(i}\‘/})h and 7(u) = w, which implies 0 < |v|; — |u[; < N - C. This is again a
contradiction to the assumption that (u,v) is a minimal pair of not NV - C-balanced
factors of w(z, N). O

The following theorem states the existence of balance constants for NCF se-
quences and their duals, which depend on N and on a lower bound for the NCF digits
of . We mention that this generalizes [80, Theorem 4.1|, where the result is proven

for the case where all the NCF digits are the same.

Theorem 5.3.4. Let N > 1 be fized and set K > N and C' = L%J + 1. If we
set

Wk~ :={[0;d1,d2,...]n €[0,1]\Q : dy, > K for alln > 1}
then the following assertions hold.
1. For all z € Wi N the dual NCF sequence W(z, N) is C-balanced.

2. For all x € Wi n the NCF sequence w(z, N) is N - C-balanced.

Proof. We start with the proof of (1). Because the result is well-known for N =1 we
may assume that N > 2. Suppose this assertion is not true for some fixed K and N
with K > N > 2. Then there exists x € Wk y, such that the sequence @ = &(x, N)
admits a minimal pair (u,v) of not C-balanced factors. We assume that x is chosen
in a way that (u,v) has minimal length among all not C-balanced pairs of factors of
W(y, N) with y € Wi n. We will reach a contradiction by finding a not C-balanced
pair of shorter length.

Let d = d;. By minimality of (u,v) we have ||v|; — |u|i| = C + 1. Also, u and v
cannot start with the same letter nor end with the same letter. Assume w.l.o.g. that
|v|1 > |ul1, then v must start and end with 1. Let 0°1 be a prefix of u (it is easy to see
that u has to contain an occurrence of 1 because otherwise ||v]|; — |u|1| <2 < C +1).
Then s > d—+1, otherwise we could always remove the prefix 0°1 from u and the suffix
0°1 from v (note that for s < d the word 0°1 has to be a suffix of v by Lemma 5.2.3)
and find a shorter pair of not C-balanced words. Analogously, if 10? is a suffix of u
then ¢ > d + 1. Moreover, s +t > 2d + N + 1, otherwise we could “shift” u and find
a word w with the prefix 0°1 with s < d such that (u,v) is a minimal pair of not

C-balanced words, which contradicts what we just proved.

Summing up, we may assume w.l.o.g. u=0%1---10" d+1<s<d+ N, and
v =10%-..0%1. For a factor w of w denote by |w|ga, the number of occurrences of a
maximal 0 block of length 0% in w, that is, |w|ge, := |lwl|;ge;. Note that we need
to use | - |;garn because otherwise the prefix 0% in w is counted twice if s = d + N.

Lemma 5.2.3 implies that

[vlo = (d+ N) |v|jgarn + d |v]gay
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and
lulo = s+ (d+ N) |u|jgar~ + d|ulgay.

Then we have,

ol ~ vl =+ (hors = ligscn -4 ) + (s, — Plon)d
=5+ (Julygarn — [v]1ga+n) N + ((Julygasn + |ufga) — (Jv]1ga+n + |v]gas)) d-

Every maximal 0 block of @ lies between 1’s. Since v starts and ends with 1, the
number of maximal 0 blocks of v is |v|; — 1, and since u starts and ends with 0, the
number of 0 blocks in w is |ul; 4 1, of which exactly one of them (the prefix 0% of ) is
not counted by the terms |u|;ga+~ and |u|ga,. Now, because |v|; — |u|y = C + 1, this
yields

([vlga+n + [vlga,) = (Juligarn + |ulga,) = C. (5.16)

Let

a = |U|10d+N - |'U|10d+N.

Then from (5.15) and (5.16) we obtain
lulo—|vjo=s4+a-N—d-C. (5.17)
Also, |u| = |v| and hence
lulo — |v]o = v — |[u)1 = C + 1, (5.18)

so combining (5.17) and (5.18) yields

(d+1)C+1-s
7 .

(5.19)

a =
Since @ is an S-adic sequence, by Definition 5.1.1 we have @ = &, (@®) where & =
WO(Tn(z),N) with T (z) = [0;d2,ds, .. .]n € Wk n. As a consequence of the shape of

&1 there exist words u(?,v® ¢ @ such that
o1(u?) = 0N =51, a1(v?) = 0%,

We claim that
w®)] < @], (5.20)

To prove this, suppose on the contrary that |v(®| — [u(®)| > 1. Note that the letter 1
appears in &1 (u®) (resp. 71(v?)) whenever a 0 appears in u(® (resp. v(?). Hence,
(5.18) yields

[v@]g — [u@|o = [0%]; — [0V 5ul|, = C. (5.21)

Hence,
’v(z)h - |u(2)|1 = |U(2)\ - \U(z)\ =+ \U(z)\o - \0(2)’0 >1-C.
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By the definition of &1 and using that C' > 1 this implies that

51(v@)] = 31 ()] = (d + 1) (WP ]o — [uP]o) + N(jo @]y — [u@ ;)
d+1)C+(1-C)N=C(d+1-N)+N>d+1.
(5.22)

v

This is impossible because s < d + N and so
51 ()| = [0 (@) = |0%| — |0V Sul| = s — N -1 <d—1.

This proves the claim.

Note that the block 0N appears in 71 (u®) (resp. &1(v?)), whenever a 1
appears in u(® (resp. U(Q)) because each 1 is followed by 0 in u(?) (resp. U(Q)). From

the definition of @ we obtain
W@ | — 0@ | = (0N =50l | garn —[0%]gasn = (|Ju]jgary +1)—|v]garn = a+1 (5.23)

(the “+1” comes from the fact that the prefix 0% of 07+N=%y1 is not counted in

|l ga+ ).

Combining (5.20), (5.21), and (5.23) yields
0< [u?| - P =a+1-C. (5.24)

Let 2 be the prefix of u(? such that [@(®| = [v(?)|, i.e., remove the last a + 1 — C

at1-C
do+1

letters of u(?), of which at most [ -‘ are 1’s, to obtain a(®. Suppose that a >

C + 1. Then from (5.23) we get

a+1-C

N C TN TP
I

120+L

This means that (2(®),v(?) is a not C-balanced pair of factors of &) = &(T(z), N)
with T () € Wi . But (@®, ) has shorter length than (u,v), contradicting the
minimality of (u,v). Together with (5.24) this yields a € {C' —1,C}. But if a = C,
we need to remove only the last letter from u(® (which is 0) to obtain @(?). Thus in

this case we get from (5.23) that
@@ — P >a+1=C+1

which is a contradiction again. Thus a = C' — 1 and we see from (5.19) that in this

case we have C' — 1 = % Because s < d + N this implies that

s—N-—-1 d—1 K-1
C = < < .
d+1—-—N ~"d+1-N~ K+1-N
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Thus a minimal pair (u,v) which is not C-balanced can only exist for C' < L%J
This contradicts our choice of C' and the theorem is proved.
Statement (2) is straightforward from (1) and Lemma 5.3.3. O

The previous theorem has an immediate corollary that gives balance constants

that depend only on N.
Corollary 5.3.5.

1. Forallz € [0,1]\ Q we have that @(x, N) is N-balanced. Furthermore, for every
N > 2 there are uncountable many = € [0,1]\ Q such that @w(x, N) is 2-balanced.

2. For all x € [0,1] \ Q we have that w(z,N) is N?-balanced. Furthermore, for
every N > 2 there are uncountable many x € [0,1] \ Q such that w(z, N) is
2N -balanced.

Proof. In (1), the first statement is immediate, since the greedy NCF expansion satis-
fies, for every x € [0,1] \ Q, that the digits are larger or equal to N, hence x € Wiy n.
The second statement follows from the fact that, for x € Wan v, the dual S-adic se-

quence is 2-balanced. Furthermore, it is not hard to check that Way n is uncountable.
Assertion (2) immediately follows from (1) and Lemma 5.3.3. O
We have given upper bounds for C' such that the S-adic sequences are C-balanced.

Next we will give lower bounds. Note that in view of Corollary 5.3.5 this bound is

optimal for N = 2.
Proposition 5.3.6. Let N > 2 and x € [0,1]\Q. Then the following assertions hold.
1. @(z, N) is not 1-balanced.

2. w(z,N) is not (2N — 1)-balanced.

Proof. Let x = [0;dy,da,...]N-

(1) Recall that &(z, N) = 71(@?), where 3 = &(Tn(z), N). It is easy to check
that 10 is a factor of &, hence 71(10) = 0N0%1 is a factor of &(z, N). Since N > 2,
this yields the factor u = 091%2 of G(x, N).

Analogously, 00 is a factor of @), hence 71 (00) = 0910%1 is a factor of &(x, N).
This yields the factor v = 1091 of &(z, N). Because u and v are of the same length
and |v|; — |uly = 2, assertion (1) is proved.

(2) Recall that w(z, N) = o1(w?) = 01 0 09(w®) where w® = w(Tn(z),N)
and w® = w(T%(x), N). It is not hard to check that 001 is a factor of w(®. We have

o1 0 02(001) = 10921V 0421V 0)
— (Odl 1N)d20N(0d1 1N)d20N0d1 1N’
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which gives us the factor u = 0V (04 1V)%20N+d of w(x, N).

On the other hand, since N > 2 it is not hard to check that 110 is a factor of
w®) . We have

o1 0 02(110) = o1 (0%2+21N)

which gives us the factor v = 1V (0911V)%204 1N of w(x, N). Since |u| = |v| and

v|1 — |ult = 2N, assertion (2) follows. O
w1 — Jul

Remark 5.3.7. Suppose that, given x € [0,1], we consider infinite NCF expansions
that are different from the greedy expansion, that is, we allow d, < N. Note that such
sequences also exist for rational values of x. For each expansion (d,) of x we can then
define the S-adic sequence w(x, (dy), N) of the substitutions (oy,) associated to d,, for
alln > 1. Then we have the following.

1. The property of N?-balancedness does not hold in general for &(z, (d,), N). For
instance, let N =2 and v = [0;1,1,1,...]s, i.e., the sequence of digits is given
by (d,) = (1). Then u = (0312)3(012)203120° and v = (120)302(120)30%(120)%1
are both factors of &(x, (dy,), N) of the same length and |v|; — |ul; =5 = N2 +1.

2. Suppose (dy,) = (d) for some d < N. Then the associated substitution o is not
Pisot, and hence the sequence w(x, N) is imbalanced, that is, it is not C-balanced

for any C > 0. This is a consequence of [1, Theorem 15].

3. S-adic sequences corresponding to eventually greedy NCF expansions are finitely
balanced. Suppose d, > N for alln > K for some K > 1. Leto = g10---00_1
and let & = [0;dg,dg+1,...|n. Then &(z,(dy),N) = o(w(Z,N)) and w(z,N)
is N%-balanced because it is an NCF sequence. It is not hard to check that, for
any given substitution o, if a sequence v is C-balanced then o(v) is C’'-balanced

for some C'. Hence the statement follows.

5.4 Factor complexity and unique ergodicity

Another property worth studying when working with sequences is their factor
complezity function. This function counts how many different factors of a given length

n € N appear in a sequence.

Definition 5.4.1 (Factor complexity function). Given a sequence v € AN over the
finite alphabet A and n € N, set

L,(v):={ue A" : |u| =n, u is a factor of V}.

Define the factor complezity function p, : N — N as p,(n) = |L,(v)].
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The factor complexity function has the trivial upper bound p,(n) < |A|", and v
is periodic if and only if there exists n € N such that p,(n) < n (for the non-trivial
direction see |22, Corollary 4.3.2]). As mentioned in the introduction, a sequence v is
said to be Sturmian if it is not eventually periodic and its factor complexity function
is given by p,(n) = n + 1. This means that Sturmian sequences are the aperiodic
sequences with the smallest possible complexity. We will show that NCF sequences
and their duals have low complexity as well and we will explicitly compute a formula

for their factor complexity function. We follow |22] and [32].

A useful way to study the complexity function is to figure out how to obtain
Ly41(v) from L£,(v), and for that we make use of left special factors. Moreover, in
what follows we will study three particular types of left special factors: infinite and
maximal left special factors, and total bispecial factors. We introduce the correspond-

ing definitions.
Definition 5.4.2. Consider a sequence v € AN over a finite alphabet A.

1. Given a factor u of v, we say that a letter a € A is a left extension of u if au is

a factor of v.

2. We say that a factor u of v is a left special factor of v if there are two distinct
letters a,b € A that are left extensions of u. We set

LS, (v):={ue A" : |u| =n, u is a left special factor of v}.

3. An infinite word u € AN is called an infinite left special factor of v if every prefix

of u is a left special factor of v.

4. A left special factor u of v is called a maximal left special factor if ua is not a

left special factor for any a € A.

5. A left special factor u of v is called a total bispecial factor if there exist a,b € A
with a # b such that ua and ub are both left special factors of v.

In analogy with left extension, left special factor, infinite left special factor and
maximal left special factor we can define right extension, right special factor, etc. If
we describe the occurrences of special factors in £,(v), we can determine L,,11(v).

The following result is a direct consequence of [32, Proposition 2.1].

Lemma 5.4.3. Let v be a sequence over a two letter alphabet and let p, be its factor

complexity function. Then, for every n € N,

pu(n+1) —p,(n) = |LS,(v)|. (5.25)

For example, a Sturmian sequence v has exactly one left special factor of length
n for every n, which implies p,(n+ 1) —p,(n) = 1, and because p, (1) = 2 this implies
that p,(n) =n+ 1.
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5.4.1 Characterization of left special factors

In order to obtain the factor complexity function for dual NCF sequences, we will
give a characterization of their left special factors. Fix z € [0,1] \ Q and N > 1 and
consider the dual NCF sequence W = &(z, N). Recall that this is an S-adic sequence for
the substitutions &, = (0 )n>1, which means there exist infinite words BONAC
such that & = O and @™ = &,(@™+D) for every n > 1 (see Definition 5.1.1).
This desubstitution process is crucial for this section because we will show that many

properties of special factors are invariant under the substitutions o,.
Lemma 5.4.4. The following assertions hold for every n > 1.
1. Letv be a left special factor of 8D . Then G, (v) is a left special factor of &™.

2. Let v be a left special factor of @™ ending in the letter 1. Then there exists a
left special factor u of @Y such that 5, (u) = v.

Proof. (1) We have 0v, 1v € @™tV Then 5,,(0v) = 0156, (v) and 7, (1v) = 0VG,(v),

which implies that &, (v) is a left special factor of &™),

(2) Consider a word v C &Y of minimal length such that v C &, (u). Since v
ends with 1, by minimality of u it holds that v is a suffix of 7, (u). Since v is a left
special factor, 1v is a factor of @™, so it follows from the shape of the substitution
o, that lv C 0,(0u). The minimality of w implies 7,(u) = v. Since Ov is also a

factor of &™) it turns out that Ov C on(lu), and therefore u is a left special factor of
o), O

The following characterization of infinite left special factors is based on [32,
Section 3].

Lemma 5.4.5. The only infinite left special factor of & is @ itself.

Proof. Recall that (ik)keN is a nested sequence of prefixes of @ satisfying (5.5). First,
note that the last letter of ik is congruent to k + 1 modulo 2. Also, for £ > 2, both
ikik C @ and ik,lik C W, giving us that f]k is a left special factor for every k > 1.
This implies that every prefix of @ is a left special factor of & and hence @ is an infinite

left special factor of itself.

It remains to show uniqueness. Let v be an infinite left special factor of @. Recall
that & = 51(@®). We show first that there exists an infinite left special factor of

2) namely v?, such that v = El(y(z)). Consider a prefix v of v ending in the letter

o
1. By hypothesis, this prefix is a left special factor. By part (2) of Lemma 5.4.4,
there exists a left special factor v(®) of &3 such that &;(v(®) = v. The prefix v
can be chosen to be arbitrarily large, which means v(® can be made to be arbitrarily
large. This implies the existence of an infinite left special factor #(®) of &) such that

v = 61(v?). Tterating this reasoning, we can obtain a sequence (v(™),>1, v(!) = v,
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such that for each n, v(™) is an infinite left special factor of & and &, (v("t1)) = p(™).

We use this to show that v = &.

Suppose v # @, then @™ # (™ for each n > 1. This enables the definition of
d@™, ™) .= min{k : @,(gn) # I/,(Cn)}.

Note that the substitutions &, strictly increase the length of a word unless the word
is 1 and N = 1. Since the image under &, of both letters starts with 0, it follows
that 1 is not a prefix of @™ nor of v(™ for any n > 1. Therefore, it holds for all
n > 1 that d@™, ™) > 1 and d@"), D) < @(G™, ™), so the sequence of
distances (d(@™, v(M)), ey is strictly decreasing yet strictly positive, a contradiction.
This shows that v = @. O

Next, we state some lemmas regarding maximal left special factors and total

bispecial factors.

Lemma 5.4.6. Let v be a mazimal left special factor of &™) containing the letter 1.

Then there exists a mazimal left special factor u of @™V such that v = G, (u)0%.

Proof. First, note that if a left special factor has a unique right extension it cannot
be maximal. Given a maximal left special factor v, since it has more than one right
extension and contains a 1 by assumption, it must be of the form v = vgvy - - - v510%n
for some s € N (see part (2b) of Lemma 5.2.3). By part (2) of Lemma 5.4.4, there
exists a left special factor u of @1 such that v = G,(u)0%. It remains to show
that u is maximal. Suppose it is not, then there exists a letter a € A such that
ua is also a left special factor. By part (1) of Lemma 5.4.4, 7,,(ua) is a left special
factor of G(™. If @ = 0 then v is a proper prefix of the left special factor &, (u0),
contradicting the maximality of v. If a = 1 then w10 is a left special factor because
1 is always followed by 0, and in this case v is also a proper prefix of the left special

factor 7, (u10), contradicting again the maximality of v. O]

Lemma 5.4.7. Let v be a total bispecial factor of @™ containing the letter 1. Then

there exists a total bispecial factor u of @™V such that v = &, (u)0%.

Proof. Since v has more than one right extension and contains the letter 1 it must
be of the form v = vgvy - - vs10% for some s € N (see part (2b) of Lemma 5.2.3).
By part (2) of Lemma 5.4.4, there exists a left special factor u of &Y such that

v = 0, (u)0%. Tt remains to show that u is a total bispecial factor. By hypothesis,
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000, Ovl, 100, 1vl C &™), We have

Oan( )Odn+1 (
06,(w)0%1 C 7, (1u0),
16, (u)0% T € G, (0u10),
16, (u)0%1 C G, (0u0).

1u10),

It follows from the shape of 7,, that 00, (u) can only occur as a factor of &, (1u) and
15, (u) can only occur as a factor of 7, (0u); moreover, &, (u)0%*! can only occur as
a factor of &, (u10) and &, (u)0% 1 can only occur as a factor of &, (u0). This implies
that u is a total bispecial factor of &1, O

5.4.2 Results on factor complexity

Fix N > 2 and = € [0,1] \ Q. Consider the NCF sequence w(xz,N) and its
dual &(z, N). Consider the corresponding nested sequences of prefixes (£,,),>1 and

(in)nZI and the respective recurrence relations (5.4) and (5.5).
Define, for each k£ > 1, the words

dkl_

§ = Ed’“E . illil, fk = ié\f—lgk

and
Sk = Edkzdk Len, Ty :=1N"1, Ty = EkNﬂSk;.

Define the numbers ty < 5] < t; < 52 < ty < --- as

=15, fo=0, Te:=ITk  (k>1).

Define the numbers tg < s1 < t1 < 89 <tg < --- as
Sk = |Sk| (k > 1), t 1= ‘Tk’ (k > O).
Recall the definition of p,, and g, with n > —1 given in (5.8). The main result of this

section is the following.

Theorem 5.4.8. The factor complexity functions of w = w(x, N) and & = &(x, N)
satisfy
pu(n) <2n  and  pp(n) <2n (n>1).
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In particular, they are given by

(

1, n =20,
2n, 1<n<N-1,
pw(n) = - (5.26)
n+1+3""(p+q¢)(N-1), te <n < Spyt,
20+ 14+ 2520 (0 + ) (N —1) —sp, sk <n<ty

and

17 n = 0,
o(n) ={n+1+ 508 +q) (N - 1), tr1 <n < S, (5.27)

2+ 1+ 350+ ) (N—1) =5, Sr<n<h

Before proceeding to the proof, we state and prove some lemmas.

Lemma 5.4.9. If v is a mazimal left special factor of @ = w(x, N), then it is of the
form T\k for some k > 1.

Proof. Let v = v(!) be a maximal left special factor of @. Then either it contains a 1 or
not. Suppose it does not contain a 1. It is not hard to check that the only maximal left
special factor of ©(™ that does not contain the letter 1 is 09 +N-1 = fl. Now suppose
it does contain a 1. By Lemma 5.4.6, we can write v(1) = 51(v)0% for a maximal
left special factor v@ ¢ @), If v(2) also contains a 1, we can desubstitute again and
obtain a maximal left special factor v(3) € &) such that v®) = G5(v(®))0%. Iterating
this process, because at each desubstitution the length of the words decreases, we
eventually reach a maximal left special factor v(™ of @™ that does not contain the
letter 1 which is 0% +tN=1 We get

v =51(F2(- - For (0 N1 0% ) 0%

=(G10--00,1(0)" NG 0. 05, _9(0))d-1...0% (5.28)

Sdn —18dn— Sdi A
= Xy o lzn—ll N =T,
and the result follows. O

We now have a complete understanding of maximal left special factors of @. It
is clear that any left special factor is either a prefix of & (the only infinite left special
factor) or a prefix of T\k for some k > 1. The following result follows from the definition

of §k and of f]k and uses our previous results on total bispecial factors.
Lemma 5.4.10. For each k > 1, the mazimal common prefiz of ’fk and & 18 §k
Proof. Fix k > 1 and suppose v is the maximal common prefix of T\k and @. Then v

is a strict prefix of T\k because T\k is not a prefix of . By maximality, we have that

there are a,b € {0,1} with a # b such that va is a prefix of T, and vb is a prefix of
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. Because all prefixes of fk and all prefixes of @ are left special factors, v is a total
bispecial factor of @. If k = 1 then Tj = 01 +N=1 and v = §; = 0%, If k > 2 then
v contains the letter 1. By Lemma 5.4.7, we can write v = v = 51 (v@)0% for a
total bispecial factor v@® ¢ @@, If v also contains a 1, we can desubstitute again
and obtain a total bispecial factor v(® C &®) such that v(®) = G5(v®)0%. Iterating
this process, because at each desubstitution the length of the words decreases, we
eventually reach a total bispecial factor v(™ of @™ that does not contain the letter
1. Tt is not hard to check that it must be of the form v(™) = 0% . Since v is a prefix
of T) k, using the desubstitution of T\k given in (5.28), we have n < k. By maximality

of v, we obtain n = k. We get

v =51 (Ga(- - Gp_1(0%)0%-1 ... )02) 0
= (610 054-1(0)%(G1 0+ 0 F_2(0)) -1 - 0%

= Syl b G O

The following lemma computes the difference between consecutive terms of both

complexity functions using left special factors.

Lemma 5.4.11. Let @ = &(x, N) with factor complexity function pg. Then, for every
n>1,

1, %\k—l <n< §k7
pa(n+1) —ps(n) = R ~ (5.29)
2, sp<n<tg.

Proof. Let n > 1. By Lemma 5.4.5, the prefix of & of length n is a left special factor.
We have that
| LSy (@)| = 1+ [LS,(W)],

where LS} (@) is the set of left special factors that are not prefixes of W. Given a left
special factor v of length n, Lemma 5.4.9 implies it is a prefix of T\k for some k. Take
k so that t_1 < n < . Suppose th1 <n < Sk, then v is a prefix of é\k It follows
from Lemma 5.4.10 that v is a prefix of @, therefore LS} (W) = @ and so |LS, (©)| = 1.

Suppose now that §; < n < tj. In this case, T .. and @w do not coincide in the first
n letters, hence | LS} (@)| = 1 and therefore | LS, (@)| = 2.

Then
~ 1) %\k—l <n< /s\ka
| LSn(@)] = ~ _
2, sp<n<t.
Then (5.29) follows from (5.25). O

We are in position to prove the main theorem of this section.
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Proof of Theorem 5./.8. We first compute the factor complexity function of &. Using
that p5(0) = 1 (then only word of length 0 is €) and pg(1) = 2 (the alphabet has
two letters), (5.27) follows from (5.29) by direct computation. Indeed, let n > 1 and
suppose first that tr_1 < n <3 for some k. We obtain from Lemma 5.4.11 that

po(n) =1+ G —t) +2(t1 —81) + G —t1) + - +2(th1 — 8p1) + (0 — 1)
=n+1+E —5)+ -+ (1 — Sk1)-

Note that #; = ]§J|(N — 1) +5; for all j > 1. Hence,
k—1
pa(n) =n+1+> [5;|(N —1).
j=1

Suppose now that S, < n < ;. Then

pa(n) =1+ 31 —to) +2(t1 —51) + (52 — 1) + -+ + (8 — tr—1) + 2(n — 5%)

=241+t —5)+ -+ (o1 — 8k_1) — Bk

k—1
=2+ 1+ [SH(N—1) -5
j=1

Recall from (5.9) that, given j > 0, |X;[o = ¢j—1 and |X;|1 = pj_1, hence |¥;| =
pj—1 + ¢j—1. Recall also that, using the substitution 7 defined in (5.6) that maps @
to w, there is a factor 1V in X; whenever there is a 1 in f)j. Thus |§3j]0 = |¥;o and
@jll = \E]{[h’ and therefore ]i\)j\ = B2l 4+ gj_1. This yields (5.27).

We can obtain the complexity of w just like we did for . We have p,,(0) = 1 and
pw(1) = 2. Note that Ty = 1V~ is a maximal left special factor of w. If 1 <n < N—1,
it holds that LS, (w) = {0™,1"}, that is, there are two left special factors; this implies
pw(n) = 2n. Note that, if a word u C @ starts with 0, then au is a left extension
of u in @ if and only if ar(u) is a left extension of 7(u) in w. Hence, it is easy to
check that u is a left special factor of @ if and only if 7(u) is a left special factor of w.
Moreover, u is a maximal left special factor of & if and only if 7(u) is a maximal left
special factor of w. Also, w is the unique infinite left special factor of itself, by the
same arguments as in the proof of Lemma 5.4.5. Moreover, Lemmas 5.4.9 and 5.4.10
are analogous for w: the maximal left special factors of w are the words T}, for k > 1
(to which we add Ty = 1V~!), and the maximal common prefix of w and T}, is Sj.

Proceeding like in the proof of Lemma 5.4.11, this yields, for n > IV,

17 tk<n§8k+17

| LSn(w)| = (5.30)

2, s <n < 1.

Finally, (5.26) follows from (5.30). O
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5.4.3 Uniform word frequencies and unique ergodicity

Results on word combinatorics can contribute to the study of associated symbolic

dynamical systems.

Definition 5.4.12 (Unique ergodicity). We say that a topological dynamical system

18 uniquely ergodic if it has only one invariant probability measure.

Corollary 5.4.13. The dynamical systems (X, %) and (Xz,X) are uniquely ergodic.

Proof. A criterion of Boshernitzan states that unique ergodicity for a minimal sub-
shift (X, ¥) holds if the factor complexity function satisfies lim sup p”T(n) < 3. By |29,
Proposition 7.1.5], the subshift (X,,Y) is minimal if and only if v is uniformly recur-
rent, that is, if every factor of v occurs in an infinite number of places with bounded

gaps.

Any factor u of w(z, N) is a factor of Xy, for some k, and each ¥y, appears infinitely
often with bounded gaps, hence w(x, N) is uniformly recurrent and hence the subshift
(Xw, X) is minimal. Since p,(n) < 2n, the assertion follows. The reasoning for &(z, N)

is analogous. O

Definition 5.4.14 (Uniform word and letter frequency). Consider a sequence v =
vy - - € AN with v; € A. Recall that for each k,1 € N and v € A*, we denote by
|k« Vkg1—1|u the number of occurrences of the word w in the factor vy - - vgy—1 C v.
We say that v has uniform word frequency if for each u € A* there exists f,(u) € R
which does not depend on k such that

. Vi Vg1
fim A ),

and this limit is uniform on k.
Corollary 5.4.15. w(x,N) and &(x, N) have uniform word frequency. Moreover,

this holds for all the elements of X, and Xg.

Proof. Tt follows from [29, Theorem 7.2.10] since the respective dynamical systems

are uniquely ergodic. ]

5.5 Entropy, growth rate, and a Farey map

5.5.1 Entropy and growth rate

We now calculate how fast the words ¥, = 010020 ---00,(1) grow when n
tends to oo. To this end we need the entropy h(Tx) of the N-continued fraction map
Tn. This entropy, which is calculated in [25], is given by

71'2 N
W(Ty) = +2Lis(N + 1) + log(N + 1) log(N)
3 log (“57)
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where Lis denotes the dilogarithm function defined by

Lig(z) = /0 ’ lfg_(tt) dt.

Our result reads as follows.

Proposition 5.5.1. For the growth rate of the lengths of the words ¥, = 01 0 09 0

- 00p(1l) we obtain the formula

lim 1 log(|X,]) = —% (h(Tn) + log(N)) . (5.31)

n—oo n

Proof. Recall that |X,|1 = pp—1 and |2,]0 = gn—1. Then

1 1
lim —log(|Z,]) = lim —log(pn—1+ gn-1)

n—oo n n—oo N

1 _
= lim —log <qn1 <pn ! + 1>>
n—o0 1 dn—1

1
= lim —log(gn).

n—o0 n
Thus it remains to show that
li 11 _ ! h(T, log(N 5.32
lim —log(ga) = — ((Ty) +log(N). (5.32)

where h(Ty) is the entropy of T. Let
A(dl,dg,...,dn) = {y S [0,1] Y= [O;dl,dg,...,dn,...]]\[}

be cylinders of order n and

Ap(x) ={y €[0,1] : y =[0;di(x),d2(z),...,dp(x),... N}

Since the cylinders are a finite generator for Ty and give a finite countable partition,

we have for almost every x € [0, 1] that

tim o (ju(A(x))) = h(T) (5.33)

n—oo

by using the Shannon-McMillan-Breiman-Chung Theorem and a Theorem of Kol-
mogorov and Sinai (see [24, Chapter 6]). Here uy is the absolutely continuous invari-
ant measure. Since the measure uy and the Lebesgue measure A are equivalent we

have
lim - log (v (An(2))) = lim = log (\(An ().

n—oo n n—oon

Now, similar to the cylinders of the regular continued fraction, we have

N'fl

DPn + Dn—1 B pi
Qn(Qn + Qn—l)

Qn + Qn-1 An

A(An(2)) =
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We find
1 1 NT™
lim —log (A(A,(x = lim —log| ——
lim g (A, ) = Jim Tog (AT
1
= log(N) — lim —log(qn(dn + ¢n-1))
. 1 Gn—1
= log(N) — lim —1 2l =
og(N) — lim — 0g<qn< s ))
2
= log(N) — lim —log(gn)
which gives us (5.32). O

5.5.2 A Farey-like map for greedy NCF expansions

Just as in the case of the Gauss map, there is also a slow version of the map Tl .
Let Fy : [0,1] — [0, 1] be defined as

N_N forze (L 1}
FN(.%')— T N+

1 )
J\],fo for x € [0, %} ;
see Figure 5.2.
1 1
0 2 1 0 5 1
3 6

FI1GURE 5.2: The map Fj for N = 2 on the left and N = 5 on the
right.

Now let = = [0;d1,d2,ds,...]n. It is clear that if dj = N then Fy(x) =
[0;da,ds,...]n. If di > N we have

Nz N N
Fy(z) = =5 =
N-z Z-1 4 54, N

dy + -

so that Fn(z) = [0;dy — 1,da,d3...]n. This justifies the name Farey-like map. It is
easy to check that the maps Fjy are AFN-maps which are considered in [84]. Then
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by following the same arguments as in [41], every open interval contains a rational
number and all rational numbers are eventually mapped to the indifferent fixed point,
we can conclude that for every N there exists a unique absolutely continuous, infinite,
o-finite Fy-invariant measure uy that is ergodic and conservative for Fiy. We now

show the following result.

Proposition 5.5.2. The infinite measure ‘i—x

ical system (Fn,[0,1],B). Here B is the Borel o-algebra on [0, 1].

is an invariant measure for the dynam-

Proof. It suffices to show invariance for intervals (a,b) C [0, 1]. Now

1 (b)) = /ab %dm — log (2) | (5.34)

We have that Fy' ((a,b)) = (l\jfvfa, ]\],Vfb> U (N]\frb, Nﬁﬂ) which gives us

N
1 a1l
M(Fﬁl(a,b)) = /N+b al:n—l—/mr —dx

Na I N
N+a N+b

Nb N
_ log<N+b>+log<N+a>

N+a N+b
_ log<Nb(N+a)N(N+b)>:log<b>

Na(N +b) N(N + a) a

8

which finishes the proof. O

To the dynamical system (Fy,[0,1],8) we can also associate S-adic sequences
in the same way as we did for the dynamical system defined by Tn. Note that if
x = [0;dy,ds, ds, ...y then the sequence 141~V N 192=N N 14=N N is the slow
expansion of x corresponding to Fy. If we want a strong analogy with the NCF
sequences that we studied, we should take the the Mobius transformations corre-
sponding to the inverse branches of Fjy and swap the numbers on the diagonal and

anti-diagonal. This way we find

(N 1 ) (N 1)
= and D= . (5.35)
0 N N 0

These matrices should be the incidence matrices of the substitutions. With this in

mind we associate the slow NCF expansions with the following substitutions

0— 0V,
B -
1 — 01V,
and
0— 0N1V,
D -

1—0,
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For every irrational number x we can now find a directive sequence o = (op)n>1,
where o, = 7 if the i*® digit in the slow expansion is 1 and o, = 7p if it is N. It

would be interesting to study the corresponding S-adic sequence.
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Chapter 6

Rauzy fractals for non-unimodular

S-adic substitutions

As a form of closure, we intend to show the strong connection between the
different topics that have been presented in this thesis and establish a starting point
for future lines of research. So far, Chapter 5 appears to be a bit detached from the
rest: even though continued fractions also constitute a way to symbolically represent
numbers, the geometrical and visual aspects were lacking. However, substitutions
and self-affine tiles are intimately related: given a substitution that satisfies certain
hypothesis (in particular, it is assumed that the incidence matrix is Pisot), one can
define a self-affine set called the central tile or Rauzy fractal, introduced by Rauzy
in [67]. We refer the reader to [8], [31] and [16] for results in the classical setting.

A first generalization of the classical Rauzy fractal is given by S-adic sequences,
that is, instead of considering only one substitution, we take a sequence of them.
This case was studied in [18] and a follow-up survey is given in [79]. They introduce
Rauzy fractals in the S-adic case and study their dynamical and geometric properties.
The classical case, as well as the S-adic setting from [18], is restrained to unimodular
substitutions, that is, substitutions whose incidence matrix (which always has integer

entries) has a determinant equal to £1.

If the classical definition of Rauzy fractal is applied to non-unimodular substitu-
tions, overlaps occur and tiling results no longer hold. There is a very direct analogy
with number systems: the non-unimodular case in substitutions is analogous to the
rational case in number systems. A way to overcome the issue is, again, to introduce
a representation space, which has an Euclidean factor and a factor defined in terms of
a projective limit. Work has already been done in the field of non-unimodular Pisot
substitutions in [61], where the authors introduced the so-called Dumont Thomas
tiles associated with a (non-unimodular) substitution, which are very closely linked

to Rauzy fractals. Related work was done for Pisot § numerations in [60].

Recall that NCF words and their duals are S-adic sequences. When N > 2, the
determinant of the incidence matrix of each substitution equals N. This motivates

the study of non-unimodular S-adic sequences and the corresponding Rauzy fractals.
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We present an introduction, the main definitions, some lemmas, and some examples,
yet the main results that one would expect of this theory (topological properties and

tilings), are stated as conjectures.

6.1 The classical case

Rauzy fractals provide a bridge between geometry and substitutions. A brief and
clear introduction can be found in [12]. Like self-affine tiles, Rauzy fractals are sets of
non-empty interior whose boundary has, in general, non-integer Hausdorff dimension.
They also satisfy a property of self-affinity, but it is slightly different than the one for
number system tiles: in general, a Rauzy fractal is an almost disjoint union of smaller
copies of itself, but these copies have all different scales. A thorough study of their

geometric and dynamical properties is done in [16].

Consider a finite alphabet A = {1,2,...,d} and a substitution o over this al-
phabet, i.e., a morphism on the free monoid A* that gets extended to AN such that
the image of each letter is non-empty. As before, we define its incidence matriz as the
square matrix M, = (|o(4)]i)ijea € N¥? where |- | denoted the number of letters
of a word. We say that o is unimodular if det M, = £1, we say it is irreducible if
the characteristic polynomial of M, is irreducible, and we say it is Pisot if M, has
an eigenvalue that is a Pisot number (that is, it has a dominant real eigenvalue with

modulus greater than one, and all the other eigenvalues have modulus less than one).

Assume that o is unimodular, irreducible, and Pisot. This is the classical Rauzy
fractal setting. We follow [16]. The matrix M, has a dominant eigenvalue 5 > 1 and
d—1 (complex) eigenvalues with modulus less than one. Then the space R? decomposes
in the following way: there is a hyperplane H, of R¢ such that the restriction of M, to
it is a contraction, and it is generated by the eigenvectors of the eigenvalues different
from . It is called the contracting hyperplane. There is one eigenspace associated
with the eigenvalue (3, and the restriction of M, to this one-dimensional eigenspace is
expanding. We denote it by H,. Then there is a natural decomposition R? = H,. €D H,.
Let 7 : R¢ — H, be the projection onto H, alongside H,.

Let v = upuy ... € AN be an infinite word such that o(u) = u, that is, u is a
fixed point of the substitution. For the sake of simplicity, we assume that this word
exists and is well-defined, and it causes no loss of generality (see [16, Remark 5.3.17]).
Consider the abelianization map 1 from Definition 5.2. It turns out that the following

definition is independent of the choice of w.

Definition 6.1.1. We define the Rauzy fractal or central tile associated with the sub-

stitution o as

Ro:={m(l(ug...up—1)) : n € N}. (6.1)
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FIGURE 6.1: Rauzy fractal for the unimodular substitution o(1) =
13,0(2) = 1,0(3) = 2.

The overline denotes the topological closure, with respect to the usual Fuclidean metric
of the hyperplane H.. We define the subtiles R, (i) of the Rauzy fractal for i € A as

Rs(i) :=={m(uo...un—1)) : n € N, up, =i}. (6.2)

By definition, the central tile is the finite union of its subtiles:

Ro = | Rol(i).
€A
Under certain hypotheses, that we will omit for now, this union is essentially disjoint.
In particular, all of these sets are the closure of their interiors and their boundary has
measure zero. It is shown in [16, Theorem 5.3.13] that the subtiles give a multiple

tiling of the hyperplane H,.

An illustration of a Rauzy fractal is given in Figure 6.1. It corresponds to the
substitution ¢ on the three-letter alphabet A = {1,2,3} given by o(1) = 13, ¢(2) =
1, 0(3) = 2. The three different colors correspond to the three different subtiles. The
Rauzy fractal is defined in a hyperplane of R3, which is of course isomorphic to R?,

so the figure is illustrated in the plane. The incidence matrix of this substitution is

1 10
Mys,= 10 0 1| and it satisfies det(M,) = 1. We can see that all the subtiles have
1 00

the same shape at different scales, which also coincides with the shape of the whole
central tile. The reason behind this is that Rauzy fractals are solutions of IF'S defined
in terms of a graph. The essential disjointedness of the subtiles can be seen in this
illustration, and a necessary condition for this is that the determinant of the matrix

1S a unit.
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FIGURE 6.2: Set related to the non-unimodular substitution o(1) =
1112,0(2) = 113,0(3) = 11.

In figure 6.2, we illustrate a set associated with a substitution o, again on the
three-letter alphabet A = {1,2, 3}, given by o(1) = 1112,0(2) = 113,0(3) = 11. The

3 2 2
incidence matrix for this example is M, = |1 0 0 | and it satisfies det(M,) = 2.
010

This set is defined in the same way as the classical Rauzy fractal, but we do not call
it a Rauzy fractal or a central tile because it does not satisfy the condition that the
substitution is unimodular. The picture resembles a lot Figure 1.5, where we showed
a set associated with a number system with a non-integer base in C. In the same
way, this example shows points that are not evenly distributed, giving it this blurry
appearance (even though it was computed with the same precision as Figure 6.2),
and the different subtiles clearly overlap. The first part of the thesis was devoted to
overcoming this issue by introducing a representation space with a p-adic component,
or more generally, a projective limit. This is exactly what we wish to do in the Rauzy

fractals setting.

If M, is not unimodular but has an eigenvalue § that is a Pisot number, some
results have already been established, and we refer to [15] and [61] for 5 expansions

(which is essentially an equivalent setting) and to [60] and [77] for substitutions.

6.2 The S-adic case

We will consider a larger family of Rauzy fractals, that are obtained not through
a fixed point of a single substitution, but in terms of an S-adic sequence, as was
done in [18]. A very complete survey of the dynamical, arithmetic, and geometrical

properties of S-adic sequences can be found in [79].
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Let A={1,2,...,d} be a finite alphabet and let o = (0y,)nen be a sequence of
substitutions o, : A* — A*. We denote the set of substitutions as S = {0, : n € N};
this set may be finite or infinite. We call o a directive sequence for S. For simplicity,
denote M,, = M, for n € N and we express consecutive products of substitutions

and incidence matrices as
Olkl) = OkOk+1---0] and My = MgMyyq ... My

for 0 <[ <k.

To define Rauzy fractals for the S-adic case, we do not have a straightforward
notion of fixed point, and we need some hypothesis on the directive sequence. For

that reason, we introduce the following definitions.
Definition 6.2.1. Let o = (0y,)nen be a sequence of substitutions. Then:

1. o is said to be algebraically irreducible if, for each k € N, the characteristic

polynomial of My is irreducible for every sufficiently large I > k.

2. o is said to be primitive if, for each k € N, My, ;) has positive entries for some
>k

3. o is said to be recurrent if, for each m € N, there exists n > 1 such that

(00y- -+ yOm—1) = (Ony- -y Ontm—1)-

4. o is said to be C-balanced if there exists C > 0 such that, for m > 1 there exists
n as in (3) and it holds that the language

clmtn) _ {ue A" 1 wis a factor of opyqn (i) for somei € A, € N}

1s C'-balanced.

5. o is said to be non-unit (equivalently non-monic or non-unimodular) if det M,, #

+1 for somen € N.

Recall that an infinite word or sequence w € AN is an S-adic sequenceof o =
(0n)n>1 if there exist w® w® e AN such that

w =w, W™=, (@) forall n > 1.

Let 4,, denote the first letter of the word w™ for each n € N. Assume
Jimfoyo,n) (in)[ = o0,

which holds in particular when o is primitive. Then we can write, with a slight abuse

of notation (this is an infinite word that arises as a limit of finite words)

w = lim o[y (in). (6.3)

n—00
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Proposition 6.2.2. Let o be a primitive and recurrent sequence of substitutions.

Then there exists a generalized right eigenvector u as in Definition 5.1.2.
Proof. See |79, Proposition 3.5.5]. O]

Recall the notion of balance from Definition 5.3.1 and of letter frequency from
Definition 5.10. Balancedness implies the existence of letter frequencies (see |79,
Lemma 3.5.10]). The following Lemma was already mentioned before in the context

of NCF sequences but we include the proof here in a more general context.

Lemma 6.2.3. If o is primitive and recurrent and w is a limit word, then the letter

frequency vector f,, is a generalized right eigenvector for o.

Proof. If o is primitive and recurrent then there exists a generalized right eigenvector
u and a limit word w. By the definition of u, the vectors Mj ,)e; approach R yu when
n — oo (here e;, 1 < i < d, corresponds to the i-th canonical base vector). Note
that Mg e; = 1(ojg,n)(7)) for i € A, n € N. By primitivity, the prefixes of w are
the prefixes of 0y (i) for i € A, n € N, hence 1(p) when p is a prefix of w tends to
Riu as |p| — oo, therefore ﬁl(p) tends to u as [p| — oo because ||f,|1 = 1, i.e.,
fo=u. O

We define the language Lo of o to be
Lo :={u€ A" : uis a factor of oy (i) for some i € A, n € N}.
Define

Py :={p € A" : pis a prefix of oy, (i) for some i € A, n € N}.

Lemma 6.2.4. Assume that o is primitive and let w € AN be an arbitrary limit word
of o. Then

1. Lo ={ue€ A" : uis a factor of w}.

2. Po ={pe€ A* : pis a prefix of w}.
Proof. This is a consequence of (6.3). O

This enables the definition of the Rauzy fractal in the S-adic case, as follows.
Consider the vector 1 = ¥(1,...,1) € R? and let H = 1 be the hyperplane orthogonal
to 1 containing the origin. Assume that there exists a generalized right eigenvector
u. Let 7 : R — H be the projection along the direction of u onto the hyperplane H.

Recall the abelianization map 1 defined in (5.2).
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Definition 6.2.5. We define the Rauzy fractal Ry on the space H as

Ro :={n(l(p)) : p € Ps}. (6.4)

We define the subtiles Ry (i) of the Rauzy fractal for i € A as

Ro (i) = {n(l(p)) : pi € Po}. (6.5)

We state now some results that can be found in [18, Theorem 3.1].

Theorem 6.2.6. Let o be a sequence of unimodular substitutions. Assume that it is

primitive, recurrent, algebraically irreducible, and C-balanced. Then:

1. Each subtile R(i) of the Rauzy fractal R is a compact set that is the closure of

its interior and its boundary has Lebesgue measure zero.

2. The collection C = {x+R(i) : z€ Z¢NH,i € A} forms a multiple tiling of H.

6.3 The non-unimodular case

We proceed to introduce a new setting for the representation of central tiles for
non-unimodular substitutions, which contains also the S-adic case. The reader will see

that the definitions are analogous to the representation space presented in Chapter 4.

Let o = (0n)nen be a sequence of substitutions and M) ,,) be the product of the

first n incidence matrices. We have the inclusions

Z% > Mg 1)Z* D Myo)Z* > . ..
We define the valuation v, : Z¢ — Ry U {co} as
Vo (2) 1= irelfN{Z ¢ Mo, 41y 27}

Let
d,(z,72) = 9 Ve (52

and we set 27 = 0. Then d, is a metric over Z¢ that can be interpreted as two
points being close if their difference is in M, [Om)Zd for a large n € N. The choice of the
number 2 is arbitrary, since the choice of another real number greater than 1 would

yield an equivalent metric.

Definition 6.3.1. We define Zy to be the completion of Z¢ with respect to the metric
do,. The valuation vy can be extended to every z € Zs by noting that d,(0,2) =
27ve(2) . Moreover, Zy is a locally compact abelian group and is therefore endowed

with a normalized Haar measure L.
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More generally, we can think of Z, as a projective limit. We have, for n > 1,

the canonical projections
T 2 Z% Mg 1) 2% = 27 /Mg ) Z°.
Therefore, we have the projective system
o 28 Mg sy 2 T 20 Mg oy 20 s LTS 2 MO ZE
This entitles the existence of the projective limit given by

&iLnZd/M[Om)Zd ={(Yn)n>1 : Yn € Zd/M[O’n)Zd and 7y, (Ynt1) = yn for every n > 1}.

n>1

Then
Zg = Nim Z /Mg ) Z7.

n>1

Definition 6.3.2. We definite our representation space to be
Ko := RY X Zq

with component-wise addition.

We endow K, with the metric
do((z,), (z',3)) == max{||z — 2’|, 27~}

and product Haar measure us = AX u, where A is the d-dimensional Lebesgue measure.

For every n > 1, the matrix M,y acts on K, by multiplication, by setting

M[O,n) ($7 y) = (M[O,n)x7 M[O,n)y)

6.3.1 Generalized Rauzy fractals

Consider the vector 1 = 1,...,1) € R? and let H = 1+ be the hyperplane
orthogonal to 1 containing the origin. Assume that there exists a generalized right
eigenvector u. Let m : R? — H be the projection along the direction of u onto the

hyperplane H. Then we define the map

720 5 HXZe CKy, 2z (1(2),2). (6.6)

Definition 6.3.3. We define the generalized Rauzy fractal Ry on the space H X Zg

as

Re :=A{7(l(p)) : p € Ps}. (6.7)
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15

FIGURE 6.3: Generalized Rauzy fractal ﬁg where & is the dual NCF
directive sequence for N = 3, z = [0; 3,4, 5,3,4,3,.. ]5.

We define the subtiles 75,,(2) of the generalized Rauzy fractal for i € A as

Reo (i) = {7(l(p)) : pi € Po} (6.8)

It is clear that

Ro = | Ro i)

icA

This new definition generalizes the classical Rauzy fractal to the non-unimodular

case. We conjecture a generalization of Theorem 6.2.6.

Conjecture 6.3.4. Let o be a sequence of substitutions. Assume that it is primitive,

recurrent, algebraically irreducible, and C-balanced. Then:

1. Each subtile ﬁa (7) of the generalized Rauzy fractal ﬁa 15 a compact set that is

the closure of its interior and its boundary has e measure zero.

2. There exists some lattice A C H x Zg such that the collection C = {@+ R (i) :
x € N,i € A} forms a multiple tiling of H X Z, .

6.3.2 Rauzy fractals for NCF substitutions

As mentioned, NCF substitutions are S-adic and non-unimodular. We show an
example of how the Rauzy fractal looks in this case. Let N > 2 be an integer, and let
x =1[0;d1,dz,...]n €[0,1] \ Q. For each n > 1, consider the dual substitutions

0 — 091,

On .
") 1SN,
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We have the directive sequence & = (05, ),>1. Essentially, we can think of the
space Zg as an N-adic space (even though it is not exactly Qn). Each matrix M3,
has determinant N, therefore Z2 /MaLZ2 has N residues, which are given by £& =
{(8) Y (NO_ 1) } If we set Mg,y = Mz, Mz, -+ Mz, _,, then points of Zz can be
expanded in the form

€n
2= Z Mo n+1) (O) ) (6.9)

n>vg(z)

with e, € {0,..., N — 1} for each n > v5(2) and z,_(,) # 0 for z # 0. These series
converge with respect to the metric do, and the expansion of any non-zero z € Zz in

the form (4.2.1) is unique.

Consider the generalized Rauzy fractal 7%3. In this case, d = 2 so the represen-
tation space is R? x Zz and the Rauzy fractal lives in H x Zs where H ~ R. We

consider the embedding

1
V:Zz » R, oz Y —e

n>vg(z)

where e, is as in (6.9). This allows us to represent ﬁ,g in a plane. An example is
given in Figure 6.3 for N = 3 and = = [0;3,4,5,3,4,3,...]3. This is an illustration
of the generalized Rauzy fractal ﬁg C K embedded in R%. The red corresponds to
the subtile R5(0) and the yellow to Rg(1). The reader may observe the resemblance
with illustrations of rational self-affine tiles, in particular to the one corresponding to
the negasemiternary number system of Chapter 2. This approximation seems to show
that the subtiles only overlap in their boundaries. We conjecture that this is the case

for all NCF directive sequences and their duals.
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Chapter 7

Conclusions and open questions

7.1 Conclusions

We have made a contribution to the theory of self-affine tiles that can be sum-
marized as follows: rational matrices behave the same as integer matrices when they
are embedded in a space defined in terms of the appropriate completions. In this
representation space, multiplication by this rational matrix has an integer scaling
factor, allowing the definition of rational self-affine tiles. Whenever these tiles have
positive measure (independently of the digit choice), they induce tilings, and this is a
consequence of the self-affinity itself. Due to the non-Euclidean nature of the space,
we incursion in the study of the tiles by “slicing them up”, and discover interesting

properties: such slices relate to each other by the property we called inter-affinity.

Our contributions to the area of combinatorics on words can be described in a few
words as follows: knowing that Sturmian sequences are the non-eventually periodic
one-balanced words, and knowing that they can be defined in terms of continued
fraction expansions, we defined analogous words for N-continued fraction expansions
and come up with balance constants depending on N that generalize the one-balance
of Sturmian sequences. Moreover, knowing that Sturmian sequences are exactly those
whose factor complexity function is n — n + 1, we compute a generalized complexity
function formula for N-continued fraction sequences. We link this to dynamic results

as well.

Finally, we form a bridge between seemingly distinct areas by means of general-
ized Rauzy fractals and show that the setting of non-unimodular substitutions (which
contains N-continued fraction sequences) relates to that of rational self-affine tiles.

We finish up by stating some conjectures.

Besides the aforementioned contributions to different areas of mathematics, this
thesis has two other purposes that we hope the reader could appreciate: one of them
was the illustration of the mathematical objects that we studied. First of all, we
intended to come up with computer-generated images that were appealing, clear, and
helpful to the understanding of the underlying concepts. This was taken further
by creating a sculpture and a series of puzzles that hopefully display the beauty of
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these objects and in many cases make the observer curious about the underlying
mathematics. This also relates to the other purpose of the thesis, which is that of
exposition. We intended to develop our field of research by telling a story, starting
from a simple case, moving to a more complex one, and landing in the full general
setting. We believe that the content of our results is as valuable as the way it is

presented and explained.

7.2 Open questions

To finalize, we state some open problems.

1. Consider an integer a with |a| > 2. Suppose that D C Z is a digit set such that

the set equation
aF = U (F+d)
deD
has an attractor F' of positive Lebesgue measure in R. Clearly, |D| = a. Let
7 be a rational base with |a] > b > 2, a and b coprime integers. Following
the definitions of Section 2.6, consider the representation space K = R x Q
associated with this rational number system and the diagonal embedding ¢.

Does the attractor F of the equation

7 = UF+e@)
deD

have positive Haar measure?

2. Let a be an expanding algebraic number of degree two. Consider a rational self-
affine tile F(a, D) C K, for some standard digit set D C Z. The intersective
tiles G(2) of F(c, D) form a tiling of C by means of Theorem 3.2.14. Can we
relate this tiling to expansions in base a with digits in D that are unique almost

everywhere? What properties do these digit expansions have?

3. Using the notion of generalized Rauzy fractal given in 6.3.3, can NCF sequences
and their duals be expressed as codings of rotations on a torus, in an analogous
way to Sturmian sequences? Does this induce pure discrete spectrum on the

symbolic dynamical system induced by the shift?



151

Bibliography

1]

2]

3]

4]

[5]

(6]

7]

8]

19]

[10]

[11]

Boris Adamczewski. “Balances for fixed points of primitive substitutions”. In:
Theoret. Comput. Sci. 307.1 (2003). Words, pp. 47-75. 1SSN: 0304-3975. DOI:
10.1016/S0304-3975(03) 00092-6. URL: https://doi.org/10.1016/S0304-
3975(03)00092-6.

S. Akiyama et al. “On the Pisot substitution conjecture”. In: Mathematics of
aperiodic order. Vol. 309. Progr. Math. Birkh&duser/Springer, Basel, 2015, pp. 33—
72.

Shigeki Akiyama, Christiane Frougny, and Jacques Sakarovitch. “Powers of ra-
tionals modulo 1 and rational base number systems”. In: Israel J. Math. 168
(2008), pp. 53-91. 1sSN: 0021-2172. pOI: 10.1007/s11856-008-1056-4. URL:
https://doi.org/10.1007/s11856-008-1056-4.

Petr Ambroz et al. “Numbers with integer expansion in the numeration sys-
tem with negative base”. In: Funct. Approx. Comment. Math. 47.part 2 (2012),
pp- 241-266. DOI: 10.7169/facm/2012.47.2.8.

Li-Xiang An and Ka-Sing Lau. “Characterization of a class of planar self-affine
tile digit sets”. In: Trans. Amer. Math. Soc. 371.11 (2019), pp. 7627-7650.

D. D. Anderson. “GCD domains, Gauss’ lemma, and contents of polynomi-
als”. In: Non-Noetherian commutative ring theory. Vol. 520. Math. Appl. Kluwer
Acad. Publ., Dordrecht, 2000, pp. 1-31.

Maxwell Anselm and Steven H. Weintraub. “A generalization of continued frac-
tions”. In: J. Number Theory 131.12 (2011), pp. 2442-2460. 1sSN: 0022-314X.
DOI: 10.1016/j.jnt.2011.06.007. URL: https://doi.org/10.1016/j.jnt.
2011.06.007.

P. Arnoux. “Sturmian sequences’. In: Substitutions in dynamics, arithmetics
and combinatorics. Vol. 1794. Lecture Notes in Math. Springer, Berlin, 2002,
pp. 143-198.

P. Arnoux and A. M. Fisher. “ Anosov families, renormalization and non-stationary
subshifts”. In: Ergodic Theory Dynam. Systems 25.3 (2005), pp. 661-709.

P. Arnoux and A. M. Fisher. “The scenery flow for geometric structures on the
torus: the linear setting”. In: Chinese Ann. Math. Ser. B 22.4 (2001), pp. 427—
470.

P. Arnoux and G. Rauzy. “Représentation géométrique de suites de complexité
2n+17. In: Bull. Soc. Math. France 119.2 (1991), pp. 199-215. 1SSN: 0037-9484.



152

Bibliography

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]
[23]

[24]

[25]

Pierre Arnoux and Edmund Harriss. “What is ... a Rauzy fractal?” In: Notices
Amer. Math. Soc. 61.7 (2014), pp. 768-770. 1SSN: 0002-9920. DOI: 10. 1090/
notill44. URL: https://doi.org/10.1090/notil144.

Pierre Arnoux and Sébastien Labbé. “On some symmetric multidimensional con-
tinued fraction algorithms”. In: Ergodic Theory and Dynamical Systems 38 (Aug.
2015). DOI: 10.1017/etds.2016.112.

Christoph Bandt. “Self-similar sets. V. Integer matrices and fractal tilings of
R™. In: Proc. Amer. Math. Soc. 112.2 (1991), pp. 549-562. 1SsN: 0002-9939.
DOI: 10.2307/2048752. URL: https://doi.org/10.2307/2048752.

Valérie Berthé and Anne Siegel. “Tilings associated with beta-numeration and
substitutions.” eng. In: Integers 5.3 (2005), Paper A02, 46 p., electronic only—
Paper A02, 46 p., electronic only. URL: http://eudml.org/doc/129035.
Valérie Berthé, Anne Siegel, and Jorg Thuswaldner. “Substitutions, Rauzy frac-
tals and tilings”. In: Combinatorics, automata and number theory. Vol. 135.
Encyclopedia Math. Appl. Cambridge Univ. Press, Cambridge, 2010, pp. 248—
323.

Valérie Berthé, Wolfgang Steiner, and Jorg Thuswaldner. “Multidimensional
continued fractions and symbolic codings of toral translations”. In: Jorunal of
the European Math. Soc. to appear (May 2022).

Valérie Berthé, Wolfgang Steiner, and Jorg M. Thuswaldner. “Geometry, dy-
namics, and arithmetic of S-adic shifts”. In: Ann. Inst. Fourier (Grenoble) 69.3
(2019), pp. 1347-1409. 18sN: 0373-0956. URL: http://aif.cedram.org/item?
id=AIF_2019__69_3_1347_0.

Valérie Berthé et al. “Fractal tiles associated with shift radix systems”. In: Adwv.
Math. 226.1 (2011), pp. 139-175. 1sSN: 0001-8708. DOI: 10.1016/j.aim.2010.
06.010. URL: http://dx.doi.org/10.1016/j.aim.2010.06.010.

G. Birkhoff. “Extensions of Jentzsch’s theorem”. In: Trans. Amer. Math. Soc.
85 (1957), pp. 219-227.

Edward B. Burger et al. “Shrinking the period lengths of continued fractions
while still capturing convergents”. In: J. Number Theory 128.1 (2008), pp. 144—
153. 18SN: 0022-314X. DOI: 10.1016/j.jnt.2007.03.001. URL: https://doi.
org/10.1016/j . jnt.2007.03.001.

Julien Cassaigne and Frangois Nicolas. “Factor complexity”. In: Encyclopedia
Math. Appl. 135 (Jan. 2010). DOI: 10.1017/CB09780511777653.005.

Ethan M. Coven and Gustav A. Hedlund. “Sequences with minimal block growth”.
In: Math. Systems Theory 7 (1973), pp. 138-153.

Karma Dajani and Cor Kraaikamp. Ergodic theory of numbers. Vol. 29. Carus
Mathematical Monographs. Mathematical Association of America, Washington,
DC, 2002, pp. x+190. 1SBN: 0-88385-034-6.

Karma Dajani, Cor Kraaikamp, and Niels van der Wekken. “Ergodicity of N-
continued fraction expansions”. In: J. Number Theory 133.9 (2013), pp. 3183—



Bibliography 153

[26]

[27]

28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

3204. 18sN: 0022-314X. por: 10.1016/j . jnt .2013.02.017. URL: https:
//doi.org/10.1016/j.jnt.2013.02.017.

David S. Dummit and Richard M. Foote. Abstract algebra. Third. John Wiley
Sons Inc., Hoboken, NJ, 2004.

Manfred Einsiedler and Thomas Ward. Ergodic theory with a view towards num-
ber theory. Vol. 259. Graduate Texts in Mathematics. Springer-Verlag London,
Ltd., London, 2011, pp. xviii+481. ISBN: 978-0-85729-020-5. DOI1: 10.1007/978-
0-85729-021-2. URL: https://doi.org/10.1007/978-0-85729-021-2.
Herbert Federer. Geometric measure theory. Die Grundlehren der mathematis-
chen Wissenschaften, Band 153. Springer-Verlag New York Inc., New York, 1969,
pp. xiv+676.

Sébastien Ferenczi and Thierry Monteil. “Infinite words with uniform frequen-
cies, and invariant measures”. In: Combinatorics, Automata and Number Theory.
Ed. by Berthé et al. Encyclopedia of Mathematics and its Applications 135.
Cambridge University Press, 2010, pp. 373-409. URL: https://hal-1lirmm.
ccsd.cnrs.fr/lirmm-00804125.

Flavius Josephus. The Jewish war; translated by Martin Hammond; with an
introduction and notes by Martin Goodman. Oxford World’s Classics paperback.
Oxford: Oxford University Press, 2017.

N. Pytheas Fogg. Substitutions in dynamics, arithmetics and combinatorics.
Vol. 1794. Lecture Notes in Mathematics. Edited by V. Berthé, S. Ferenczi,
C. Mauduit and A. Siegel. Springer-Verlag, Berlin, 2002, pp. xviii+402. ISBN:
3-540-44141-7. DOI: 10.1007/b13861. URL: https://doi.org/10.1007/b13861.
Christiane Frougny, Zuzana Masakovéi, and Edita Pelantova. “Complexity of
infinite words associated with beta-expansions”. In: Theor. Inform. Appl. 38.2
(2004), pp. 163-185. 1SsN: 0988-3754. DOI: 10.1051/ita:2004009. URL: https:
//doi.org/10.1051/ita:2004009.

H. Furstenberg. Stationary processes and prediction theory. Annals of Mathemat-
ics Studies, No. 44. Princeton, N.J.: Princeton University Press, 1960, pp. x+283.
Daniel M. Gordon. “A survey of fast exponentiation methods”. In: J. Algorithms
27.1 (1998), pp. 129-146. 1sSN: 0196-6774. DOIL: 10.1006/jagm.1997.0913. URL:
https://doi.org/10.1006/jagm.1997.0913.

Karlheinz Gréchenig and Andrew Haas. “Self-similar lattice tilings”. In: J. Fourier
Anal. Appl. 1.2 (1994), pp. 131-170. 18SN: 1069-5869. DOI: 10.1007 /500041 -
001-4007-6. URL: https://doi.org/10.1007/s00041-001-4007-6.

Vittorio Griinwald. “Intorno all’aritmetica dei sistemi numerici a base negativa
con particolare riguardo al sistema numerico a base negativo-decimale per lo
studio delle sue analogie coll’aritmetica (decimale)”. In: Giornale di Matematiche
di Battaglini 23 (1885). Errata, p. 367, pp. 203-221.



154

Bibliography

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]
[46]

[47]

[48]

[49]

[50]

Edwin Hewitt and Kenneth A. Ross. Abstract harmonic analysis. Vol. I. Sec-
ond. Vol. 115. Grundlehren der Mathematischen Wissenschaften [Fundamen-
tal Principles of Mathematical Sciences|. Structure of topological groups, inte-
gration theory, group representations. Springer-Verlag, Berlin-New York, 1979,
pp. ix+519. 1SBN: 3-540-09434-2.

Jan E. Holly. “Pictures of ultrametric spaces, the p-adic numbers, and valued
fields”. In: Amer. Math. Monthly 108.8 (2001), pp. 721-728. 1SSN: 0002-9890.
DOI: 10.2307/2695615. URL: https://doi.org/10.2307/2695615.

John E. Hutchinson. “Fractals and self-similarity”. In: Indiana Univ. Math. J.
30.5 (1981), pp. 713-747. 1sSN: 0022-2518. DOI: 10.1512/4umj . 1981 .30.30055.
URL: https://doi.org/10.1512/iumj.1981.30.30055.

Jonas Jankauskas and Jorg M. Thuswaldner. “Rational Matrix Digit Systems”.
In: preprint (2021). Available under https://arxiv.org/abs/2107.14168.
Charlene Kalle et al. “Matching for a family of infinite measure continued frac-
tion transformations”. In: Discrete Contin. Dyn. Syst. 40.11 (2020), pp. 6309
6330. 1SSN: 1078-0947. DOI: 10.3934/dcds.2020281. URL: https://doi.org/
10.3934/dcds.2020281.

Aubrey J. Kempner. “ Anormal Systems of Numeration”. In: Amer. Math. Monthly
43.10 (1936), pp. 610-617. DOI: 10.2307/2300532.

Richard Kenyon. “Self-replicating tilings”. In: Symbolic dynamics and its appli-
cations (New Haven, CT, 1991). Vol. 135. Contemp. Math. Amer. Math. Soc.,
Providence, RI, 1992, pp. 239-263. DOI: 10.1090/conm/135/1185093. URL:
https://doi.org/10.1090/conm/135/1185093.

Peter Kirschenhofer and Jorg M. Thuswaldner. “Shift radix systems—a survey”.
In: Numeration and substitution 2012. RIMS Koékytroku Bessatsu, B46. Res.
Inst. Math. Sci. (RIMS), Kyoto, 2014, pp. 1-59.

Donald E. Knuth. Ambidextrous Numbers. 2022. URL: https : //www - cs -
faculty.stanford.edu/ knuth/papers/ambidextrous.pdf.

Donald E. Knuth. “An imaginary number system”. In: Comm. ACM 3 (1960),
pp. 245-247. DOI: 10.1145/367177.367233.

Donald E. Knuth. The art of computer programming. Vol. 2. Seminumerical
algorithms, Third edition. Addison-Wesley, Reading, MA, 1998, pp. xiv}762.
ISBN: 0-201-89684-2.

A. Kovacs. “Number expansions in lattices”. In: Math. Comput. Modelling 38.7-
9 (2003). Hungarian applied mathematics and computer applications, pp. 909
915.

Cor Kraaikamp and Niels Langeveld. “Invariant measures for continued fraction
algorithms with finitely many digits”. In: J. Math. Anal. Appl. 454.1 (2017),
pp. 106-126. 18SN: 0022-247X. DOI: 10.1016/j . jmaa. 2017 .04 . 067. URL:
https://doi.org/10.1016/j.jmaa.2017.04.067.

Jeffrey C. Lagarias and Yang Wang. “Integral self-affine tiles in R". II. Lattice
tilings”. In: J. Fourier Anal. Appl. 3.1 (1997), pp. 83-102.



Bibliography 155

[51] Jeffrey C. Lagarias and Yang Wang. “Integral self-affine tiles in R"™. I. Standard
and nonstandard digit sets”. In: J. London Math. Soc. (2) 54.1 (1996), pp. 161
179.

[52] Jeffrey C. Lagarias and Yang Wang. “Integral self-affine tiles in R™ I. Standard
and Nonstandard Digit Sets”. In: J. London Math. Soc. 54.2 (1996), pp. 161-179.

[53] Jeffrey C. Lagarias and Yang Wang. “Self-affine tiles in R™. In: Adv. Math.
121.1 (1996), pp. 21-49.

[54] Chun-Kit Lai and Ka-Sing Lau. “Some recent developments of self-affine tiles”.
In: Recent developments in fractals and related fields. Trends Math. Birkh&auser /Springer,
Cham, 2017, pp. 207-232.

[55] Susan Landau. “Polynomials in the nation’s service: using algebra to design the
advanced encryption standard”. In: Amer. Math. Monthly 111.2 (2004), pp. 89—
117. 1ssN: 0002-9890. DOI: 10.2307/4145212. URL: https://doi.org/10.2307/
4145212.

[56] Niels Langeveld, Lucia Rossi, and Jorg M. Thuswaldner. “Generalizations of
Sturmian sequences associated with N-continued fraction algorithms”. In: J.
Number Theory 250 (2023), pp. 49-83. 1SsN: 0022-314X. DOI: 10.1016/j. jnt.
2023.03.008. URL: https://doi.org/10.1016/j.jnt.2023.03.008.

[57] Ka-Sing Lau and Hui Rao. “On one-dimensional self-similar tilings and pg-tiles”.
In: Trans. Amer. Math. Soc. 355.4 (2003), pp. 1401-1414. 1sSN: 0002-9947. DOIL:
10.1090/S0002-9947-02-03207-5. URL: https://doi.org/10.1090/S0002-
9947-02-03207-5.

[58] D. A. Lind. “Dynamical properties of quasihyperbolic toral automorphisms”. In:
Ergodic Theory Dynam. Systems 2.1 (1982), pp. 49-68. 1SSN: 0143-3857. DOI: 10.
1017/s0143385700009573. URL: https://doi.org/10.1017/s0143385700009573.

[59] Kurt Mahler. “An unsolved problem on the powers of 3/2”. In: J. Austral. Math.
Soc. 8 (1968), pp. 313-321. DOI: 10.1017/S1446788700005371.

[60] Milton Minervino and Wolfgang Steiner. “Tilings for Pisot beta numeration”.
In: Indag. Math. (N.S.) 25.4 (2014), pp. 745-773.

[61] Milton Minervino and Jorg Thuswaldner. “The geometry of non-unit Pisot sub-
stitutions”. In: Ann. Inst. Fourier (Grenoble) 64.4 (2014), pp. 1373-1417.

[62] Marston Morse and Gustav A. Hedlund. “Symbolic Dynamics II. Sturmian tra-
jectories”. In: Amer. J. Math. 62 (1940), pp. 1-42.

[63] Jirgen Neukirch. Algebraic number theory. Vol. 322. Grundlehren der mathe-
matischen Wissenschaften [Fundamental Principles of Mathematical Sciences|.
Translated from the 1992 German original and with a note by Norbert Schap-
pacher, With a foreword by G. Harder. Springer-Verlag, Berlin, 1999, pp. xviii+571.
ISBN: 3-540-65399-6. DOI: 10.1007/978-3-662-03983-0. URL: https://doi.
org/10.1007/978-3-662-03983-0.

[64] Andrew M. Odlyzko and Herbert S. Wilf. “Functional iteration and the Josephus
problem”. In: Glasgow Math. J. 33.2 (1991), pp. 235-240. 1SsN: 0017-0895. DOT:
10.1017/80017089500008272.



156

Bibliography

[65]

[66]

[67]

[68]

[69]

[70]

[71]

72]

[73]

[74]

[75]

[76]

[77]

Alexander Ostrowski. “Uber einige Losungen der Funktionalgleichung v(z) -
Y(x) = P(zy)”. In: Acta Math. 41.1 (1916), pp. 271-284. 13SN: 0001-5962. DOL:
10.1007/BF02422947. URL: https://doi.org/10.1007/BF02422947.

W. Parry. “On the g-expansions of real numbers”. In: Acta Math. Acad. Sci.
Hungar. 11 (1960), pp. 401-416. 1SsN: 0001-5954. poI: 10.1007 /BF02020954.
URL: https://doi.org/10.1007/BF02020954.

G. Rauzy. “Nombres algébriques et substitutions”. In: Bull. Soc. Math. France
110.2 (1982), pp. 147-178. 1sSN: 0037-9484. URL: http://www .numdam. org/
item?id=BSMF_1982__110__147_0.

Gérard Rauzy. “Echanges d’intervalles et transformations induites”. In: Acta
Arith. 34.4 (1979), pp. 315-328.

Gérard Rauzy. “Une généralisation du développement en fraction continue”.
In: Séminaire Delange-Pisot-Poitou, 18e année: 1976/77, Théorie des nombres,
Fasc. 1. Secrétariat Math., Paris, 1977, Exp. No. 15, 16.

Hans Reiter and Jan D. Stegeman. Classical harmonic analysis and locally
compact groups. Second. Vol. 22. London Mathematical Society Monographs.
New Series. The Clarendon Press, Oxford University Press, New York, 2000,
pp. xiv+327. ISBN: 0-19-851189-2.

Alfréd Rényi. “Representations for real numbers and their ergodic properties”.
In: Acta Math. Acad. Sci. Hungar. 8 (1957), pp. 477-493. por: 10 . 1007 /
BF02020331.

Alain M. Robert. A course in p-adic analysis. Vol. 198. Graduate Texts in Math-
ematics. Springer-Verlag, New York, 2000, pp. xvi+437. 1SBN: 0-387-98669-3.
DOI: 10.1007/978-1-4757-3254-2. URL: https://doi.org/10.1007/978-1-
4757-3254-2.

Lucia Rossi, Wolfgang Steiner, and Jorg M. Thuswaldner. “Rational self-affine
tiles associated to standard and nonstandard digit systems”. In: Panoramas et
Synthéses. (2023 (accepted)). URL: https://arxiv.org/abs/2110.09112.
Lucia Rossi and Jorg M. Thuswaldner. “A number system with base —3/2”. In:
The American Mathematical Monthly 129.6 (2022), pp. 539-553. DOI: 10.1080/
00029890.2022.2061281. URL: https://doi.org/10.1080/00029890.2022.
2061281.

Klaus Scheicher et al. “Digit systems over commutative rings”. In: Intern. J.
Number Theory 10.6 (2014), pp. 1459-1483. DOI: 10.1142/51793042114500389.
Nikita Sidorov. “Almost every number has a continuum of S-expansions”. In:
Amer. Math. Monthly 110.9 (2003), pp. 838-842. 1ssN: 0002-9890. por: 10 .
2307/3647804. URL: https://doi.org/10.2307/3647804.

Anne Siegel. “Représentation des systémes dynamiques substitutifs non unimod-
ulaires”. In: Ergodic Theory Dynam. Systems 23.4 (2003), pp. 1247-1273. 1SSN:
0143-3857. pOI: 10.1017/S0143385702001232. URL: https://doi.org/10.
1017/50143385702001232.



Bibliography 157

78]

[79]

[80]

[81]

[82]

[33]

[84]

Wolfgang Steiner and Jorg M. Thuswaldner. “Rational self-affine tiles”. In: Trans.
Amer. Math. Soc. 367.11 (2015), pp. 7863-7894. 1SSN: 0002-9947. DOI: 10.1090/
S0002-9947-2015-06264-3. URL: https://doi.org/10.1090/S0002-9947 -
2015-06264-3.

Jorg M. Thuswaldner. “S-adic sequences: a bridge between dynamics, arith-
metic, and geometry”. In: Substitution and tiling dynamics: introduction to self-
inducing structures. Vol. 2273. Lecture Notes in Math. Springer, Cham, [2020)]
(©)2020, pp. 97-191.

Ondrej Turek. “Balance properties of the fixed point of the substitution asso-
ciated to quadratic simple Pisot numbers”. In: RAIRO-Theor. Inf. Appl. 41.2
(2007), pp. 123-135. pOI: 10.1051/ita:2007009. URL: https://doi.org/10.
1051/ita:2007009.

Peter Walters. An introduction to ergodic theory. Vol. 79. Graduate Texts in
Mathematics. Springer-Verlag, New York-Berlin, 1982, pp. ix+250. I1SBN: 0-387-
90599-5.

Yang Wang. “Self-affine tiles”. In: Advances in wavelets (Hong Kong, 1997).
Springer, Singapore, 1999, pp. 261-282.

André Weil. Basic number theory. Classics in Mathematics. Reprint of the second
(1973) edition. Springer-Verlag, Berlin, 1995, pp. xviii4+315. 1SBN: 3-540-58655-
5.

Roland Zweimiiller. “Ergodic properties of infinite measure-preserving interval
maps with indifferent fixed points”. In: Ergodic Theory Dynam. Systems 20.5
(2000), pp. 1519-1549. 1sSN: 0143-3857. DOI: 10 . 1017 /S0143385700000821.
URL: https://doi.org/10.1017/S0143385700000821.



	Introduction
	Number systems
	Self-affine tiles
	Standard vs non-standard
	Integer vs non-integer
	An art project
	Continued fractions and Sturmian sequences
	Structure of the thesis

	Number systems with rational basis
	The negasemiternary system
	Ambinumbers
	A tiling of a non-euclidean space
	Slices of the central tile
	Applications in number theory
	Rational base number systems

	Number systems with algebraic basis
	Preliminaries in algebraic number theory
	Rational self-affine tiles
	Intersective tiles

	An example with base (-1+3i)/2
	Inter-affine tiles

	Generalizations

	Standard and non-standard digit systems
	Digit systems for rational matrices
	The representation space
	Rational self-affine tiles
	Topological results on rational self-affine tiles
	A tiling theorem
	Characters
	Multiple tiling theorem

	N-continued fraction sequences
	Preliminaries
	N-continued fraction expansions
	Substitutions and S-adic sequences

	N-continued fraction sequences
	Letter frequency and generalized right eigenvector
	Substitution selection for the NCF algorithm

	Results on balance
	Factor complexity and unique ergodicity
	Characterization of left special factors
	Results on factor complexity
	Uniform word frequencies and unique ergodicity

	Entropy, growth rate, and a Farey map
	Entropy and growth rate
	A Farey-like map for greedy NCF expansions


	Rauzy fractals for non-unimodular S-adic substitutions
	The classical case
	The S-adic case
	The non-unimodular case
	Generalized Rauzy fractals
	Rauzy fractals for NCF substitutions


	Conclusions and open questions
	Conclusions
	Open questions


