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“You were not made to live like brutes,  

but to follow virtue and knowledge” 

 

(“Fatti non foste a viver come bruti, 
ma per seguir virtute e canoscenza”) 

 

 

Ulysses, Inferno, Canto XXVI 

Dante Alighieri, Divine Comedy 

 
 
 
 
 
 
 
 
 
 
 
 
 
“That didn’t hurt! ‘Cause I’m made of rubber”  

 

Monkey D Luffy, Chapt. 2 

Eichiro Oda, One Piece 
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Failure of elastomers is often related to fatigue. In fact, the mechanical properties of 

these materials make them suitable in applications in which cyclic loading overlaps with 

large static loads. Due to the peculiar mechanical properties, namely hyperelasticity and 

viscoelasticity, the investigation of elastomers’ mechanical and fatigue properties is not a 

trivial task.  

Temperature strongly influences the mechanical and fatigue behavior of elastomers. 

Despite the awareness of the effects of temperature dating back to the early studies of rubber 

fatigue, only little effort has been made to rationalize this behavior and develop a systematic 

model that allows this effect to be taken into account. 

Thus, this thesis aims to analyze the fatigue of a non-crystallizing elastomer and 

specifically to investigate the effect of temperature in order to create a model able to improve 

the fatigue predictions. At first, the influence of self-heating upon cyclic loading due to heat 

build-up was assessed considering different frequencies, and interesting observations about 

the temperature evolution during crack propagation were made. Furthermore, an equation for 

the evaluation of temperature in the thickness of samples was described. Second, the fatigue 

crack propagation of a filled elastomer was analyzed, considering several mechanical 

parameters and among them, the most influential for non-crystallizing elastomers was found 

to be frequency. Based on these findings, the influence of temperature on the mechanical 

behavior was investigated in terms of large and small deformations, evidencing a strong role 

of fillers on the overall mechanical properties. Moreover, the fatigue crack propagation at 

high temperatures was studied and a model to reduce the data to a fatigue master curve was 

developed. Finally, fatigue lifetime investigations were correlated with initial defect size and 

crack propagation results. This was possible by exploiting the fatigue master curve applied 

according to the surface temperature monitored in the fatigue tests as a consequence of heat 

build-up. These results were then verified through the particle size obtained from 
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microtomography measurements. Finally, a hyperelastic J-integral equation for notched 

specimens was developed, correlating the fatigue lifetime independently of the geometry. 
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Das Versagen von Elastomeren ist häufig auf Ermüdung zurückzuführen. Aufgrund 

ihrer mechanischen Eigenschaften eignen sich diese Werkstoffe für Anwendungen, bei denen 

sich zyklische Belastungen mit großen statischen Belastungen überlagern. Aufgrund der 

besonderen mechanischen Eigenschaften, nämlich der Hyperelastizität und der 

Viskoelastizität, ist die Untersuchung der mechanischen und Ermüdungseigenschaften von 

Elastomeren keine triviale Aufgabe. 

Temperatur hat einen starken Einfluss auf das mechanische Verhalten und die 

Ermüdung von Elastomeren. Obwohl die Auswirkungen der Temperatur bereits in den ersten 

Studien zur Ermüdung von Elastomeren bekannt waren, wurde nur wenig Aufwand 

betrieben, dieses Verhalten einzuordnen und ein systematisches Modell zu entwickeln um 

diesen Effekt mitberücksichtigen zu können. 

Daher zielt diese Arbeit darauf ab, die Ermüdung eines nicht kristallisierenden 

Elastomers zu analysieren und im Speziellen die Auswirkungen der Temperatur zu 

untersuchen, um ein Modell zu erstellen, das die Ermüdungsvorhersagen verbessert. 

Zunächst wurde der Einfluss der Selbsterwärmung bei zyklischer Belastung aufgrund von 

Wärmestau unter Berücksichtigung verschiedener Frequenzen untersucht, bei welchen 

interessanten Beobachtungen über die Temperaturentwicklung während der Rissausbreitung 

gemacht wurden. Darüber hinaus wurde die Bewertung der Temperatur über die Dicke in 

den Proben mit einer Gleichung beschrieben. Zweitens wurde die Ausbreitung von 

Ermüdungsrissen in gefüllten Elastomeren unter Berücksichtigung verschiedener 

mechanischer Parameter analysiert, wobei sich herausstellte, dass die Frequenz bei nicht 

kristallisierenden Elastomeren den größten Einfluss hat. Auf der Grundlage dieser 

Erkenntnisse wurde der Einfluss der Temperatur auf das mechanische Verhalten in Bezug 

auf große und kleine Verformungen untersucht, wo sich ein starker Einfluss der Füllstoffe 

auf die mechanischen Eigenschaften insgesamt zeigte. Darüber hinaus wurde das 
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Ermüdungsrisswachstum bei hohen Temperaturen untersucht und daraus ein Modell zur 

Reduzierung der Daten auf eine Ermüdungsmasterkurve entwickelt. Anschließend wurden 

Untersuchungen der Ermüdungslebensdauer mit der anfänglichen Defektgröße und den 

Ergebnissen der Rissausbreitung korreliert. Dies war möglich, indem die 

Ermüdungsmasterkurve entsprechend der in den Ermüdungsversuchen beobachteten 

Oberflächentemperatur als Folge der Wärmeentwicklung verwendet wurde. Diese 

Ergebnisse wurden dann anhand der aus Mikrotomographiemessungen gewonnenen 

Partikelgröße verifiziert. Schlussendlich wurde eine hyperelastische J-Integral-Gleichung für 

gekerbte Proben aufgestellt, welche mit der Ermüdungslebensdauer unabhängig von der 

Geometrie korreliert. 
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A   [mm2]   area 

a   [mm]   notch size 

BIIR      bromobutyl rubber  

BR      butadiene rubber 

c   [mm]   crack length 

C   [-]   Paris law parameter 

c0   [mm]   initial defect size 

cf   [mm]   final defect size 

C1   [MPa]   Mooney-Rivlin parameter 

C2   [MPa]   Mooney-Rivlin parameter 

CB      Carbon Black 

cp   [J/kg·K]  specific heat 

CRB       cracked round bar 

D′′   [Pa]   dynamic loss compliance 

dc/dN   [mm/cycle]  crack growth rate 

DMA      dynamic mechanical analysis 

E*   [Pa]   complex dynamic modulus 

E′   [Pa]   dynamic storage modulus 

E′′   [Pa]   dynamic loss modulus 

E0   [Pa]   dynamic modulus in rubbery region 

E∞   [Pa]   dynamic modulus in glassy region 

Ea,app   [kJ/mol]  activation energy 

ECO      epichlorohydrin rubber 

EPDM      ethylene-propylene-diene rubber 

f   [Hz]   frequency 
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F   [N]   load (force) 

Fmax   [N]   maximum force 

Fmin   [N]   minimum force 

G   [J/m2]   tearing energy 

G′   [Pa]   dynamic shear storage modulus 

G′′   [Pa]   dynamic shear loss modulus 

G0   [J/m2]   critical tearing energy 

GGrif   [J/m2]   energy release rate evaluated by Griffith 

GT   [J/m2]   tearing energy at T 

GT,Tref   [J/m2]   tearing energy at T shifted to Tref 

IR      infrared 

J   [J/m2]   J-integral 

Jmax   [J/m2]   maximum J-integral 

Jmin   [J/m2]   minimum J-integral 

k(λ)      geometrical factor for tearing energy 

L   [m]   thickness 

l   [-]   deformation 

LFA      laser flash analysis 

m   [-]   Paris law parameter 

NBR      acrylonitrile butadiene rubber 

N   [-]   number of cycles 

Nf   [-]   number of cycles to failure 

NR      natural rubber 

P   [Pa]   pressure 

q   [J]   heat 

R   [-]   load ratio (with respect to F or σ) 

Rε   [-]   load ratio (with respect to s or ε) 

r   [mm]   distance from the crack tip 

rout   [mm]   external radius 

S   [J/K]   entropy 
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s   [mm]   displacement 

SBR      styrene-butadiene rubber 

smax   [mm]   maximum displacement 

smin   [mm]   minimum displacement 

sT   [-]   fatigue shift factor  

T   [°C]   temperature 

t   [s]   time 

tanδ   [-]   loss factor 

Tg   [°C]   glass transition temperature 

Tref   [°C]   reference temperature 

Ts   [°C]   surface temperature 

U   [J]   energy 

Udiss   [J]   dissipated energy 

Uin   [J]   input energy 

Usto   [J]   elastically stored energy 

V   [m3]   volume 

W0   [J/m3]   strain energy density 

ε   [%]   strain 

ε0   [%]   strain amplitude 

εmax   [%]   maximum strain 

κ   [W/m·K]  thermal conductivity 

λ   [-]   stretch ratio 

μ-CT      X-ray microtomography 

ρ   [kg/m3]  density 

σ   [MPa]   stress 

σ0   [MPa]   stress amplitude 

σ*   [MPa]   reduced stress 

ω   [Hz]   perturbing frequency 
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Elastomers have unique mechanical properties that make them indispensable in several 

applications such as tires, seals, hoses, belts, dampers, and so on. Each of the several 

applications in which elastomers are employed have their own specific requirements; 

however, bearing large strains and cyclic deformations is the main characteristic to be 

fulfilled. This is guaranteed by the peculiar structure of elastomers that leads to outstanding 

and unique elastic behavior. In fact, through the vulcanization (i.e., curing of rubbers) 

process, chemical crosslinks are introduced between the macromolecules of a polymer with 

a glass transition temperature below room temperature. The presence of chemical crosslinks 

hinders the possibility of sliding between the polymeric macromolecules; hence, it allows 

elastomers to withstand huge deformations. For this characteristic, elastomers are classified 

as hyperelastic materials. 

The chemical structure induced by vulcanization has major consequences on the 

mechanical behavior of these materials, which are characterized by entropic elasticity. By 

using a thermodynamic approach, it is possible to demonstrate that upon stretching a rubber 

piece, an internal restoring force is generated. During the deformation, the macromolecules 

align with the loading direction, which results in a decrease of entropy. Once the external 

deformation is removed, the elastomer tends to recover the initial state in order to increase 

its entropic state. The restoring force is proportional through the temperature to the variation 

of entropy related to the deformation. In addition, due to the fact that elastomers’ main 

component is the rubber matrix, their mechanical behavior is characterized by a certain 

degree of viscoelasticity. This is even more pronounced when considering filled elastomers: 

the introduction of fillers - typically the second main constituents of elastomer formulations 

– leads to a reduction in the mobility of macromolecules, affecting the viscoelastic response 

of the material. 

1 Introduction 
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Elastomers’ components are typically subjected to cyclic loading even in the form of 

small vibrations. Thus, when considering the long-term behavior of structural materials, 

fatigue plays a major role. This process involves the repetition of loads that are smaller than 

the strength of the material, which leads to the accumulation of damage and the premature 

failure of the components. Fatigue initiates from cracks that nucleate from defects and 

inhomogeneities that are normally present in any materials. Subsequently, the nucleated 

microscopic cracks increase in size and coalesce up to failure. The analysis of rubber’s 

fatigue started with the early work of Caldwell et al. in 1940 [1] and with the application of 

fracture mechanics to rubbers by Rivlin and Thomas in 1953 [2] and its successful application 

to fatigue [3,4]. Within these works, it was highlighted how an energetic approach based on 

the tearing energy is able to describe the fracture and fatigue behavior of rubbers. 

Elastomers are hyperelastic materials characterized by entropic elasticity and 

viscoelasticity. Both of these characteristics are significantly influenced by temperature. On 

the one hand, the level of the entropic response of the elastomeric matrix is proportional to 

the temperature. On the other hand, temperature affects the degree of mobility of the polymer 

chains and thus the viscoelastic response of the material. Furthermore, a typical feature of 

viscoelastic materials is energy dissipation: upon cyclic loading, a part of the mechanical 

energy is dissipated and converted into heat. Due to the low thermal conductivity and large 

strains at which elastomer components are typically subjected, significant temperature 

increases are often observed. This phenomenon is known as heat build-up. 

During cyclic loading, elastomers are subjected to different extents of temperature 

variation, either related to the environment or due to self-heating as a consequence of heat 

build-up. Therefore, the effect of temperature on the fatigue resistance of elastomers is 

extremely relevant for numerous applications. Already in 1964, Lake and Lindley [4] 

reported a drop of four order of magnitude of fatigue life passing from 0 °C to 100 °C for 

styrene-butadiene rubber (SBR), evidencing how this parameter strongly affects the fatigue 

resistance of elastomers. Although the influence of temperature on the fatigue of elastomers 

is a well-known phenomenon, little research has been focused on modeling its influence. 

Such a model is fundamental to increase the accuracy of lifetime predicting models for 

elastomer components. 
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The objective of the research presented in this thesis was to investigate several aspects 

of the fatigue of elastomers, with a particular focus on the effect of temperature. The final 

aim was to develop a model able to consider the effect of temperature on fatigue. To do so, 

several investigations were performed considering a carbon black-filled acrylonitrile 

butadiene rubber (NBR), and the results are presented in the framework of the state of the 

art. The structure of NBR makes this material resistant to fuels and oils due to its strong 

polarity; therefore, it is of fundamental importance in the oil and gas industry. Despite this, 

it has received little attention throughout the literature and this thesis aims to extend the 

knowledge of fatigue for this material as well.  

A relevant focus was devoted to the analysis of self-heating as a consequence of heat 

build-up. Several aspects were considered, like the influencing parameters and how the 

temperature varies in the volume of the specimen. Furthermore, the investigation of heat 

build-up was extended to the case of a propagating crack. Subsequently, the fatigue behavior 

of elastomers was considered by analyzing the effect of several mechanical parameters. A 

particular focus was devoted to frequency, force control, waveform and load ratio and the 

consequences on fatigue crack propagation were described. Based on these fundamentals 

investigation, the effect of temperature on the mechanical behavior at both large and small 

deformations was analyzed, and several models to consider the impact of temperature on the 

fatigue of elastomers were presented. Finally, fracture mechanics-based methodologies were 

used to assess the lifetime of elastomers based on in-depth investigations on defect size and 

crack growth. In this context, a new tool for the analysis of accelerated fatigue through a J-

integral approach for notched specimens was described. 

The doctoral thesis is based on the following five publications that have all been 

published in refereed journals or refereed conference proceedings.  

2 Structure of the Thesis 
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• Publication 1: Impact of temperature on the fatigue and crack growth behavior of 

rubbers [5] 

• Publication 2: Heat build-up of rubbers during cyclic loading [6] 

• Publication 3: Effect of mechanical loading history on fatigue crack growth of non-

crystallizing rubber [7] 

• Publication 4: Temperature impact on the mechanical and fatigue behavior of a non-

crystallizing rubber [8] 

• Publication 5: Fatigue analysis and critical defect size evaluation of filled NBR 

including temperature influence [9] 

In the thesis, the methodology and the main findings are elaborated considering the state 

of the art and highlighting the results extending the level of existing knowledge. In the 

appendix, the papers are presented in their published state, including the authors, affiliations 

and detailed representation of the work done by the individual authors. 
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Rubbers subjected to cyclic loading normally show an increase in temperature as a 

consequence of heat build-up. In fact, during cyclic loading, part of the mechanical energy is 

dissipated and heat is generated within the volume of the object. This characteristic is an 

intrinsic property of viscoelastic materials such as the rubber matrix of elastomers. 

Considering a cyclic load, viscoelastic materials can be schematized as having an elastic 

component (Figure 3.1(a)) for which no energy is dissipated and a viscous component 

(Figure 3.1(b)) for which all energy is dissipated. Viscoelastic materials can be modeled as 

having both components (Figure 3.1(c)) and the resulting mechanical behavior is a 

combination of both: a fraction of the energy is stored while the rest is dissipated [10]. 

 

Figure 3.1 Schematic of the mechanical behavior under cyclic load for (a) elastic material, (b) viscous material 
and (c) viscoelastic material. 

The dissipated energy in one cycle is the area below the hysteresis curve and for a 

viscoelastic material can be evaluated as [10,11]: 

3 Heat Build-Up During Cyclic Loading 

 𝑈𝑈 = � 𝜎𝜎 ∙ 𝑑𝑑𝑑𝑑
2𝜋𝜋
𝑓𝑓

0
= 𝜋𝜋𝜀𝜀0

2𝐸𝐸′′(𝑓𝑓, 𝑇𝑇) = 𝜋𝜋𝜎𝜎0
2𝐷𝐷′′(𝑓𝑓, 𝑇𝑇) (3.1) 
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where f is the frequency, ε0 the strain amplitude and 𝐸𝐸′′(𝑓𝑓, 𝑇𝑇) the loss modulus, while σ0 is 

the stress amplitude and 𝐷𝐷′′(𝑓𝑓, 𝑇𝑇) the loss compliance. Therefore, at each cycle, a certain 

amount of energy is dissipated and (partially) converted into heat. Generally, due to non-

adiabatic conditions, heat is exchanged with the surrounding environment at the specimen 

(or component) surface, limiting the extent of temperature rises. However, since rubbers 

possess low thermal conductivity [10], not all of the generated heat can be transferred fast 

enough to the surface and exchanged with the environment, which is why a significant 

increase in temperature is observed. It is worth noting that the higher the temperature the 

object reaches, the higher the gradient with environmental temperature will be, making it a 

larger driving force for the temperature reduction. A schematic of the temperature evolution 

as a consequence of heat build-up is reported in Figure 3.2. 

 

Figure 3.2 Schematic of the temperature evolution due to heat build-up upon cyclic loading. 

Three phases can be evidenced: 

• Phase I - transient phase of heating: immediately after the application of the load, the 

heat is generated in the volume due to energy dissipation and the temperature rises; 

• Phase II - steady state: the temperature reaches an equilibrium since the flux of 

internal heat (generated heat) is the same as the external flux (heat exchanged with 

the environment); 

• Phase III - transient phase of cooling: the load is removed and thus, the internal heat 

generation stops and the object starts to cool. 
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Generally, heat build-up is studied by measuring the temperature variation during cyclic 

loading and then it is analyzed by using different thermo-mechanical models [12–23]. The 

temperature increases due to heat build-up were also considered as predictor parameters for 

fatigue failure [24,25]. 

3.1 Parameters influencing the heat build-up 

The extent of temperature variation depends on several parameters such as material 

stiffness, the frequency of oscillation, the loading amplitude and the thickness of the 

component [10]. These effects are well described by considering the rate of temperature 

increase, 𝛥𝛥𝛥̇𝛥 [26,27]: 

where 𝑓𝑓 is the frequency, σ0 is the stress amplitude, 𝐷𝐷′′(𝑓𝑓, 𝑇𝑇) is the loss compliance, cp is the 

specific heat and 𝜌𝜌 is the density. Larger temperature increases are found with high loading 

amplitudes, large frequencies or for a material with large energy dissipation. On the other 

hand, a material with low specific heat (and thus, thermal conductivity) will result in larger 

rises in temperature. Kar and Bhowmick [28] verified the influences of different parameters 

on heat generation on both NR and SBR. They found that heat generation increases with the 

increase of hysteresis loss, frequency, specific heat, stress, stroke amplitude, filler loading, 

surface area of the filler and the temperature difference between the wall and the 

environment. Conversely, heat generation decreases with an increase of in temperature with 

respect to the Tg of the material, thermal conductivity and structure of the carbon black. 

Actually, when considering filled elastomers, another source of energy dissipation is 

represented by fillers, since they increase the friction during the stretch of the 

macromolecules [29]. Park et al. [30] reported that an increase of filler loading leads to larger 

heat generation. Considering the frequency, Schieppati et al. [5] examined experimentally 

the temperature evolution for a CB-filled NBR at different frequencies (Figure 3.3), 

observing that larger frequencies lead to higher temperature increases for a filled NBR, 

according to Equation (3.2). The effect of frequencies on temperature is clear when 

 𝛥𝛥𝛥̇𝛥 =
𝜋𝜋 ∙ 𝑓𝑓 ∙ 𝜎𝜎0 ∙ 𝐷𝐷′′(𝑓𝑓, 𝑇𝑇)

4 ∙ 𝑐𝑐𝑝𝑝 ∙ 𝜌𝜌
 (3.2) 
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considering that at higher frequencies, more energy is dissipated per second: therefore, in the 

same time frame, a higher amount of heat is generated. 

  

Figure 3.3 Surface temperature as a function of number of cycles at different frequencies observed during 
fatigue crack growth of CB-filled NBR. Reproduced from [5]. 

3.2 Temperature profile in the sample thickness 

The temperature increases upon loading are evaluated using surface temperature values. 

However, due to the low thermal conductivity of elastomers, it is reasonable to believe that 

the temperature is not homogenous along the thickness. This was observed experimentally 

by Kerchman and Shaw [24], who reported a parabolic shape of the temperature in the 

thickness of a cylindrical specimen. 

In order to model the internal temperature distribution, an equation for calculating the 

temperature profile along the thickness was obtained by Schieppati et al. [6] by considering 

the heat equation with a heating source, i.e., the internal heat generated due to heat build-up. 

This is described by the differential equation: 

where ρ is the density, cp the specific heat, κ the thermal conductivity and 𝑞̇𝑞 the internal heat 

generated per unit volume. 

  𝜌𝜌𝑐𝑐𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− ∇(𝜅𝜅∇𝑇𝑇) = 𝑞̇𝑞 (3.3) 
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In order to achieve a simplified analytical solution, some assumptions were made. First 

of all, it was considered that the thermal conductivity was constant with temperature. This 

assumption was justified by the experimental results shown in Figure 3.4 obtained by 

Schieppati et al. [5]; the thermal conductivity was found to be substantially constant in a 

large range of temperature, corresponding to the range of utilization of elastomers. 

Since κ is constant over temperature, Equation (3.3) becomes:  

 

Figure 3.4 Values of thermal conductivity for the material between 30 and 130 °C measured with two different 
techniques: in black, the data obtained with the guarded heat method and in red, the one obtained with the Laser 
Flash Method (LFA). Reproduced from [5]. 

This equation could be used to calculate the steady state and the transient regions [31] 

by considering an overall energy balance [32]. However, for an accurate determination, an 

efficient evaluation of the external fluxes such as convection and irradiation would be 

required, which are often difficult to estimate with sufficient precision. Nevertheless, more 

accurate conclusions could be drawn by considering the temperature in the steady state. In 

this case, the internal and external heat flux are the same and the temperature is in 

equilibrium. In the steady state condition, the rate of variation of temperature is zero 

(𝜕𝜕𝜕𝜕/𝜕𝜕𝜕𝜕=0). 

 𝜌𝜌𝑐𝑐𝑝𝑝
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

− 𝜅𝜅∇2𝑇𝑇 = 𝑞̇𝑞 (3.4) 
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Considering then a rectangular plate geometry and assuming that the temperature only 

varies in the thickness, it was possible to simplify the problem to a one-dimensional case. 

Taking into account all of these considerations, Equation (3.4) can be rewritten as: 

The analytical solution for the temperature profile along the thickness can be retrieved 

by considering the following boundary condition: at the surface, the temperature TS is 

constant, while the continuity of the function in the center of the specimen implies that 

𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑=0. The solution to the problem is a parabolic function of the thickness L: 

The temperature will be maximum in the center for 𝑥𝑥 = 0: 

In the case of cyclic loading, the specific energy dissipated per unit second (i.e., specific 

dissipated power), 𝑞̇𝑞, can be approximated as: 

where Udiss is the energy dissipated per cycle, 𝑓𝑓 the frequency of oscillation and 𝑉𝑉 the volume 

of the specimen. It is worth noting that this is a simplification since not all dissipated energy 

is converted into heat; however, this represents an overestimation and for that reason, a 

conservative estimation. 

Using Equation (3.6), Schieppati et al. [6] calculated the temperature profile along the 

thickness for pure shear at different frequencies (Figure 3.5). It was observed that the 

temperature was substantially constant along the thickness in all tested conditions, with 

minor variations only at higher frequencies. That was connected to the low thickness of the 

specimens (4 mm): the small path of the heat to the surface led to a fast exchange with the 

environment, limiting the temperature rises. The data suggested that for pure shear 

 𝑑𝑑2𝑇𝑇
𝑑𝑑𝑥𝑥2 = −

𝑞̇𝑞
𝜅𝜅

 (3.5) 

 𝑇𝑇 = 𝑇𝑇𝑆𝑆 +
𝑞̇𝑞

2𝜅𝜅
�

𝐿𝐿2

4
− 𝑥𝑥2� (3.6) 

 𝑇𝑇 = 𝑇𝑇𝑆𝑆 +
𝑞̇𝑞𝐿𝐿2

8𝜅𝜅
 (3.7) 

 𝑞̇𝑞 =
𝑓𝑓 ∙ 𝑈𝑈𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑉𝑉
 (3.8) 
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specimens, the temperature can be considered homogenous along the thickness and can be 

accounted as the surface temperature. 

 

Figure 3.5 Calculated temperature profiles along the thickness of pure shear specimens of CB-filled NBR at 
different frequencies. Reproduced from [6]. 

3.3 Temperature evolution during crack propagation 

According to Perrson and Brener [33], when considering a propagating crack in a 

viscoelastic material in the rubbery state, an increase in temperature in front of the crack tip 

is expected due to high viscoelastic dissipations in the proximity of the crack tip. Considering 

a propagating crack, a perturbing frequency, ω, is originated; this is proportional to the 

propagation speed of the crack, v, and inversely proportional to the distance from the crack 

tip, r (i.e., ω = v/r). Therefore, three different regions can be distinguished depending on the 

distance from the crack tip (see Figure 3.6). In the most inner part, the perturbing frequency 

is so high that the material behavior is fully glass-like (E∞), while in the outer part, the 

material behaves fully rubber-like (E0). In between these extremes, the intermediate region 

shows high energy dissipation: the storage elastic E(ω) is in the glass transition region and 

thus, at the maximum of loss factor (and loss modulus). 

Schieppati et al. [5]  analyzed the heat build-up considering the evolution of the 

temperature during crack growth experiments. In particular, they measured the surface  
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Figure 3.6 Schematic of a viscoelastic material in the vicinity of the crack tip subdivided into three regions 
according to [33]: the outer region (gray) behaves fully rubber-like (E0), the inner part (yellow) behaves fully 
glass-like (E∞), while the intermediate region (red) is a transition region where bulk viscoelastic energy 
dissipation occurs. 

temperature using an IR sensor placed around 10 mm in front of the initial crack tip (i.e., 

notch). A general overview of the temperature evolution during these tests is reported in 

Figure 3.7. Once the load was applied, the temperature increased rapidly in the first cycles, 

while afterwards, a plateau value was observed. Since in the experiment reported in 

Figure 3.7 the IR sensor position was fixed, some further observations were made, also 

considering the temperature evolution as a function of the crack length (Figure 3.8). In both 

plots, the gray areas corresponded to the number of cycles and the position in which the crack 

was below the IR sensor. From both plots, it was possible to observe a slight increase in 

temperature in front of the crack tip and that when the crack length increased in size and 

passed the IR sensor, the surface temperature dropped, since no strain was applied in the 

monitored region.  
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Figure 3.7 Surface temperature as a function of the number of cycles. The gray area corresponds to the number 
of cycles at which the crack was below the IR sensor. Reproduced from [5]. 

 

Figure 3.8 Surface temperature as a function of crack length. The gray area corresponds to the position at which 
the crack was below the IR sensor. Reproduced from [5]. 

More details about the temperature evolution during the fatigue crack growth 

experiment can be obtained by using an IR camera. Kerchman and Shaw [24] and Schieppati 

et al. [6] reported the temperature evolution during the propagation of a crack for different 

specimen geometries, Single Edge Notched Tension (SENT) and Pure Shear (Figure 3.9) 

specimens, respectively. In both cases, larger temperatures were observed in front of crack 
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tip as a consequence of stress/strain intensification and to larger dissipations in this area. 

Moreover, with smaller cracks, the temperature was more homogenously distributed in the 

specimen, while with larger cracks, the temperature rises were localized in the area closer to 

the crack tip. In addition, it was evidenced how the crack propagation affects the temperature 

distribution in the specimen: from a symmetric distribution along the height of the specimen, 

to an asymmetric distribution due to the crack developed towards the upper clamp 

(Figure 3.9). 

 

Figure 3.9 Temperature distribution recorded with an IR camera at different stages of crack propagation with a 
pure shear specimen. Reproduced from [6]. 
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The fracture mechanics approach to study the fatigue of elastomers has its foundations 

in the energy balance of a body of area, A, containing a stationary crack: 

where Uin is the input energy (external forces’ work), Usto is the recoverable elastic strain 

energy and Udiss is the dissipated energy. From this energy balance, Griffith [34] defined the 

energy release rate GGrif as the energy dissipated during fracture per unit of newly created 

area at a fixed displacement, s: 

From this definition, Rivlin and Thomas [2] introduced the tearing energy of rubbers, 

representing the work expended irreversibly per unit area of crack advancement - the left end 

side of Equation (4.1) - and expressed it as function of the strain energy density, W0: 

where c is the crack length and k(λ) is a function of the stretch ratio. Furthermore, they 

derived simplified semi-empirical equations for the evaluation of tearing energy for different 

specimens’ geometry. 

Generally, the fracture mechanics approach involves the study of the propagation of a 

pre-inserted crack and its behavior at different values of tearing energy. Thus, by plotting the 

crack growth rate against the tearing energy, it is possible to describe the fatigue behavior of 

elastomers. An example of such a plot is represented in Figure 4.1. As depicted, four regions 

with different regimes can be identified, as described by Lake and Lindley [35]: 

4 Effect of Loading Parameters on Fatigue 

Crack Growth 

 𝑑𝑑𝑑𝑑𝑖𝑖𝑖𝑖

𝐴𝐴
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• Regime 1: the energy is below a threshold value and the crack propagation is only 

due to environmental attack and independent of the mechanical loading; 

• Regime 2: the energy is above the threshold and there is a transition area;  

• Regime 3: the crack growth follows a power law, Paris’ law [36]; 

• Regime 4: the energy is so high that the crack growth is unstable and substantially 

infinite. 

  

Figure 4.1 Regimes of fatigue crack growth in unfilled SBR (crosses) and NR (circles). Reproduced from [37]. 

This classification does not hold for all rubber compounds: either the transition region 

is suppressed or more complex empirical relationships are present [38]. Nevertheless, the 

analysis of the stable crack growth (Regime 3) involves the use of Paris’ law: 

 𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝐶𝐶𝐺𝐺𝑚𝑚 (4.4) 
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where dc/dN represents the crack growth rate per cycle and G the tearing energy, while C 

and m are material-dependent constants. 

Fatigue (and thus, cyclic loading) can be characterized by several parameters that affect 

the fatigue resistance of rubbers. These parameters can be classified as related to the 

mechanical load, the environment and the composition of the elastomer [39]. Considering 

the mechanical load, this can be described by several parameters such as the frequency, the 

input load (force or displacement), the shape of the periodic function and the load ratio (and 

so the minimum load). Each of these parameters may affect the mechanical response of the 

material in a different way and therefore, its fatigue behavior. 

4.1 Frequency effect and energetic consideration of cyclic heating 

A fundamental parameter when considering polymers and rubbers undergoing cyclic 

loading is the frequency. In fact, viscoelastic materials are time-dependent, so frequency 

affects their mechanical behavior. According to viscoelastic theories, high frequencies are 

associated with stiffer mechanical behavior. The different mechanical response at distinct 

frequencies is then reflected in their fatigue resistance. On the whole, frequencies affect the 

fatigue behavior of rubbers to different extents depending on the ability of the material to 

crystallize under strain. In fact, strain crystallizing rubbers such as NR are less affected by a 

variation of frequency [38], even for complex compounds such as SBR/BR/NR [40]. 

Conversely, non-crystallizing rubbers seem to be strongly influenced by frequency. Busfield 

et al. [41] reported that higher frequencies induce an increase of fatigue resistance for SBR, 

especially at high tearing energy. Similar conclusions were drawn by Major et al. [42] on 

both EPDM and SBR. 

Schieppati et al. [7] investigated the effect of frequency on a CB-filled NBR. As 

reported in Figure 4.2(a), the different frequencies influence the mechanical behavior, as 

evidenced by the hysteresis loop: increasing slopes were observed with increasing frequency 

due to stiffer mechanical behavior as a consequence of viscoelastic effects. The results in 

terms of fatigue crack growth as a function of tearing energy (Figure 4.2(b)) confirmed the 

effect of frequency on non-crystallizing rubbers: higher fatigue crack growth rates were 
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found with lower frequencies, with an increase of approximately one order of magnitude 

passing from 10 to 0.25 Hz. 

It is worth noting that different frequencies would affect the temperature of the material 

due to heat build-up (see Chapter 3) and thus, indirectly, the fatigue behavior due to 

viscoelasticity. In fact, a viscoelastic material at a higher temperature behaves more 

elastically and dissipates less energy. Therefore, at low frequencies (and lower temperature 

increases), more energy will be dissipated and lower energy will be available for crack 

propagation, resulting in a lower crack growth rate. 

 

Figure 4.2 (a) Hysteresis curves obtained during fatigue crack growth measurements at the same maximum 
strain and (b) fatigue crack growth rate as a function of tearing energy at different frequencies for a CB-filled 
NBR at room temperature and load ratio Rε of 0.5 with a sinusoidal load. Reproduced from [7]. 

This aspect was investigated by Schieppati et al. [3] by analyzing the energy during 

fatigue crack growth experiments at different frequencies. They evaluated the dissipated 

energy as the area inside the hysteresis, while the stored energy was considered as the area 

below the unloading curve. The dissipated and stored energies at the different frequencies 

were compared by normalizing with respect to the total mechanical energy (sum of both 

dissipated and stored energies). The resulting plot of the normalized energies as a function 

of the number of cycles is shown in Figure 4.3. As depicted, no differences were observed 

and thus, the same proportion of energy was dissipated independently of the frequencies. 

This evidenced that the energy dissipation is not the cause of the differences in the crack 

growth propagation at different frequencies. These investigations supported the idea reported 

by Lake and Lindley [4] and Lindley [43] in which the effect of frequency was explained 
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considering that the overall fatigue crack growth rate is related to a static and a dynamic 

growth component, which are additive as : 

The first component is related to the viscoelastic effect and connected to the time 

necessary for completing one cycle, i.e., the reciprocal of the frequency, while the dynamic 

component is frequency independent. The static component at small frequencies is more 

relevant and the overall crack growth rate results higher. 

 

Figure 4.3 Normalized dissipated energy (full line) and elastically stored energy (dashed line) as a function of 
the number of cycles observed from crack growth experiments of a CB-filled NBR at different frequencies. 
Adapted from [5]. 

4.2 Force control effect 

The majority of fatigue tests of rubbers and elastomers are performed using 

displacement (or strain) as the input load due to an easier control of this parameter as the 

input load. However, the knowledge of the effect of force as load parameters can be 

interesting for certain applications.  

Schieppati et al. [7] performed tests in force control and compared the results with those 

obtained in displacement control. For a proper comparison, the parameters were selected to 

 �
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ensure a similar load ratio Rε (of 0.5) in order to evaluate the differences only related to the 

loading control mode.  The hysteresis curves showed higher slopes with increasing 

frequencies (Figure 4.4(a)) due to stiffer mechanical behavior. The fatigue crack growth 

results reported in Figure 4.4(b) were compared with the fitted curves obtained in 

displacement control (dashed lines). The same general trend was found, i.e., higher crack 

growth resistance with increasing frequency. Furthermore, at all investigated frequencies, 

force-controlled and displacement-controlled tests produced similar outcomes, suggesting no 

significant influence of the choice of the input parameter on the results. Analogous 

conclusions were drawn by Andreini et al. [44] for SBR in stress and strain controlled tests. 

 

Figure 4.4 (a) Hysteresis curves obtained during fatigue crack growth measurements in force control with the 
same number of cycles and (b) fatigue crack growth rate as a function of tearing energy in force control at 
different frequencies for a CB-filled NBR at room temperature and load ratio R of 0.1 with a sinusoidal load. 
The dashed lines correspond to fitted curves at the same frequencies in displacement control reported in 
Figure 4.2(b) at room temperature and load ratio Rε of 0.5 with a sinusoidal load. Reproduced from [7]. 

4.3 Waveform effect 

The shape of the applied cyclic load may affect the mechanical and fatigue behavior 

since distinct waveforms have different strain rates in different loading phases. Stadlbauer et 

al. [45] dealt with this topic and performed tests comparing sinusoidal and square waveforms. 

The results evidenced similar crack growth rates for blends of filled SBR, as exhibited in 

Figure 4.5. Similarly, Seichter et al. [40] reported analogous fatigue lifetime for blends of 

SBR/BR/NR using sinusoidal and square waveforms. 
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Figure 4.5 (a) Shape of the waveforms in terms of displacement against the run time and (b) fatigue crack 
growth rate as a function of tearing energy for filled SBR at room temperature and load ratio Rε of -0.5 with a 
sinusoidal load. Adapted from [45]. 

Schieppati et al. [7] reported similar crack growth for sinusoidal, triangular and 

rectangular waveforms for filled NBR even if  different hysteresis were monitored. In fact, 

the hysteresis curves (Figure 4.6(a)) evidenced some differences in the mechanical behavior 

- with the same number of cycles, higher displacement levels were monitored for the 

sinusoidal waveform. The rectangular waveform (red curve in Figure 4.6(a)) shows that the 

prescribed load was reached as a peak value, while afterwards, the load amplitude dropped 

by a quarter; this was connected to the limits of the machine at the frequency used to 

reproduce a rectangular waveform. However, the fatigue crack growth curves were quite 

similar, as depicted in Figure 4.6(b). 

Even though the influence of waveform on the fatigue crack growth seems to be 

negligible, a strong influence of cyclic pulse loads – typical conditions for tires - was 

reported. Ghosh et al. [46] reported a higher crack growth rate for pulse than for sinusoidal 

loading for both NR and NR/BR blends (Figure 4.7). The reason behind the increase of crack 

growth seems to be related to the so-called “dwell time,” which is the time at static load in 

between the pulses, associated with time-dependent recovery in front of crack tip [47,48]. 

Overall, the effect of the dwell time seemed to be material-dependent. In fact, Andreini et al. 

[44] reported that pulse waveforms induced a larger influence on crack growth for NR, while 

negligible effects were found for BR and SBR. 
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Figure 4.6 (a) Hysteresis curves obtained during fatigue crack growth measurements in force control with the 
same number of cycles and (b) fatigue crack growth rate as a function of tearing energy for different waveforms 
for a CB-filled NBR at room temperature, load ratio R of 0.1 and frequency of 4 Hz. Reproduced from [7]. 

 

Figure 4.7 (a) Schematic of the waveforms sine (upper), pulse-I (middle) and pulse-II (lower), and (b) 
correspondent fatigue crack growth as a function of tearing energy for NR at temperature of 28 °C and load 
ratio R of 0. Adapted from [46]. 

4.4 Load ratio effect 

A further parameter that characterizes cyclic loading is the load ratio, which gives a first 

indication of the stress state in terms of tension and compression. According to the loading 

control mode, the load ratio can be defined considering the maximum and minimum values 

of force or displacement set in the machine. Consequently, for the force control tests, the load 

ratio R can be defined as: 
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where Fmin is the minimum force and the Fmax is the maximum force. Conversely, in 

displacement control mode, the load ratio Rε can be written as considering the minimum 

displacement, smin, and the maximum displacement, smax as: 

With respect to R = 0 (commonly referred to elastomers’ fatigue as “relaxing 

conditions”), non-relaxing conditions affect the fatigue behavior of some elastomers. 

Harbour et al. [48] verified the influence of load ratio on both crystallizing (NR) and non-

crystallizing (SBR) elastomers. As depicted in Figure 4.8, with the variation of load ratio, no 

effect was monitored for SBR, while an increase in fatigue resistance was found for NR. 

Similarly, Ghosh et al. reported a reduction of fatigue crack growth with increasing load ratio 

not only for NR, but also for NR/BR blends [46]. Overall, the effect of the load ratio seems 

to be more relevant for crystallizing rubbers, with an increase in crack growth resistance for 

positive load ratios due to the formation of crystallites that bring beneficial reinforcing effects 

[49–56]. The crystallite formation leads to the formation of “sideways” cracks in the parallel 

direction to the load reducing the “forward” crack propagation [57,58]. Mars and Fatemi [59]  

developed an empirical model to take into account the effect of R for strain crystallizing 

rubbers. Schieppati et al. [7] confirmed the negligible influence of load ratio on fatigue for 

non-crystallizing elastomers (CB-filled NBR) even though different load ratios resulted in 

very different loading conditions. As shown in the hysteresis curves in Figure 4.9(a), for the 

lowest values of Rε, the stress state was in a tension–compression state (the shape of the curve 

for Rε = 0 even suggested buckling of the samples), while for Rε = 0.5, the stress was in a 

tension–tension state. Nevertheless, the resulting fatigue crack growth curves (Figure 4.9(b)) 

were very similar. 
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Figure 4.8 Fatigue crack growth rate as a function of tearing energy at different load ratios for (a) NR and (b) 
SBR. Reproduced from [48]. 

 

Figure 4.9 (a) Hysteresis curves obtained during fatigue crack growth measurements at the same maximum 
strain and (b) fatigue crack growth rate as a function of tearing energy at different load ratios for filled NBR at 
room temperature with a sinusoidal load and frequency of 4 Hz. Reproduced from [7]. 
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The effect of temperature on the mechanical behavior of elastomers is an intrinsic 

characteristic that can be traced back to the material constitution. In fact, the process of 

vulcanization leads to the formation of chemical crosslinks that hinder the viscous flow 

between the macromolecules and transform the (visco-)plastic behavior of rubbers to the 

(visco-)elastic behavior of elastomers. The peculiar structure of these materials is responsible 

for the unique elastic properties of rubber, the so-called “rubber elasticity”: in these materials, 

the elastic behavior is governed by entropy. When stretching an elastomer, the 

macromolecules assume a more ordered configuration, leading to a decrease in entropy 

(Figure 5.1). A restoring force is created, which tends to restore the initial configuration in 

order to increase the entropy of the system. From a thermodynamic point of view, the 

restoring force f can be expressed as: 

where T is the temperature, ∂S the variation of entropy, ∂l the deformation and P the pressure. 

Equation (5.1) not only highlights the importance of entropy in elastomers, but clearly proves 

that the temperature also has a strong role: the entropic response of the material is 

proportional to temperature. More details about rubber elasticity can be found elsewhere 

[60,61]. Furthermore, rubbers are polymers, so they are viscoelastic materials, showing a 

strong temperature dependency. 

5 Effect of Temperature on Mechanical and 

Fatigue Behavior 
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Figure 5.1 Schematic of the effect of stretching on elastomers. The deformation, l, causes an increase of the 
order in the material - the macromolecules are aligned in the stretching direction – resulting in a decrease of 
entropy, ΔS, that leads to a restoring force, f. 

5.1 Effect of temperature at large deformations 

Due to entropic elasticity, an increase in stiffness is expected for elastomers. However, 

the situation is more complex when considering reinforced elastomers. The interactions 

between polymers and fillers lead to a reduction of the mobility of macromolecules, affecting 

the viscoelastic response of the material. As a result, the temperature dependence derived 

from viscoelastic effects become more relevant for filled elastomers. For viscoelastic 

materials, a general reduction of stiffness is expected with increasing temperature. Therefore, 

the overall behavior of filled elastomers will be a tradeoff between the increase in stiffness 

due to entropic elasticity and a decrease in stiffness because of the viscoelastic effect. 

Considering a highly CB-filled NBR, Schieppati et al. [8] observed a reduction in the 

stiffness and an overall decrease in the ultimate properties (Figure 5.2). 

The stress-strain data of rubbers can be analyzed using the Mooney-Rivlin 

equation [62,63]: 

 𝜎𝜎 = 2 �𝐶𝐶1 +
𝐶𝐶2
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Figure 5.2 Stress-strain curves from tensile tests of filled NBR at different temperatures. The different line 
styles correspond to different specimens. Reproduced from [8]. 

where C1 and C2 are material constants and λ is the stretch ratio. It is possible to consider the 

reduced stress, σ*: 

Finally, Equation (5.2) can be rewritten as: 

Equation (5.4) allows the reduced stress σ* to be plotted against λ-1, obtaining the so-called 

Mooney-Rivlin plots [64–68]. Typically, this kind of plot presents a minimum: at low strains 

(i.e., high value of inverse of the stretch ratio), the reduced stress decreases up to a minimum, 

called “upturn,” after which the reduced stresses grow. The value of stretch corresponding to 

the upturn stress is interesting since it seems to represent the maximum chain extensibility 

between crosslinks for non-crystallizing rubbers [69,70]. The maximum chain extensibility 

for elastomers is affected by both the presence of filler and by the occluded rubber, which 

limits the molecules’ extension. Schieppati et al. [8] reported the Mooney-Rivlin plots at 

different temperatures for a CB-filled NBR (Figure 5.3). The values of the upturn strain in 

Figure 5.3 are represented as the star signs. As depicted, the upturn strain (and the maximum 
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chain extensibility) varied with the temperature: initially, the upturn strain showed decreasing 

values with temperature, while it rose again at higher temperatures, showing that the limited 

chain extensibility has a minimum at intermediate temperatures around 40 and 80 °C. These 

findings were related to different enthalpic and entropic contributions to the overall elasticity 

and to different effects of the bound rubber at different temperatures. 

 

Figure 5.3 Mooney-Rivlin plot of a CB-filled NBR at different temperatures. The different symbols correspond 
to different specimens. The stars represent the upturn strain. Reproduced from [8]. 

5.2 Effect of temperature at small deformations 

The temperature influence on the mechanical behavior at small deformation is normally 

investigated with DMA. The dynamic properties of rubbers are strongly influenced by the 

presence of fillers. An example of SBR was reported by Fritzsche and Klüppel [71], 

represented in Figure 5.4. Considering the storage modulus of the unfilled elastomers, the 

typical behavior of rubber is represented with a drop of three order of magnitude after the 

glass transition and a slight increase in the modulus with rising temperature above Tg due to 

entropic elasticity (the so-called “Joule effect”). The addition of fillers instead induces 

different effects: on one side, the storage modulus increased over the entire temperature 

range, inducing a reinforcement effect, while on the other side, the Joule effect was hindered, 

especially at large loadings of fillers. Considering the loss modulus (Figure 5.4(b)), a general 
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increase was found for larger CB loading in the whole range of temperature, evidencing an 

increase in energy dissipation with the presence of fillers. 

 

Figure 5.4 Dynamic properties of SBR with different loadings of CB: (a) shear storage modulus and (b) shear 
loss modulus. Reproduced from [71]. 

Similar findings were reported by Schieppati et al. for a CB-filled NBR for which the 

plots of storage modulus E′, loss modulus E′′ and the loss factor tanδ are represented in 

Figure 5.5. Due to the presence of fillers, above Tg, no Joule effect was observed: the storage 

modulus constantly decreased with increasing temperature. Moreover, a faster reduction with 

temperature of the loss modulus E′′ was observed and it was related to the fact that at high 

temperatures, the viscous effects are minimized and the energy dissipation is reduced. 

The dependency of the dynamic moduli at high temperature can be analyzed by using 

Arrhenius plots, graphing the logarithm moduli against the inverse of temperature. In this 

way, a linear relationship can be observed above Tg + 30 °C when the molecular motion is 

high and the dynamic mechanical response is fully rubberlike [10]. The decrease of moduli 

with rising temperatures seems to be connected to a decrease of the stiffness of the glassy 

polymer’s bridges [71]. Such Arrhenius plots were reported by Fritzsche and Klüppel [71] 

for SBR with different loadings of CB, by Le Gal et al. [72] for EPDM with both CB and 

silica and by Schieppati et al. [8] for filled NBR (Figure 5.6). 
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Figure 5.5 Storage modulus E′ (red), loss modulus E′′ (blue) and loss factor tanδ (black) as a function of 
temperature of a filled NBR. Reproduced from [8]. 

 

Figure 5.6 Logarithms of storage modulus E′ (red) and loss modulus E′′ (blue) as a function of the inverse of 
temperature of a filled NBR. The black lines correspond to the fitting with Arrhenius equation above Tg + 30 °C. 
Reproduced from [8]. 

Another aspect that can be studied using DMA at different temperatures is the 

construction of master curves of the dynamic properties. By exploiting the time-temperature 

superposition principle, isothermal frequency sweeps at different temperatures can be shifted 

along the frequency axis to generate master curves. The construction of these kinds of master 
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curves can be performed on materials that are thermorheologically simple just with horizontal 

shifts. However, for some filled elastomers that are not thermorheologically simple, 

horizontal shifts can be integrated with vertical shifts to obtain a proper master curve [11,71–

74]. Therefore, at first, a material should be proven to be thermorheologically simple, as 

suggested in literature [75,76], by using the Cole-Cole plot [77] and wicket plot [78]. That 

way, the curves of the storage modulus E′ can be horizontally shifted with respect to a 

reference temperature. Furthermore, the shift factors of E′ can be applied to the isothermal 

plots of the loss modulus and the loss factor, obtaining master curves. This approach was 

employed for building master curves for blends of SBR and BR with different fillers by Wang 

and Mahmud [79] and for filled NBR by Schieppati et al. [8] (Figure 5.7). Lorenz et al. [80] 

compared  different shifting procedures for different rubbers and they show that accurate 

master curves can be obtained using a causality condition. 

 

Figure 5.7 Master curves of storage modulus E′ (red), loss modulus E′′ (blue) and loss factor tanδ (black) as a 
function of frequency obtained from isothermal frequency sweeps at different temperatures of a CB-filled NBR 
at a reference temperature of 25 °C. Reproduced from [8]. 

5.3 Effect of temperature on fatigue crack growth 

A strong influence of temperature on the fatigue of rubber is known from the seminal 

work of Lake and Lindley [4], who reported both higher crack growth rates and a decrease 
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of fatigue lifetime for NR and SBR (Figure 5.8). In particular, a decrease of four order of 

magnitude of fatigue lifetime was found for SBR, while a lower reduction was reported for 

NR. 

 

Figure 5.8 Effect of temeprature on fatigue life (left scale) for SBR (full circles) and NR (empty circles) and 
crack growth rates (right scale) on SBR. Reproduced from [4]. 

Furthermore, Asare and Busfield [81] reported a significant increase in the crack growth 

rate for NR passing from room temperature to 70 °C (Figure 5.9). In addition, a stronger 

influence of temperature at lower strain for NR was reported by Wu et al. [82]. Legorju-jago 

and Bathias [83] reported a decrease in the threshold for fatigue with increasing temperature 

for NR and they highlighted a role of the combined effect of oxygen (Figure 5.10). A 

contribution of the effect of high temperatures in reducing the fatigue resistance of NR was 

found in the reduction or even suppression of crystallite formation under strain [55,56]. 
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Figure 5.9 Fatigue crack growth rate as a function of tearing energy for a CB-filled NR at room temperature 
and at 70°C. Adapted from [81]. 

 

Figure 5.10 Fatigue crack growth rate as a function of tearing energy for a CB-filled NR at different 
temperatures (25 and 50 °C) and with different environments (air, water and nitrogen). Adapted from [83]. 

Nevertheless, crack propagation measurements on several carbon black-filled 

elastomers by Young [84] showed that not only NR, but most of the synthetic rubbers have 

higher rates at higher temperatures. Young and Danik [85] verified similar trends for various 

compounds: due to the higher Tg of compounds of ECO and SBR, they reported two order of 
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magnitude larger crack growth with respect to BIIR and NR, demonstrating the strong impact 

of viscoelasticity. Moreover, they reported higher sensitivity to temperature for under-cured 

rubbers. Analogously, NR and BR blends showed increasing crack growth [46] and lower 

fatigue lifetime [86]. An increase in crack growth rate and thus, a reduction in fatigue lifetime 

with higher temperatures, was reported for both NR and EPDM [87]. Bérangeret et al. [88] 

reported a large increase in crack growth for NBR passing from 23 to 120 °C. Similarly, 

Schieppati et al. [8] analyzed the effect of high temperature on filled NBR. The results in 

terms of crack growth rate as a function of tearing energy are reported in Figure 5.11. As 

depicted, rising temperatures lead to a higher crack growth rate: considering a constant value 

of the tearing energy, the crack growth rate increased by almost two orders of magnitude 

from 25 to 80 °C. This was justified considering that for the same value of energy, due to 

lower energy dissipations at high temperatures, more energy is available for crack 

propagation, leading to faster crack growth. On the other hand, the plot revealed that 

considering the same crack growth rate, the high temperature curves seemed shifted to lower 

tearing energies, suggesting that the crack propagation process is similar at different 

temperatures but occurs at lower energy values. This behavior correlates with the observation  

 

Figure 5.11 Fatigue crack growth as a function of tearing energy for a CB-filled NBR at different temperatures 
using a sinusoidal load at 4 Hz with load ratio Rε of 0.5 Reproduced from [8]. 
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made on the critical energy for tearing, G0, which decreases with increasing temperature 

when viscous effects are minimized [89] and to the reduction of the threshold of fatigue for 

NR discussed above. 

5.4 Models accounting for the temperature effect on fatigue 

Overall, the results obtained with several materials evidenced the strong role of 

temperature on the fatigue resistance of elastomers. Nevertheless, a further step is necessary 

for using the results in practice for the prediction of component lifetime at high temperatures. 

Recently, several studies have focused on the development of a tool for considering the effect 

of temperature. 

In general, the effect of temperature on both fracture and peeling [89,90] was considered 

by shifting the curves along the crack growth axis, using the same shift factors obtained from 

the construction of a master curve from an isothermal frequency sweep (see Chapter 5.2). A 

similar approach was employed by Wunde and Klüppel [91] for the fatigue crack growth 

curve, in which they shifted the crack growth curve of both unfilled and filled SBR using the 

shift factors taken from the unfilled material. However, Schieppati et al. [8] reported that an 

analogous approach did not provide satisfactory results for NBR. 

El Maanaoui and Meier [87] developed an empirical model considering the temperature 

dependence of the coefficient C of the Paris law for EPDM and NR (Figure 5.12); the m 

coefficient was considered constant, since they found that the slopes of the curves were not 

affected by the temperature. Using this model, they were able to make an accurate prediction 

of the fatigue crack growth curves at different temperatures (Figure 5.13). Similarly, Luo et 

al. [92] developed an empirical model by considering the temperature dependence of the 

critical tearing energy in order to shift the crack growth curve at higher temperatures. 

Schieppati et al. [8] reported a different approach based on energy dissipations. It is 

known that the propagation of cracks in viscoelastic solid is strongly influenced by 

dissipative mechanisms, especially in front of crack tip. A proportionality of the tearing 

energy with loss modulus was found for different non-crystallizing elastomers [93]. 
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Generally, the strength of elastomers can be characterized by the amount of energy required 

for crack propagation: this includes the energy required for bond breaking and the energy  

 

Figure 5.12 Parameter C of the Paris law from crack growth propagation as a function of temperature for EPDM 
and NR. Adapted from [87]. 

 

Figure 5.13 Comparison of experimental results (symbols) and predicted fatigue crack growth rate (lines) as a 
function of tearing energy at different temperatures using an empirical model for accounting of the Paris 
coefficient C (Figure 5.12) and for (a) EPDM and (b) NR. Adapted from [87]. 

dissipated in front of the crack tip [94]. According to Persson and Brener’s theory [33,94], 

the tearing energy as a function of the crack speed v is given by: 
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where G0 is the critical tearing energy, E0 is the modulus in the rubbery region, a is the crack 

tip diameter, ω is the perturbing frequency, which is defined as v/r (r is the distance from the 

crack tip), and E* is the complex modulus, while the function F(ω) is given by: 

 𝐹𝐹(𝜔𝜔) = �1 − �
𝜔𝜔𝜔𝜔
2𝜋𝜋𝜋𝜋

�
2

�
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2
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The last term of Equation (5.5)  can be expressed as: 

where E′′ is the loss modulus. These relations have been used in different [95–97] studies to 

analyze qualitatively the crack growth resistance of different rubbers. Equations (5.5) 

and (5.7)  correlate the tearing energy to the energy dissipation through the loss modulus. 

Sustained by the aforementioned theory, Schieppati et al. [8] considered the temperature 

dependence of the tearing energy by correlating it to the temperature dependence of the loss 

modulus. In particular, for temperatures above Tg + 30 °C, the loss modulus exhibited an 

Arrhenius dependence (Figure 5.6) from which they evaluated an apparent activation energy. 

Using this value, shift factors sT were evaluated with respect to the reference temperature (set 

at 25 °C) using an Arrhenius form: 

The shift factors evaluated were then used to horizontally shift the fatigue crack growth 

curves along the tearing energy axis by evaluating the tearing energy at the temperature T 

(denoted as GT) and shifting it with respect to the reference temperature Tref, resulting in the 

value GT,Tref given by: 

By doing so, the curves at higher temperatures (Figure 5.11) were shifted towards higher 

values of tearing energy, and they achieved a fatigue crack growth master curve 

(Figure 5.14). 
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Figure 5.14 Master curves of fatigue crack growth as a function of tearing energy for a CB-filled NBR obtained 
by shifting the curves at different temperatures (Figure 5.11) using shift factor sT evaluated through temperature 
dependence of the dynamic loss modulus. Reproduced from [8]. 
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The analysis of the fatigue lifetime of rubbers is generally based on the construction of 

Wöhler curves [98]. A typical example was reported by Schieppati et al. [9], who observed 

that the fatigue lifetime of CB-filled NBR showed large scattering and a power law 

dependency (Figure 6.1). 

 

Figure 6.1 Wöhler curve obtained from axisymmetric dumbbell of a CB-filled NBR. The fitting power law 
(Equation (4.4)) was obtained using ASTM E739 – 10. Reproduced from [9]. 

If the effect of the mean load is more relevant, Haigh diagrams [99] are employed for 

the analysis of the fatigue of elastomers. By plotting iso-lifetime curves, Ruellan et al. [56] 

distinguished four regions (Figure 6.2) depending on the load ratio and thus, the mean load.  

6 Application of Fracture Mechanics to the 

Determination of Fatigue Lifetime  
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Figure 6.2 Haigh diagram for different load ratios for a CB-filled NR. Reproduced from [56]. 

Fatigue cracks are generally initiated from defects and inhomogeneities in materials 

which then over repeated loads grow and coalesce up to failure. Due to the high number of 

components in elastomer blends, these materials exhibit a high level of inhomogeneity. In 

fact, besides the rubber matrix, elastomers typically contain fillers, plasticizers, processing 

aids, antioxidants, ozone protectors, vulcanization systems, accelerators and activators. All 

of these constituents may represent a defect in the rubber matrix from which cracks can 

nucleate as a result of high local stress intensifications. The typical dimension of defects for 

different elastomers was found to be of a few tens of μm [3,4,35,37,38,100,101]. Huneau et 

al. [102] investigated samples of a CB-filled NR subjected to fatigue through SEM and 

reported that fatigue damage initially occurs mainly from CB agglomerates or oxides (such 

as ZnO). Nevertheless, a large scatter in the fatigue life of elastomers is normally expected. 

A clear example of the level of scattering of the fatigue lifetime in elastomers was reported 

by Balutch et al. [103]: from the analysis of the fatigue life of an industrial EPDM, they 

highlighted the results at a specific strain from 25 samples, showing huge scattering up to 

almost three orders of magnitude (Figure 6.3). 
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Figure 6.3 Wöhler curve for an industrial CB-filled EPDM with large scattering. Reproduced from [103]. 

6.1 Evaluation of defect size 

The application of fracture mechanics to elastomers helps in the definition of the fatigue 

life by knowing the initial defect size. In fact, by integrating the crack growth characteristic 

over time (i.e., number of cycles) and summing the initiation time, it is possible to obtain the 

overall lifetime. On the other hand, by knowing the fatigue lifetime, it is possible to estimate 

the defect size that caused fracture. Normally, the use of this approach for elastomers neglects 

the initiation time. This could be justified considering the outcome observed by the analysis 

of the evolution of defects during the fatigue of elastomers, through μ-CT [104,105] and 

SEM analysis [102,106]. It was shown that cracks are initiated in the early stages of fatigue 

and that the number of defects mainly increases within the first 10 % of the overall fatigue 

life. Thus, during cyclic loading, the majority of the lifetime of rubbers is governed by crack 

growth. Therefore, the initiation time can be neglected and it is possible to obtain the initial 

size of defects, c0, by the integration of Paris’ law (Equation (4.4)). For small cracks, the 

energy release rate (i.e., tearing energy) can be factored into the strain energy density and the 

crack size [37] and its estimation can be given by: 

 𝐺𝐺 = 2 ∙ 𝑘𝑘(𝜆𝜆) ∙ 𝑊𝑊0 ∙ 𝑐𝑐 (6.1) 
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where W0 is the strain energy density and c is the crack length; k(λ) is a function of the stretch 

ratio [64]. By combining Paris’ law (Equation (4.4)) and Equation (6.1) and integrating, the 

following can be retrieved: 

By considering that the initial defect size c0 is much smaller than the final crack length 

cf, this last contribution can be neglected, and Equation (6.2) reduces to: 

In general, this equation can be used to calculate the number of cycles to failure as a 

consequence of the growth of a pre-existing defect of dimension c0,  in order to obtain fatigue 

life predictions [3,4,107–115]. On the other hand, Equation (6.3) can be reversed to find the 

defect size, c0 [9,100,101]: 

By looking at Equations (6.3) and (6.4), the critical parameters for a correct evaluation 

of either the fatigue life or the defect size are the estimation of the strain energy density W0 

and the crack growth parameters (m and C). In particular, the estimation of these last 

parameters is affected by several factors such as frequency (see Chapter 4.1) and temperature 

(see Chapter 5.3). As discussed in Chapter 3, upon cyclic loading, a change of temperature 

is often found in rubber specimens and components, especially for significant thickness of 

the object under loading. Therefore, the inclusion of the influence of temperature has to be 

considered for a correct evaluation of lifetime prediction - or an accurate estimation of the 

defect dimension. El Maanaoui and Meier [87] developed a model (see Chapter 5.4) to 

account for temperature for the prediction of fatigue lifetime at high temperatures. On the 

other hand, Schieppati et al. [9] retrieved the dimension of initial size by considering the 

temperature effect. They reported remarkable temperature increases for axisymmetric 

dumbbells undergoing cyclic loading (Figure 6.4) and they accounted for the temperature 

using the model described by Schieppati et al. [8] (see Chapter 5.4). In this way, they 
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calculated critical defect sizes which were independent from the strain, as displayed in 

Figure 6.5. 

The analysis of particle size and fatigue damage in elastomers is performed through 

techniques such as Scanning Electron Microscopy (SEM) [102,106,116–124] and X-ray 

microtomography [87,104,105,114,124–126]. The latter can give an overview of the 

distribution of the inhomogeneities in the entire sample and has thus been employed to 

estimate the defect size to be inserted in Equation (6.3) to calculate the fatigue lifetime 

predictions [87,114,125]. Schieppati et al. [9] evaluated the initial defect dimensions 

through the reconstruction of μ-CT evaluated from axisymmetric dumbbell samples in the 

undamaged state (Figure 6.6(a)). From the reconstructed volume, defects due to 

inhomogeneities and processing were identified (Figure 6.6(b)) and their volumes were 

estimated. The particles were approximated as spheres and from their radius, the initial 

particle size distribution was obtained (Figure 6.7). 

 

Figure 6.4 Surface temperature evolution at different strains of the fatigue experiments with axisymmetric 
dumbbell of a CB-filled NBR. Reproduced from [9]. 

In this way, it was possible to compare the initial particle size distribution with the 

calculations performed through Equation (6.4) – results in  Figure 6.5. In general, they 

reported that the sizes of the detected defects were in the same range as the calculation and 
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the majority of them measured under 5 μm, smaller than the calculated critical defect size 

(9 μm). 

 

Figure 6.5 Critical defect size c0 at different strains evaluated from fatigue data using Equation (6.3). The 
fatigue tests were implemented on axisymmetric dumbbell specimens of a CB-filled NBR. The average of all 
strains was 9 ±3 μm. Reproduced from [9]. 

 

Figure 6.6 (a) Volume reconstruction of an undamaged axisymmetric dumbbell specimen of CB-filled NBR 
obtained from μ-CT and (b) cavity distribution in the reconstructed volume acquired from μ-CT. Reproduced 
from [9]. 
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Figure 6.7 Particle size distribution of an undamaged axisymmetric dumbbell specimen of CB-filled NBR 
considered as spherical radius of the cavities. Reproduced from [9]. 

6.2 J-integral evaluation of fatigue lifetime 

The introduction of a notch into samples leads to a reduction of both testing time and 

scattering of the results. In fact, the notch is an initial defect larger than the typical 

inhomogeneities in elastomers, reducing the initiation time as a result; moreover, being a 

reproducible initial defect, the scattering of the results is reduced. When considering 

cylindrical specimens, the introduction of a circumferential notch gives rise to the geometry 

referred to as Crack Round Bar (CRB). This allows a fast fatigue ranking by inducing a quasi-

brittle failure on polymers, elastomers and thermoplastic elastomers [127,128]. Schieppati 

et al. [9] analyzed the results of fatigue tests achieved with both standard dumbbells and 

CRB, and the respective Wöhler curve is reproduced in Figure 6.8. As depicted, a general 

reduction of the lifetime of about four orders of magnitude was found for CRB as a 

consequence of the introduction of the notch. The induced stress intensification led to the 

failure at a level of strain for which no failure was observed for unnotched samples. 

Furthermore, Schieppati et al. [9] attempted to find an approach for the determination 

of the fatigue life of elastomers that was independent from the geometry of the sample. To 
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do so, they developed a J-integral hyperelastic model in order to describe the CRB specimens 

from an energetic point of view. In particular, J was evaluated with: 

 

Figure 6.8 Wöhler curve obtained from axisymmetric dumbbell specimens (blue) and CRB (red) of filled NBR. 
The fitting power laws are represented as the continuous line for the dumbbells and the dashed lined for CRB. 
Reproduced from [9]. 

where F is the force, rout the external radius of the CRB and a the size of the notch inserted 

in the CRB. f(a/rout) is a geometric factor of the form: 

Equation (6.5) was used to evaluate Jmax and Jmin, using Fmax and Fmin, respectively. The 

difference between Jmax and Jmin was then evaluated to compare the CRB results with those 

of the unnotched dumbbell samples. The J-integral of the axisymmetric dumbbell was 

evaluated considering that J can be approximated as the energy release rate G [129]; this can 

be evaluated according to (6.1). The comparison of the J-integral as a function of the number 

of cycles to failure for the two geometries is represented in Figure 6.9. As shown, a unique 

fitting curve was found for both geometries, demonstrating that independently of the 

specimen geometry, it is possible to evaluate the fatigue lifetime based on the J-integral. 
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Figure 6.9 Wöhler curves in terms of the J-integral for the 3D dumbbell (blue) and CRB (red) specimens. A 
unique fitting line was found correlating the two geometries. Reproduced from [9]. 
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In this thesis, the focus was devoted to the fatigue behavior of elastomers. In particular, 

special attention was dedicated to the influence of temperature with the final objective to 

develop a model able to consider its effect on fatigue. The results concerning a carbon 

black (CB) filled non-crystallizing rubber (NBR) were presented in the framework of the 

fracture mechanics of elastomers. 

First, heat build-up due to cyclic loading was studied. When studying fatigue, heat build-

up represents an important aspect to consider since, due to the viscoelastic nature of 

elastomers, upon cyclic loading, part of the mechanical energy is converted into heat. Within 

the parameters influencing the extent of temperature variation, stress (or strain), frequency, 

material dissipation and thermal conductivity were highlighted as making a major 

contribution. Small variations of frequency were demonstrated to have a significant impact 

on the temperature increase. Moreover, due to the low thermal conductivity of elastomers - 

which was verified to be low and constant over the range of elastomer use - local differences 

in temperature within the volume are expected. This was confirmed by considering a 

simplified model based on the heat equation to analyze the temperature profile along the 

thickness: a parabolic equation able to describe the temperature profile was presented. 

Furthermore, according to the theory of crack propagation in viscoelastic materials in the 

rubbery state, higher temperatures were observed in front of a growing crack tip during 

fatigue loading. 

The presence of heat build-up during cyclic load affects elastomer crack growth, but 

various other parameters also influence the fatigue process and crack propagation. Several 

loading parameters were considered in the framework of the state of the art and their effect 

was verified with the material under study. Fatigue crack growth measurement at different 

frequencies revealed that lower frequencies induced higher fatigue crack growth rates and 

that the difference was not related to energy dissipation, but due to static contribution to the 

7 Summary and Conclusions 
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crack growth rates. Tests in force control evidenced similar trends with frequency and 

negligible differences in the crack growth, demonstrating no influences of the control mode 

of the input load. Investigations with different waveforms confirmed no effects on the fatigue 

crack propagation: only pulse loading affects the fatigue resistance of elastomers. In contrast 

to the results of crystallizing elastomers, no effect of the load ratio was observed, highlighting 

the role of strain-induced crystallization in determining a higher fatigue resistance with 

positive load ratios. 

Once the aspects related to heat build-up and the effect of loading parameters on fatigue 

crack propagation were clarified, the effect of temperature on the mechanical and fatigue 

behavior was analyzed in order to develop a model to describe its influence on fatigue. Tests 

at large deformation evidenced a decrease in the ultimate properties and stiffness. This was 

related to a larger contribution of viscoelastic effects that overcame the entropic response. 

Moreover, Mooney- Rivlin plots revealed that the maximum chain extensibility, connected 

with the upturn strain, decreases with temperature and possesses a minimum at intermediate 

temperature while it increases at higher temperatures. DMA in terms of temperature sweeps 

showed an Arrhenius dependence of the dynamic properties in the rubbery state (above Tg + 

30 °C). Furthermore, isothermal frequency sweeps were horizontally shifted along the 

frequency axis and a master curve of the dynamic properties was obtained. Fatigue crack 

growth measurements at high temperatures revealed that higher temperatures resulted in 

higher crack growth rates with the same tearing energy. On the other hand, the curves had 

the same slopes but they were shifted towards lower tearing energies, suggesting that similar 

processes were involved but at lower energies. This effect was modeled by considering an 

Arrhenius equation and the temperature dependence of the loss modulus. With this model, a 

fatigue master curve was obtained by shifting the curves on the tearing energy axis. 

Fracture mechanics was applied to correlate fatigue crack growth to fatigue lifetime. 

Specifically, the defect size was calculated from fatigue data by neglecting initiation and 

integrating the crack growth characteristics. To do so, the temperature rise due to heat built-

up was considered and through the application of the fatigue master curve developed led to 

an accurate calculation of the defect size. The flaw dimension was found to be independent 

of the strain level and with an average value of 9 ± 3 μm. The value obtained was also 
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compared with the initial defect size established by X-ray μ-CT, confirming similar size and 

a good accuracy of the calculations. In addition, an equation to evaluate the J-integral of the 

notched specimens allowed the results of unnotched specimens to be compared, verifying a 

geometry independency of the J-integral formulation for the assessment of fatigue life. 
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Although the study of fatigue and fracture mechanics of elastomers is quite a recent 

science, several aspects have been investigated and understood in the last 80 years. A major 

focus has been dedicated to elastomers used in the tire industry, namely NR and SBR. 

Nevertheless, several aspects are not yet fully understood and further investigations are 

required. 

The mechanical behavior of elastomers is quite complex and characterized by entropic 

elasticity and viscoelastic effects. Even though the theory of entropic elasticity is established 

for rubbers, when considering more complex compounds used in the rubber industry, this 

general approach is not applicable. This is believed to be related to a different mobility of the 

polymer chains due to the presence of fillers and the formation of the so-called “bound 

rubber,” which strongly affects the mechanical behavior of elastomers by also influencing its 

viscoelastic response. As the technologies of characterization methods and in-situ 

measurements advance, a deeper understanding of the phenomena involved during the 

deformation of complex elastomeric compounds could lead to more accurate modeling of 

their mechanical behavior. In addition, a more profound understanding of the duality of 

entropic elasticity and viscoelasticity concerning their contributions at different temperatures 

would be needed. In fact, their trends are opposite with respect to temperature and the overall 

behavior is a tradeoff of these two components, making it difficult to predict the actual 

behavior. Furthermore, although the detrimental effect of temperature on fatigue seems 

established, tools that consider this influence should be extended to other elastomers and 

approaches should be generalized to develop a formal theory. 

Another aspect related to viscoelasticity that should be investigated is the amount of 

dissipated energy that is actually converted into heat during cyclic loading. It is established 

that the conversion is not complete and that further dissipative mechanisms are involved. 

However, clear evidence of which mechanism dissipates energy and the rate of conversions 

8 Outlook 
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of mechanical energy into heat are still obscure. As highlighted in this thesis work, the 

internal temperature of elastomer products subjected to cyclic loading is often higher than 

the surface temperature and it can be so high as to affect fatigue but can also lead to thermal 

damage or even thermal failure. A more thorough understanding of the dissipative 

mechanisms in elastomers would be beneficial for an accurate estimation of the internal 

temperature of components subjected to cyclic loadings in order to have an appropriate 

component design as a result. 

Finally, very little has been understood about the crack initiation process in elastomers.. 

Generally, cracks nucleate starting from inhomogeneities and defects present in the materials. 

The complex formulations of elastomers lead to a significant level of inhomogeneities, 

making it complicated to determine the origin of fatigue cracks. More investigations in this 

regard should be performed to identify the time for initiation. Though initiation is often 

neglected, the recognition of the initiation time would improve the accuracy of models even 

more for the fatigue lifetime prediction. 
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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 

Elasticity and chemical resistance are only two of outstanding properties of elastomers and make them applicable in a broad field of 
cyclic loaded components. During the cyclic loading, the failure is mainly related to crack growth mechanism. For the description and 
prediction of the material failure, fracture mechanics concepts represent a valid tool. In the field of elastomer failure under cyclic 
loading, two main approaches have been developed: (1) the crack nucleation dealing with the lifetime of rubber, due to a specific 
number of cycles until appearance of a specific crack size and (2) the crack growth approach, devoting the attention to the growth of 
pre-existing defects. Although both approaches represent effective instruments for fatigue analysis, only little attention has been drawn 
on the impact of temperature on the failure behavior. Moreover, scientific publications report that temperature influences the fatigue 
life of rubbers by decreasing the magnitude by four orders. Therefore, a focus on the impact of temperature on the crack growth 
behavior seems indispensable to rise knowledge in this field. For the evaluation of influence of temperature on the fatigue performance, 
crack growth tests were implemented. For the characterization of crack growth behavior, pure shear specimens equipped with a camera 
system to measure the crack growth behavior and the temperature were monitored with contactless thermo-couples to measure the 
surface temperature during the cyclic loading. Furthermore, the thermal conductivity was measured at different temperatures to allow 
an accurate evaluation of temperature influence. With the obtained data, a further description of the failure could be provided to extend 
the fracture mechanics approach through the implementation of the temperature effect within different fatigue models for elastomers. 
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1. Introduction 

The unique mechanical properties of rubbers make them suitable for applications in which cyclic loadings are 
involved. In this loading condition, failure is mainly related to fatigue phenomena, Gent (2012), and therefore the 
study of the fatigue behaviour of materials is of great practical importance in the rubber industry. The ultimate task of 
fatigue analysis is to estimate the lifetime of components, hence the prediction of fatigue life of materials is of critical 
importance in this frame. Mars and Fatemi (2002) reported that in the field of elastomers, two main approaches are 
followed for fatigue life prediction: (i) crack nucleation and (ii) crack growth. The first one deals with the nucleation 
and growth of cracks up to a certain limit and is based on a continuum mechanics approach. The second one is based 
on the study of the growth of pre-existing cracks up to end of service life using fracture mechanical approaches. 

The fatigue behaviour of rubbers is influenced by a large number of parameters, which can be related to the 
mechanical history, environmental conditions and rubber formulation as pointed out by Mars and Fatemi (2004). 
Among them, temperature has a relevant effect on the fatigue properties of rubbers: Lake and Lindley (1964) reported 
a drop of 4 order of magnitude of fatigue life passing from 0 °C to 100 °C. Further analysis on the effect of temperature 
can be found in Young (1986), Young & Danik (1994), Legorju-Jago & Bathias (2002). 

Even though an increase in temperature is considered to cause a decrease in the fatigue properties of rubbers, this 
effect has not been yet proved. The aim of this work is to have a better comprehension of the impact of temperature 
on the fatigue properties of elastomers. In order to do this, crack growth measurements have been established 
measuring the surface temperature and studying the effect of frequency on the crack growth rate and on temperature 
variation. Moreover, the impact of temperature has been assessed through thermal conductivity measurements. The 
measurements were carried out at different temperatures, from 30 to 130°C, in order to have a better description of the 
impact of temperature on the material properties. This study represents a basis to extend the fracture mechanics 
approach, by implementing the temperature effect in common used models for fatigue life prediction. 

2. Experimental part 

2.1. Materials 

The material used for this research is a commercial acrylonitrile butadiene rubber (NBR) filled with 42 phr of 
carbon black. Due to confidentially, no additional information about the precise formulation can be given. 

2.2. Crack growth measurements  

For the implementation of the crack growth measurements, a pure shear specimen geometry was used. The height 
of the specimen was 16 mm, the width 200 mm (width to height ratio 1/12.5) and the thickness 4 mm. The samples 
were mounted on special clamps, preloaded to 20 N and notched. The initial notch was introduced using a razor blade, 
mounted on a customized tool guided on the clamping system, for an initial notch of about 25 mm. The tests were 
carried out using an MTS 858 Table Top System testing machine and the crack length was monitored through a camera 
system CV-5701P by Keyence. In order to avoid light reflections the specimens were sprayed with a white powder 
coating. The tests were utilized in force control mode with a load ratio of 0.1 and a maximum load of 1300 N. The 
surface temperature was monitored using an IR sensor placed around 10 mm in front of the initial crack tip. 

From the position of the crack tip, evaluated through the pictures recorded with the camera system, the crack growth 
rate was calculated. The hysteresis were monitored during the cyclic loading through the MTS test device and the 
tearing energy G was calculated dynamically, i.e. during testing on the same specimen. For pure shear geometry, G 
can be calculated with equation 1, Rivlin and Thomas (1953): 

𝐺𝐺 = 𝑊𝑊0 ∙ ℎ0 = 𝑈𝑈 𝐴𝐴𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢⁄     (1) 
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Abstract 

Elasticity and chemical resistance are only two of outstanding properties of elastomers and make them applicable in a broad field of 
cyclic loaded components. During the cyclic loading, the failure is mainly related to crack growth mechanism. For the description and 
prediction of the material failure, fracture mechanics concepts represent a valid tool. In the field of elastomer failure under cyclic 
loading, two main approaches have been developed: (1) the crack nucleation dealing with the lifetime of rubber, due to a specific 
number of cycles until appearance of a specific crack size and (2) the crack growth approach, devoting the attention to the growth of 
pre-existing defects. Although both approaches represent effective instruments for fatigue analysis, only little attention has been drawn 
on the impact of temperature on the failure behavior. Moreover, scientific publications report that temperature influences the fatigue 
life of rubbers by decreasing the magnitude by four orders. Therefore, a focus on the impact of temperature on the crack growth 
behavior seems indispensable to rise knowledge in this field. For the evaluation of influence of temperature on the fatigue performance, 
crack growth tests were implemented. For the characterization of crack growth behavior, pure shear specimens equipped with a camera 
system to measure the crack growth behavior and the temperature were monitored with contactless thermo-couples to measure the 
surface temperature during the cyclic loading. Furthermore, the thermal conductivity was measured at different temperatures to allow 
an accurate evaluation of temperature influence. With the obtained data, a further description of the failure could be provided to extend 
the fracture mechanics approach through the implementation of the temperature effect within different fatigue models for elastomers. 
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1. Introduction 

The unique mechanical properties of rubbers make them suitable for applications in which cyclic loadings are 
involved. In this loading condition, failure is mainly related to fatigue phenomena, Gent (2012), and therefore the 
study of the fatigue behaviour of materials is of great practical importance in the rubber industry. The ultimate task of 
fatigue analysis is to estimate the lifetime of components, hence the prediction of fatigue life of materials is of critical 
importance in this frame. Mars and Fatemi (2002) reported that in the field of elastomers, two main approaches are 
followed for fatigue life prediction: (i) crack nucleation and (ii) crack growth. The first one deals with the nucleation 
and growth of cracks up to a certain limit and is based on a continuum mechanics approach. The second one is based 
on the study of the growth of pre-existing cracks up to end of service life using fracture mechanical approaches. 

The fatigue behaviour of rubbers is influenced by a large number of parameters, which can be related to the 
mechanical history, environmental conditions and rubber formulation as pointed out by Mars and Fatemi (2004). 
Among them, temperature has a relevant effect on the fatigue properties of rubbers: Lake and Lindley (1964) reported 
a drop of 4 order of magnitude of fatigue life passing from 0 °C to 100 °C. Further analysis on the effect of temperature 
can be found in Young (1986), Young & Danik (1994), Legorju-Jago & Bathias (2002). 

Even though an increase in temperature is considered to cause a decrease in the fatigue properties of rubbers, this 
effect has not been yet proved. The aim of this work is to have a better comprehension of the impact of temperature 
on the fatigue properties of elastomers. In order to do this, crack growth measurements have been established 
measuring the surface temperature and studying the effect of frequency on the crack growth rate and on temperature 
variation. Moreover, the impact of temperature has been assessed through thermal conductivity measurements. The 
measurements were carried out at different temperatures, from 30 to 130°C, in order to have a better description of the 
impact of temperature on the material properties. This study represents a basis to extend the fracture mechanics 
approach, by implementing the temperature effect in common used models for fatigue life prediction. 

2. Experimental part 

2.1. Materials 

The material used for this research is a commercial acrylonitrile butadiene rubber (NBR) filled with 42 phr of 
carbon black. Due to confidentially, no additional information about the precise formulation can be given. 

2.2. Crack growth measurements  

For the implementation of the crack growth measurements, a pure shear specimen geometry was used. The height 
of the specimen was 16 mm, the width 200 mm (width to height ratio 1/12.5) and the thickness 4 mm. The samples 
were mounted on special clamps, preloaded to 20 N and notched. The initial notch was introduced using a razor blade, 
mounted on a customized tool guided on the clamping system, for an initial notch of about 25 mm. The tests were 
carried out using an MTS 858 Table Top System testing machine and the crack length was monitored through a camera 
system CV-5701P by Keyence. In order to avoid light reflections the specimens were sprayed with a white powder 
coating. The tests were utilized in force control mode with a load ratio of 0.1 and a maximum load of 1300 N. The 
surface temperature was monitored using an IR sensor placed around 10 mm in front of the initial crack tip. 

From the position of the crack tip, evaluated through the pictures recorded with the camera system, the crack growth 
rate was calculated. The hysteresis were monitored during the cyclic loading through the MTS test device and the 
tearing energy G was calculated dynamically, i.e. during testing on the same specimen. For pure shear geometry, G 
can be calculated with equation 1, Rivlin and Thomas (1953): 

𝐺𝐺 = 𝑊𝑊0 ∙ ℎ0 = 𝑈𝑈 𝐴𝐴𝑢𝑢𝑢𝑢𝑢𝑢𝑢𝑢⁄     (1) 
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where W0 is the elastically stored energy and h0 the height of the specimen in the unstrained condition. For practical 
purpose, it is easier to calculate the tearing energy using the mechanical energy U calculated from the load-
displacement curve divided by the uncracked area Auncr. Further explanations of the procedure can be found in 
Stadlbauer et al. (2013).  

2.3. Thermal conductivity 

Thermal conductivity measurements were carried out using two different methods. In a first step, a guarded heat 
method was conducted using a DTD300 machine by TA instruments. Secondly, a laser flash method (LFA) was 
implemented with a LFA467 Hyperflash by Netzsch. However, the actual measurement from the LFA method is 
thermal diffusivity. The thermal conductivity can be retrieved by knowing the density and specific heat. The specific 
heat was measured with a DSC6000 by Perkin Elmer while the density was measured using a XS205 Dual Range 
Analytical Balance by Mettler Toledo. The measurements for thermal conductivity were carried out between 30 °C 
and 130 °C, for every 10 °C. For the measurements carried out with the first method, specimens with thickness of  
2 mm were used, while for the second method 1 mm thick samples provided a higher reproducibility.  

3. Results and discussion 

3.1. Fatigue crack growth  

Rubbers subjected to cyclic loading present high-energy dissipation due to molecular frictions, which results in a 
significant heat generation in the material as reported by Medalia (1991). This effect, in combination with the low 
thermal conductivity of elastomers, leads to a considerable increase of temperature of rubber components. The 
temperature could reach regions leading even to thermal failure. The degree of heat build-up strongly depends on the 
stiffness of the material, on the frequency of oscillation and on the loading amplitude, Gent (2012).  

During fatigue crack growth tests, the evolution of the surface temperature was monitored and the results of one of 
the tests are reported in Fig. 1. From the plots in Fig. 1(a), it is possible to notice that the temperature increased fast 
in the first six thousand cycles, while afterwards a plateau value was reached around 27 °C. It is worth to notice that 
a slight increase of the temperature was recorded around the crack tip (grey area in the plots), which is more evident 
in Fig. 1(b). This increase in temperature is related to higher viscoelastic dissipations near the crack tip as suggested 
by Persson and Brener (2005). With increasing crack length and passing the IR sensor, the surface temperature 
dropped since no strain is applied in the monitored region. Even though the temperature variation is limited, the small 
changes reported should be considered relevant since they originated from specimens with low thickness (4 mm). 

To measure the fatigue crack growth rate, tests were carried out at different frequencies in order to verify the impact 
of this parameter on both, surface temperature and crack growth rate. As depicted in Fig. 2(a) higher frequencies result 
in a rising surface temperature. As reported by Gent (2012), the heat generated per second is given by the energy 
dissipated per cycle multiplied by the frequency. Therefore, the increasing frequency leads to a higher amount of heat, 
which cannot be transferred to the surrounding environment, resulting in a rising temperature. Moreover, the frequency 
also impacts the crack growth rate as depicted in Fig. 2(b), with faster crack growth rates for lower frequency. Gent 
(2012) reported that for non-crystallizing rubbers as NBR, the frequency has a stronger effect than for crystallizing 
rubbers, especially at a frequency lower than 0.2 Hz. The reported results reveal a variation of one order of magnitude 
in the crack growth rate with a change of frequency of one order of magnitude even at frequencies higher than 0.2 Hz. 
Therefore, further analyses of these results were implemented to characterize this specific behavior in detail.  

In a first step, the reported behavior was explained considering the rising temperature at higher frequency 
suggesting a higher energy dissipation, resulting in a lower available energy for crack propagation, i.e. lower crack 
growth rate. For the verification of this hypothesis, the dissipated and the elastically stored energy during cycling 
loading were analyzed. Fig. 3(a) summarizes the hysteresis curves at 1000 cycles for different frequencies. The curve 
shapes seem similar and the only evident variation is the increasing slope with higher frequencies, correlating to a 
stiffer material behavior at higher strain rates. In order to compare the dissipated and stored energies at the different 
frequencies, their percentages with respect to the input of mechanical energy were calculated and plotted as a function 
of the number of cycles in Fig. 3(b). As depicted, the differences in the percentage of dissipated energy are very small 
and they maintain constant along the duration of the tests at different frequencies. This fact suggests that the energy 
dissipation is not responsible for the observed differences in the crack growth rate. 
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     Lake and Lindley (1964) and Lindley (1974) reported that the fatigue crack growth rate is related to a static growth 
and a dynamic growth component, which are additive. The first component is related to the viscoelastic effect and 
connected to the time necessary for completing one cycle, i.e. the reciprocal of the frequency, while the dynamic 
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Fig. 1. (a) Surface temperature as a function of number of cycle and (b) surface temperature as a function of crack length. The plots refer to a test 
carried out at 4 Hz; the grey area corresponds to the number of cycle (a) and the position (b) at which the crack was below the IR sensor. 
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Fig. 3. Energy evaluation from crack growth experiments at different frequencies: (a) hysteresis loops recorded at 1000 cycles; (b) percentage of 
dissipated energy (full line) and elastically stored energy (dashed line) as a function of the number of cycle. 
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Fig. 2. (a) Surface temperature as a function of number of cycle and (b) crack growth rate as a function of tearing energy at different frequencies. 
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where W0 is the elastically stored energy and h0 the height of the specimen in the unstrained condition. For practical 
purpose, it is easier to calculate the tearing energy using the mechanical energy U calculated from the load-
displacement curve divided by the uncracked area Auncr. Further explanations of the procedure can be found in 
Stadlbauer et al. (2013).  

2.3. Thermal conductivity 

Thermal conductivity measurements were carried out using two different methods. In a first step, a guarded heat 
method was conducted using a DTD300 machine by TA instruments. Secondly, a laser flash method (LFA) was 
implemented with a LFA467 Hyperflash by Netzsch. However, the actual measurement from the LFA method is 
thermal diffusivity. The thermal conductivity can be retrieved by knowing the density and specific heat. The specific 
heat was measured with a DSC6000 by Perkin Elmer while the density was measured using a XS205 Dual Range 
Analytical Balance by Mettler Toledo. The measurements for thermal conductivity were carried out between 30 °C 
and 130 °C, for every 10 °C. For the measurements carried out with the first method, specimens with thickness of  
2 mm were used, while for the second method 1 mm thick samples provided a higher reproducibility.  

3. Results and discussion 

3.1. Fatigue crack growth  

Rubbers subjected to cyclic loading present high-energy dissipation due to molecular frictions, which results in a 
significant heat generation in the material as reported by Medalia (1991). This effect, in combination with the low 
thermal conductivity of elastomers, leads to a considerable increase of temperature of rubber components. The 
temperature could reach regions leading even to thermal failure. The degree of heat build-up strongly depends on the 
stiffness of the material, on the frequency of oscillation and on the loading amplitude, Gent (2012).  

During fatigue crack growth tests, the evolution of the surface temperature was monitored and the results of one of 
the tests are reported in Fig. 1. From the plots in Fig. 1(a), it is possible to notice that the temperature increased fast 
in the first six thousand cycles, while afterwards a plateau value was reached around 27 °C. It is worth to notice that 
a slight increase of the temperature was recorded around the crack tip (grey area in the plots), which is more evident 
in Fig. 1(b). This increase in temperature is related to higher viscoelastic dissipations near the crack tip as suggested 
by Persson and Brener (2005). With increasing crack length and passing the IR sensor, the surface temperature 
dropped since no strain is applied in the monitored region. Even though the temperature variation is limited, the small 
changes reported should be considered relevant since they originated from specimens with low thickness (4 mm). 

To measure the fatigue crack growth rate, tests were carried out at different frequencies in order to verify the impact 
of this parameter on both, surface temperature and crack growth rate. As depicted in Fig. 2(a) higher frequencies result 
in a rising surface temperature. As reported by Gent (2012), the heat generated per second is given by the energy 
dissipated per cycle multiplied by the frequency. Therefore, the increasing frequency leads to a higher amount of heat, 
which cannot be transferred to the surrounding environment, resulting in a rising temperature. Moreover, the frequency 
also impacts the crack growth rate as depicted in Fig. 2(b), with faster crack growth rates for lower frequency. Gent 
(2012) reported that for non-crystallizing rubbers as NBR, the frequency has a stronger effect than for crystallizing 
rubbers, especially at a frequency lower than 0.2 Hz. The reported results reveal a variation of one order of magnitude 
in the crack growth rate with a change of frequency of one order of magnitude even at frequencies higher than 0.2 Hz. 
Therefore, further analyses of these results were implemented to characterize this specific behavior in detail.  

In a first step, the reported behavior was explained considering the rising temperature at higher frequency 
suggesting a higher energy dissipation, resulting in a lower available energy for crack propagation, i.e. lower crack 
growth rate. For the verification of this hypothesis, the dissipated and the elastically stored energy during cycling 
loading were analyzed. Fig. 3(a) summarizes the hysteresis curves at 1000 cycles for different frequencies. The curve 
shapes seem similar and the only evident variation is the increasing slope with higher frequencies, correlating to a 
stiffer material behavior at higher strain rates. In order to compare the dissipated and stored energies at the different 
frequencies, their percentages with respect to the input of mechanical energy were calculated and plotted as a function 
of the number of cycles in Fig. 3(b). As depicted, the differences in the percentage of dissipated energy are very small 
and they maintain constant along the duration of the tests at different frequencies. This fact suggests that the energy 
dissipation is not responsible for the observed differences in the crack growth rate. 
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Fig. 1. (a) Surface temperature as a function of number of cycle and (b) surface temperature as a function of crack length. The plots refer to a test 
carried out at 4 Hz; the grey area corresponds to the number of cycle (a) and the position (b) at which the crack was below the IR sensor. 
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Fig. 3. Energy evaluation from crack growth experiments at different frequencies: (a) hysteresis loops recorded at 1000 cycles; (b) percentage of 
dissipated energy (full line) and elastically stored energy (dashed line) as a function of the number of cycle. 
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Fig. 2. (a) Surface temperature as a function of number of cycle and (b) crack growth rate as a function of tearing energy at different frequencies. 
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component is frequency independent. Therefore, the static component at small frequencies is more relevant and the 
overall crack growth rate results higher. This theory is not related to the energy dissipation and therefore seems to 
represent a proper explanation to our results. Analogous trend of increasing crack growth rate with lower frequencies 
were also reported by Busfield et al. (2002) by testing a styrene-butadiene copolymer. 

3.2. Thermal conductivity  

Rubbers are poor thermal conductors and this characteristic associated with considerable internal heat generation, 
leads to consistent increase in temperature in thick rubber components. Therefore, thermal conductivity was measured 
in the range of possible utilization of the rubber components with two different techniques. Fig. 4 summarizes the 
thermal conductivity as a function of temperature for both measurement techniques (guarded heat and laser flash). 
Both methods reveal results in very good agreement along the investigated temperature range. Moreover, it is worth 
notice that the values remain almost constant along the tested range of temperature. The average values across all the 
range of temperature for the two methods are reported in Table 1. Compared to the guarded heated method the results 
for the laser flash method are more scattered.  

 Table 1. Average values of thermal conductivity obtained with two techniques. 

Measurement method  L (W/m∙K) Error (W/m∙K) 

Guarded heat 0,372 ± 0,004 

Laser flash 0,380  ± 0,061 

4. Conclusion 

Measurements to determine the fatigue crack growth rate and thermal conductivity were implemented in order to 
study the impact of temperature on the fatigue properties of rubbers. Through the monitoring of the surface temperature 
during crack growth experiments a further increase of the temperature at the crack tip was observed, which was related 
to higher local strain in the region. The temperature increase during cyclic loading dependents on the testing frequency, 
resulting in higher temperatures with higher frequencies. These differences can be explained with higher energy 
dissipations at high frequencies. Moreover, by varying the loading frequency variations of the crack growth rates were 
found as well. The differences were not connected to higher energy dissipations during cyclic loading, but to the 
viscoelastic contribution due to the static growth component of the overall crack growth rate, Lake and Lindley (1964). 
Furthermore, the thermal conductivity was measured and seems constant along the considered temperature range. The 
reported work represents a first step towards a better comprehension of the impact of temperature on the fatigue properties 
of rubbers. These basic concepts will be taken into account for further characterizations at different environmental 
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Fig. 4. Values of thermal conductivity for the material between 30 and 130 °C measured with two different techniques: in black the data obtained 
with the guarded heat method and in red the one obtained with the laser flash method. 
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temperatures. A detailed understanding of the temperature influence on the fatigue behavior finally allows the adaption 
of commonly used models to predict the lifetime of rubber components. 
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component is frequency independent. Therefore, the static component at small frequencies is more relevant and the 
overall crack growth rate results higher. This theory is not related to the energy dissipation and therefore seems to 
represent a proper explanation to our results. Analogous trend of increasing crack growth rate with lower frequencies 
were also reported by Busfield et al. (2002) by testing a styrene-butadiene copolymer. 

3.2. Thermal conductivity  

Rubbers are poor thermal conductors and this characteristic associated with considerable internal heat generation, 
leads to consistent increase in temperature in thick rubber components. Therefore, thermal conductivity was measured 
in the range of possible utilization of the rubber components with two different techniques. Fig. 4 summarizes the 
thermal conductivity as a function of temperature for both measurement techniques (guarded heat and laser flash). 
Both methods reveal results in very good agreement along the investigated temperature range. Moreover, it is worth 
notice that the values remain almost constant along the tested range of temperature. The average values across all the 
range of temperature for the two methods are reported in Table 1. Compared to the guarded heated method the results 
for the laser flash method are more scattered.  

 Table 1. Average values of thermal conductivity obtained with two techniques. 

Measurement method  L (W/m∙K) Error (W/m∙K) 

Guarded heat 0,372 ± 0,004 

Laser flash 0,380  ± 0,061 

4. Conclusion 

Measurements to determine the fatigue crack growth rate and thermal conductivity were implemented in order to 
study the impact of temperature on the fatigue properties of rubbers. Through the monitoring of the surface temperature 
during crack growth experiments a further increase of the temperature at the crack tip was observed, which was related 
to higher local strain in the region. The temperature increase during cyclic loading dependents on the testing frequency, 
resulting in higher temperatures with higher frequencies. These differences can be explained with higher energy 
dissipations at high frequencies. Moreover, by varying the loading frequency variations of the crack growth rates were 
found as well. The differences were not connected to higher energy dissipations during cyclic loading, but to the 
viscoelastic contribution due to the static growth component of the overall crack growth rate, Lake and Lindley (1964). 
Furthermore, the thermal conductivity was measured and seems constant along the considered temperature range. The 
reported work represents a first step towards a better comprehension of the impact of temperature on the fatigue properties 
of rubbers. These basic concepts will be taken into account for further characterizations at different environmental 
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temperatures. A detailed understanding of the temperature influence on the fatigue behavior finally allows the adaption 
of commonly used models to predict the lifetime of rubber components. 
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1 INTRODUCTION 

Fatigue characterization is of fundamental im-
portance when dealing with rubbers. In fact, due to 
their mechanical behavior, rubber products are used 
in applications in which cyclic loadings are involved 
and therefore, fatigue represents one of the most 
common reason of failure for these components 
(Gent, 2012). The fatigue analyses of rubbers are 
usually carried out exploiting two different ap-
proaches: crack nucleation and crack growth. The 
first one is based on continuum mechanics and deals 
with the nucleation and growth of cracks, while the 
second is focused on the growth of pre-existing 
cracks making use of fracture mechanics tools (Mars 
& Fatemi, 2002). 

Under cyclic loadings, rubbers show high level of 
heat generation as a consequence of dissipation 

mechanisms due to the viscoelastic nature of elasto-
mers and due to the presence of fillers (Medalia, 
2011). However, the dissipated heat cannot be trans-
ferred fast enough to the surrounding environment 
due to the low thermal conductivity of rubbers 
(Gschwandl et al., 2019), inducing a temperature in-
crease in the rubber components. This phenomenon 
is commonly referred as heat build-up and its degree 
strongly depends on the material stiffness, on the 
frequency of oscillation, on the loading amplitude 
and on the thickness of the component (Gent, 2012). 

Due to heat build-up, the temperature of the spec-
imen under cyclic loading could reach high levels 
even for tests performed at room temperature, affect-
ing the results of the fatigue characterization. In fact, 
temperature has a relevant effect on fracture 
(Schrittesser et al., 2012) and on the fatigue proper-
ties of rubber: it has been shown that higher temper-
atures result in faster crack growth and lower fatigue 
life (Lake & Lindley, 1964; Young, 1986). It seems 
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ABSTRACT: The unique mechanical properties of rubbers make them suitable for applications in which cy-
clic loadings are involved and hence, fatigue characterization represents a fundamental requirement for these 
materials. However, due to the high hysteretic losses present in such materials, a significant heat generation is 
present. This effect in combination with the low thermal conductivity, leads to a considerable increase of 
temperature in the rubber components, which is commonly referred as heat build-up. In order to avoid such 
temperature rises, low frequencies or small thickness can be used during material characterization. However, 
in real applications, limiting these two parameters it is not always possible and hence, a proper analysis of this 
phenomenon is required. In order to have more details about heat build-up, two different rubbers were tested 
under cyclic loading and surface temperatures were evaluated and compared taking into account the energy 
dissipation involved in the loading processes. In particular two specimen geometries were considered, one 
used for the characterization of fatigue crack nucleation and one used for fatigue crack growth analysis. For 
the first case, 3D dumbbell specimens were cyclically loaded with a sine wave at different testing conditions 
and the surface temperatures were monitored with an IR sensor. For the second case, pure shear specimens 
were cyclically loaded and the surface temperatures were monitored using both an IR sensor and an IR cam-
era. In this latter case, the impact of the presence of a crack on the surface temperature was also considered. 
Moreover, starting from the heat equation, the temperature profiles along the thickness for both specimen ge-
ometries were considered. In order to have a proper description of the temperature distribution, thermal con-
ductivity for both materials were evaluated as well using two different techniques. The analysis of the tem-
perature distribution in the volume is important to distinguish between fatigue and thermal failure. With the 
obtained data, a further description of heat build-up in rubbers can be provided, contributing in the differentia-
tion between failures related to fatigue and the ones related to local temperature increase. 



therefore indispensable for a proper material charac-
terization, the analysis of heat build-up and its con-
sequences in terms of temperature increases. In or-
der to achieve these goals, two different rubbers 
were tested under cyclic loading using two geome-
tries and their surface temperatures were monitored. 
The chosen geometries were 3D dumbbell, used for 
crack nucleation approach (Arbeiter et al., 2015) and 
pure shear geometry, used for crack growth ap-
proach (Schieppati et al., 2018). Moreover, for pure 
shear geometry, the temperature was monitored with 
an IR camera. Finally, the thermal conductivity of 
the materials were tested using two different tech-
niques, giving the possibility to estimate the temper-
ature profile along the thickness, providing further 
insights in the self-heating of rubbers.  

2 EXPERIMENTAL PART 

2.1 Material 
The materials used for this research are acryloni-

trile butadiene rubber (NBR) highly filled with car-
bon black and a blend of styrene butadiene rubber 
(SBR), butadiene rubber (BR) and natural rubber 
(NR), highly filled with two grades of carbon black. 
Due to confidentially, no additional information 
about the formulations can be given. For sake of 
simplicity, from now on the first material will be 
called Material A and the second Material B. 

2.2 Thermal conductivity 
Thermal conductivity measurements of both ma-

terials were carried out using two different methods: 
a guarded heat method using a DTD300 machine by 
TA instruments and a laser flash method (LFA) with 
a LFA467 Hyperflash machine by Netzsch. It is 
worth noting that the actual measurement from the 
LFA method is thermal diffusivity. The thermal 
conductivity can be retrieved by knowing the density 
and specific heat of the material. The specific heat 
was measured with a DSC6000 by Perkin Elmer 
while the density was measured using a XS205 Dual 
Range Analytical Balance by Mettler Toledo. The 
measurements for thermal conductivity were carried 
out between 30 °C and 130 °C, every 10 °C. For the 
measurements carried out with the first method, 
specimens with thickness of 2 mm were used, while 
for the second method specimens 1 mm thick were 
chosen. 

2.3 Surface temperature  

The evolution of surface temperature during cy-
clic loading was measured using a CT IR sensor by 
Optris. The measurements were recorded during fa-

tigue characterization using two different specimen 
geometry, pure shear and 3D dumbbell. These ge-
ometries are normally used for fatigue characteriza-
tion of crack growth and crack nucleation respec-
tively. The dimension of the pure shear specimens 
were 16 mm of height, 200 mm of width (width to 
height ratio 1/12.5) and thickness of 4 mm. The 
dumbbell specimens were cylindrical with a diame-
ter of 15 mm and a gauge height of 20 mm. Fatigue 
tests were implemented using a MTS 858 Table Top 
System testing machine. Both materials were tested 
using a 3D dumbbell geometry at 1 and 4 Hz; the 
tests were conducted in force control using a load ra-
tio of 0.1 and a maximum force of 560 N. For pure 
shear geometry, both materials were tested in dis-
placement control using a load ratio Rε= 0.5 at a 
maximum strain of 10 %; the used frequencies were 
0.25, 1, 4 and 10 Hz. Surface temperatures for pure 
shear specimen at different strain level were record-
ed also with an infrared camera by FLIR Titanium 
SC750). 

3 RESULTS AND DISCUSSION 

3.1 Thermal conductivity 
Rubbers are poor conductors of heat and the low 
thermal conductivity greatly determines the tempera-
ture rise upon loading. Therefore, the values of 
thermal conductivity of both materials were charac-
terized by means of two different techniques in the 
range of possible utilization of rubber components. 
In Figure 1 and 2 are reported the thermal conductiv-
ity as a function of temperature and for both meas-
urement techniques for material A and Material B 
respectively. Both methods reveal results in very 
good agreement along the investigated temperature 
range. Compared to the guarded heated method the 
results for the laser flash method are more scattered, 
since more measurements are necessary for obtain-
ing these results. Moreover, it is worth notice that 

Figure 1 Values of thermal conductivity for Material A be-
tween 30 and 130 °C measured with two different techniques: 
in black the data obtained with the guarded heat method and in 
red the one obtained with the laser flash method. 



the values remain almost constant along the tested 
range of temperature. The average values across all 
the range of temperature for the two methods are re-
ported in Table 1. 
 

Table 1.  Average values of thermal conductivity of both mate-
rials along the temperature range obtained with guarded heat 
and laser flash methods. ______________________________________________ 
Method     Material A    Material B         ____________  _____________  
       λ (W/mK)    λ (W/mK) ______________________________________________ 
Guarded heat   0.372  ±0.004  0.381  ±0.061 
Laser flash    0.334  ±0.004  0.302  ±0.048 _____________________________________________ 

3.2 Surface temperature 
As discussed in the previous paragraph, rubbers 

possess low thermal conductivity and therefore the 
heat generated under cyclic loading cannot be trans-
ferred fast enough to the surrounding environment, 
resulting in an increase in temperature. The tempera-
ture increase is a function of the stiffness of the ma-
terial and of the characteristic of the oscillating load-
ing, i.e. frequency and amplitude. Moreover, an 
increase in the thickness of the components will re-
sult in higher heat build-up and temperature. In Fig-
ure 3, the hysteresis curves are reported for both ma-
terials at a cycle number of 10000 cycles. From the 
curves, it is possible to see the difference in the ma-
terial behavior: material A (black) is much more stiff 
with a relative small hysteresis while material B 
(red) show a much softer behavior and high dissipat-
ed energy (area inside the curve). In Figure 4 are re-
ported the plots of the surface temperature evolution 
upon loading as a function of number of cycles for 
all tested conditions. During the first cycles, the 
temperature raised due to the internal heat genera-
tion, which is higher than the rate of cooling due to 
the external environment. As the temperature in-
creased, the driving force for cooling increased until 
the rate of cooling became equal to the rate of inter-

nal heat generation. As a result, the temperature 
showed a plateau value, which was stable during cy-
cles. Similar results were found for pure shear ge-
ometry. (Schieppati et al., 2018). As expected, the 
plateau temperatures for material B were higher for 
both frequencies, since the dissipation of energy was 
higher for this compound. In Table 2, the values of 
the plateau surface temperature and the relative tem-
perature increases are reported. As expected, higher 
frequencies resulted in higher surface temperature. 
However, it is evident that even a small change of 
frequency results in big differences of temperature 
increase for dumbbell specimens. Beside the test of 
material A at 1 Hz, the increase in temperature for 
the other testing conditions is high and therefore it is 
not possible to neglect the temperature effect during 
fatigue analysis. 

 
In Figure 5 and 6 two pictures obtained with IR 
camera during testing of pure shear specimens of 
material A are reported. From Figure 5 it is possible 
to observe that the temperature was symmetrically 
distributed along the height of the specimen while it 

Figure 2 Values of thermal conductivity for Material B be-
tween 30 and 130 °C measured with two different techniques: 
in black the data obtained with the guarded heat method and in 
red the one obtained with the laser flash method. 

Figure 4 Temperature evolution of 3D dumbbell specimens for 
material A (black) and Material B (red). The tests were per-
formed in force control with Fmax = 560 N and R = 0.1, at fre-
quency of 1 (full lines) and 4 Hz (dashed lines).  

Figure 3 Hysteresis curves of Material A (black) and Material 
B (red). The data shown were recorded at 10000 cycles in force 
control with Fmax = 560 N and R = 0.1, with f = 4 Hz. 



became asymmetric when the crack developed to-
wards one of the clamps as show in Figure 6. It is 
important then to consider the position of the meas-
urement of surface temperature 
 
Table 2.  Plateau surface temperature TS and temperature in-
crease with respect to the specimen in the unload state ΔT for 
both material using dumbbell geometry. The test were per-
formed in load control using a load ratio R = 0.1 and a maxi-
mum force Fmax = 560 N. ______________________________________________ 
f (Hz)   Material A      Material B       __________________  __________________  
    TS (°C)  ΔT (°C)   TS (°C)  ΔT (°C) ______________________________________________ 
1    31    6     54    29  
4    49    24     94    70 _____________________________________________ 

 

3.3 Temperature profile 
The temperature increases upon loading are evaluat-
ed using surface temperature values. However, due 
to the low thermal conductivity, it is reasonable to 
believe that the temperature is not homogenous in 
the thickness. In order to get an idea of the internal 
temperature distribution, an equation for retrieving 

the temperature profile along the thickness can be 
obtained considering the heat equation with a heat-
ing source 

ρ 𝐶𝑃
𝜕𝑇

𝜕𝑡
− ∇(𝜆∇T) = 𝑞̇ (1) 

where ρ is the density, 𝐶𝑃 the specific heat, 𝜆 the 
thermal conductivity and 𝑞̇ is the internal heat gen-
erated per unit volume, which is given by  

𝑞̇ =
𝑓∙𝑈𝑑𝑖𝑠

𝑉
 (2) 

where 𝑈𝑑𝑖𝑠 is the energy dissipated per cycle, 𝑓 the 
frequency and 𝑉 the volume. In order to get a solu-
tion, some assumptions could be done. Considering 
the equilibrium condition when the temperature 
show a plateau value, the rate of variation of tem-
perature is zero 𝜕𝑇/𝜕𝑡 = 0. By considering a rec-
tangular plate (useful for pure shear specimens), it is 
possible to consider that the temperature is homoge-
nous along the width and the height and that it varies 
only in the thickness, allowing to simplify the prob-
lem to a 1D case. Moreover, it is possible to consid-
er the thermal conductivity constant with tempera-
ture; this assumption is justified by the experimental 
results shown in section 3.1. Taking into account all 
these considerations, equation (1) can be simplify in-
to 
𝑑2𝑇

𝑑𝑥2 = −
𝑞̇

𝜆
 (3) 

The solution can be retrieved then by considering 
the following boundary condition: at the surface, the 
temperature TS is constant, while the continuity of 
the function in the center imply that 𝑑𝑇/𝑑𝑥 = 0. 
The solution of the problem is a parabolic function 
of the thickness L 

𝑇 =  𝑇𝑆 +
𝑞̇

2𝜆
∙ (

𝐿2

4
− 𝑥2) (4) 

In the center, for 𝑥 = 0 the temperature is 

𝑇 =  𝑇𝑆 +
𝑞̇𝐿2

8𝜆
 (5) 

Similar arguments could be considered for the cy-
lindrical case (useful for dumbbell specimens) of ra-
dius R, obtaining 

𝑇 =  𝑇𝑆 +
𝑞̇𝑅2

4𝜆
∙ (1 −

𝑟2

𝑅2
) (6) 

and in the center, for 𝑟 = 0 

𝑇 =  𝑇𝑆 +
𝑞̇𝑅2

4𝜆
 (7) 

The treatment above can be found in literature 
(Holman, 2010). By using this treatment, it was pos-
sible to evaluate the temperature distribution along 
the thickness for both pure shear and 3D dumbbell 
specimens, by making use of equations 4 and 6 re-
spectively.  

In Figure 7 and 8 the calculated temperature pro-
file along the thickness for pure shear for material A 

Figure 6 Picture recorded with an IR camera during testing of a 
pure shear specimen. The temperature is asymmetrically dis-
tributed along the height of the specimen due to crack devel-
opment towards the upper clamp. 

Figure 5 Picture recorded with an IR camera during testing of a 
pure shear specimen. The temperature is symmetrically distrib-
uted along the height of the specimen. 



and B are reported, respectively. In Figure 9 and 10 
the calculated temperature profile along the thick-
ness for dumbbell specimens for material A and B 
are reported, respectively. The value of surface tem-
perature TS and the temperature in the center TC are 
reported in table 3 and 4. 

 

 

 

Even for pure shear specimens, the surface tempera-
ture was higher for higher frequencies for both mate-
rial, as depicted in Figure 7 and 8 and reported in 
Table 3. Moreover, it is possible to observe that the 
temperature is substantially constant along the 
thickness in all tested conditions. This is related to 
the low thickness (4 mm) of the specimens: the 
small path of the heat to surface lead to a fast ex-
change with the environment, limiting the tempera-
ture increase. The data suggest that for pure shear 
specimens, the temperature can be considered ho-

mogenous along the thickness and will be accounted 
as the surface temperature. 
 

 
Table 3.  Plateau surface temperature TS and temperature in the 
center TC for pure shear geometry of both material at different 
frequencies. ______________________________________________ 
f (Hz)   Material A      Material B       __________________  __________________  
    TS (°C)  TC (°C)   TS (°C)  TC (°C) ______________________________________________ 
0.25   24    24     24    24  
1    24    24     24    24  
4    28    29     28    28 
10    33    34     29    30  _____________________________________________ 

 
Table 4.  Plateau surface temperature TS and temperature in the 
center TC for 3D dumbbell geometry of both material at differ-
ent frequencies. ______________________________________________ 
f (Hz)   Material A      Material B       __________________  __________________  
    TS (°C)  TC (°C)   TS (°C)  TC (°C) ______________________________________________ 
1    31    35     54    62  
4    49    73     94    162 _____________________________________________ 

Figure 9 Temperature profile along the thickness of 3D dumb-
bell specimen of Material A. The tests were performed in force 
control with Fmax = 560 N and R = 0.1, at frequency of 1 and 4 
Hz. 

Figure 8 Temperature profile along the thickness of pure shear 
specimen of Material B. The tests were performed in displace-
ment control with Rε= 0.5 with εmax = 10 % at different fre-
quencies. 

Figure 7 Temperature profile along the thickness of pure shear 
specimen of Material A. The tests were performed in displace-
ment control with Rε= 0.5 with εmax = 10 % at different fre-
quencies. 

Figure 10 Temperature profile along the thickness of 3D 
dumbbell specimen of Material A. The tests were performed in 
force control with Fmax = 560 N and R = 0.1, at frequency of 1 
and 4 Hz. 



As depicted in Figure 9 and 10 and the data reported 
in Table 4, the higher thickness of 3D dumbbell 
specimens (15 mm of diameter) leads to much high-
er temperature increases and very high values in the 
center of the specimen. For 1 Hz the temperature in 
the center was higher than the surface one of 4 °C 
for Material A and 8 °C for Material B. For 4 Hz the 
temperature in the middle resulted higher in the cen-
ter of 24 °C for material A and 68 °C for material B. 
Such temperatures inside the specimen, not only 
could influence the fatigue properties but they could 
also lead to thermal failure. When dealing with fa-
tigue testing, for dumbbell specimens it is therefore 
necessary to try to avoid such temperature increases 
by using low testing frequency or, when it is not 
possible, to take into account the temperature evolu-
tion especially in the core of the specimen. By doing 
so, the discrimination between fatigue and thermal 
failures could be possible. 

4 CONCLUSIONS  

In order to have more insights of heat build-up 
during fatigue testing, several tests were performed 
for two different rubbers. Thermal conductivity of 
both materials was measured using two techniques 
along the range of possible utilization of rubber 
components and it was found that the thermal con-
ductivity was low for both materials and it remained 
constant along the temperature range. The surface 
temperature evolution during loading was monitored 
for 3D dumbbell specimens, revealing that even a 
small variation of frequency could result in much 
higher temperature increases. The surface tempera-
ture of pure shear specimens was recorded also with 
an IR camera, revealing that the temperature distri-
bution along the height of the specimens is affected 
by the position of the crack tip. Moreover, an equa-
tion for calculating the temperature profile along the 
thickness was retrieved from the heat equation and 
the temperature profiles were calculated for both 
dumbbell and pure shear specimens. Based on the 
calculations, the temperature for pure shear speci-
men could be considered as homogenous in the 
specimen thickness, while the higher temperatures in 
the center should be taken into account for 3D 
dumbbell specimen during fatigue analysis. 
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A B S T R A C T   

Rubbers possess unique mechanical properties that make them indispensable for technological 
products such as seals and tires, which are normally subjected to quasi-static loading conditions 
which superimposes cyclic loads; their failure is mainly related to fatigue. In this study the focus 
is on the effect on fatigue of parameters connected to the mechanical history. Fatigue crack 
growth of a non-crystallizing rubber was investigated using cyclically loaded pure shear speci
mens considering different loading conditions. In a first step, the geometry of the specimens, in 
terms of width to height ratios and notch length, was considered to avoid specimen-influences on 
the results. Subsequently, several tests were implemented using both force and displacement 
control with different loading histories. Finally, the effect on the fatigue crack growth of pa
rameters such as waveform, frequency and load ratio was investigated. In general, no significant 
influence of load or displacement control was found. Among the loading parameters, waveform 
and load ratio seem not to have a marked effect on the fatigue behavior of the material. In 
contrast, decreasing values of frequency were found to increase the crack growth rate.   

1. Introduction 

Several technological applications require materials that can bear large static strains and cyclic loads and rubbers represent a 
fundamentally suitable material for these applications. In these loading conditions, the failure of rubbers is mainly related to fatigue. 
Therefore, the analysis of fatigue and the lifetime prediction of these materials is of primary importance for rubbers industry. 

In the field of rubber fatigue, two main approaches are used for the evaluation of fatigue lifetime: crack nucleation and crack 
growth. The first one deals with the nucleation and growth of cracks up to a certain limit and is based on a continuum mechanics 
approach. Conversely, the second one is based on the study of the growth of pre-existing cracks using a fracture mechanical approach 
[1]. 

The fatigue behavior of rubbers is influenced by several parameters, which can be related to the mechanical history, environmental 
conditions and rubber formulation [2]. Several studies have analyzed the influence of parameters such as load ratio [3–5], frequency 
[6–9], waveform [10–12] and temperature [8,13–17] for different rubbers. However, little attention has been devoted to the study of 
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fracture fatigue behavior of acrylonitrile butadiene rubber (NBR) [17–27]. This elastomer is used in several applications in which also 
a good chemical resistance is required, having excellent fuel and oil resistance. In fact, NBR is an amorphous rubber with high polarity 
that makes it the ideal candidate for fuel and oil hoses, and seals. Furthermore, NBR is referred to as non-crystallizing since it does not 
show crystallization even under strain. Strain-induced crystallization is a reinforcing mechanism that leads to the formation of a 
crystalline structure upon stretching as a consequence of the alignment of the macromolecules and a higher degree of order. Therefore, 
in order to achieve good mechanical properties, NBR is normally filled with a medium to high content of reinforcing fillers (typically 
carbon black), which should be small enough to induce a reinforcing effect: small particles possess high surface areas that lead to more 
interactions with the polymer chains. The addition of carbon black induces increases of stiffness, strength and resistance to fatigue 
crack growth. On the other hand, the introduction of fillers leads to the enhancement of hysteresis, which causes a greater temperature 
increases due to heat- build up [28]. 

In this study the focus was devoted to the effect of parameters related to the mechanical history on the fatigue crack growth of a 
non-crystallizing rubber (NBR). Pure shear specimens were tested under cyclic loadings and different configurations were evaluated, in 
terms of width to height ratios and notch length. Afterwards the influence of several parameters was accessed using both force and 
displacement control with different loading histories. The effect of parameters such as frequency, input loading control, loading 
history, waveform and load ratio on the fatigue crack growth of a filled NBR was investigated. 

2. Material and methods 

2.1. Materials 

The material used for this research is a commercial acrylonitrile butadiene rubber (NBR) filled with 42 phr of carbon black (CB). 
Due to confidentially, no additional information about the precise formulation can be given. Nevertheless, preliminary results showed 
a relatively homogenous filler distribution with typical aggregations of CB primary particles with only rare micrometric agglomerates. 

2.2. Fatigue crack growth 

Fatigue crack growth measurements were implemented using a pure shear geometry (Fig. 1a) in order to obtain Paris plots (crack 

Fig. 1. (a) Sketch of the pure shear specimen used during fatigue crack growth measurements. (b) Picture of a notched pure shear specimen notched 
on both sides mounted on custom clamping system. (c) Lateral view of the clamping system. 

J. Schieppati et al.                                                                                                                                                                                                     



Engineering Fracture Mechanics 257 (2021) 108010

3

growth rate vs tearing energy) exploiting different conditions to study the influence of several parameters. The actual testing con
ditions will be stated in the results section. In general, pure shear specimens with height h0 of 16 mm, initial width L of 200 mm and 
thickness th of 4 mm were examined. The pure shear geometry is characterized by a dimension much larger than the other two di
mensions, in order to ensure a pure shear state in the specimen thickness. The samples were mounted on special clamps, preloaded to 
20 N and notched on both sides (unless differently stated). A view of a clamped specimen with two notches is shown in Fig. 1b, while 
the lateral view is displayed in Fig. 1c. The initial notches were made using a razor blade (thickness = 0.1 mm, tip-radius < 5 μm), 
mounted on a customized tool guided on the clamping system and by cutting the specimen in its entire thickness (see Fig. 1c) at half of 
the height of the specimen (see Fig. 1b). Generally, the initial notches were about 25 mm in length; the initial notch tip radius was not 
considered since, due to the large strains involved during the loading, significant blunting of the notch tip occurred. The tests were 
carried out using a MTS 858 Table Top System servohydraulic testing machine (MTS Systems GmbH, Minnesota, USA) and the crack 
length was monitored through a camera system CV-5701P by Keyence (Osaka, Japan). In order to avoid light reflections, the specimens 
were sprayed with a white powder coating. The set-up for the measurements leads to a picture’s resolution of 50–70 μm/pixel; the 
pictures were recorded every 1000 cycles. 

Furthermore, the tests were performed both in force and displacement control. The tests in force control were performed by 
cyclically loading at maximum force of 1300 N, monitoring the crack growth up to the failure of the specimen. The tests in 
displacement control were performed with increasing strain steps with maximum strain ranging from 4 to 16% in order to vary the 
tearing energy and to obtain different crack growth rates with one specimen. Each strain step lead to a constant crack growth and by 
plotting the crack length against the number of cycles, the crack growth rate was determined by linear fitting of each strain step. Each 
step was kept for a predetermined number of cycles, tuned with preliminary tests depending on the frequency. From every crack 
growth rate, associated to the tearing energy of the correspondent strain step, one data point of the Paris plot was determined. 

Furthermore, according to the loading control mode, the load ratios were defined considering the maximum and minimum values 
of force or displacement set in the machine. Consequently, for the force control tests the load ratio R was defined as: 

R =
Fmin

Fmax
(1)  

where Fmin is the minimum force and the Fmax is the maximum force. Conversely, in displacement control mode the load ratio Rε was 
considered as: 

Rε =
smin

smax
(2)  

where smin is the minimum displacement and the smax is the maximum displacement. 
The hysteresis was monitored during the cyclic loading through the MTS test device and the tearing energy G was calculated with 

the data obtained from the specimen under testing. For pure shear geometry, the tearing energy can be calculated with Eq. (3) [29]: 

G = W0∙h0 =
U

Auncr
(3)  

where W0 is the strain energy density and h0 the height of the specimen in the unstrained condition. For practical purposes, it is easier 
to calculate the tearing energy using the mechanical energy U calculated from the load–displacement curve divided by the uncracked 
area Auncr. Under non-relaxing condition, the mechanical energy was evaluated according to the following convention. For the positive 
load ratio, the static contribution was considered and added to the mechanical energy obtained by the area under the 
load–displacement curve. Therefore, the static contribution Ustatic was considered as: 

Ustatic = Fmin∙smin (4)  

where Fmin and smin are the minimum force and the minimum displacement in the hysteresis curve. For the negative load ratio, only the 
positive part of the area under the loading curve was taken into account. Using this approach, the tearing energy was evaluated at the 
maximum strain and corresponded to Gmax reported in the literature [3]. More details about the procedure and the evaluation of the 
tearing energy are reported in [17]. 

In the stable crack growth region, the curves were fitted using the Paris law [30]: 

da
dN

= CGm (5)  

where da/dN represents the crack growth rate per cycle, G the tearing energy, while C and m are material dependent constants. 
In addition, for the tests at different frequencies, the surface temperature was monitored during the loading through a CT LT22 

infrared sensor (Optris GmbH, Berlin, Germany). 
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3. Results and discussion 

3.1. Geometry influence 

3.1.1. Notch length 
Different configurations of the pure shear specimen have been investigated in order to find the configuration that could reveal 

reproducible results without an effect from the test setup. In fact, the presence of one crack could lead to a bending moment during the 
crack opening phase - when the crack is long enough - and therefore, the double edge notch configuration was considered. As a matter 
of fact, the growth of cracks on both sides of the specimen lead to the same loading direction during all the tests and the bending 
moment was avoided. The use of two cracks was considered by Harbour et al. [12,31] and by Weng et al. [32]. Moreover, finite element 
analysis of this configuration was investigated by Yeoh [33] and it was demonstrated that two edge cracks configuration of twin cracks 
growing simultaneously is equivalent to a single edge crack configuration, as long as the two cracks did not interfere with each other. 

The influence of the notching length was assessed using three configurations: single notch (a0 = 25 mm), single notch with double 
length (2⋅a0 = 50 mm) and a double edge notch configuration with two notches on both sides of the specimen (a0 = 25 mm). A 
schematic of the three configurations is shown in Fig. 2. The single notch with double length configuration has been analyzed to verify 
the results using the same total notch length (i.e., same ligament length) as the double notch configuration. The fatigue tests were 
carried out in displacement control at a frequency of 4 Hz, load ratio Rε of 0.5 and maximum strain ranging between 4 and 16%. In 
Fig. 3a, the hysteresis curves for the three configurations at a maximum strain of 6% are displayed. The force levels results were 
dissimilar as a result of the different compliance of the specimens, due to the distinct ligaments’ lengths. Anyway, the highest loads 
were found for the single notch configuration, while the lowest loads were for the single long notch configuration; intermediate load 
values were found for the double notch configuration. Nevertheless, the plots of fatigue crack growth as a function of the tearing 
energy of the different configurations (Fig. 3b) show that the curves are very similar to each other as displayed also by the parameters 
from the curves fitting with Eq. (5), reported in Table 1. It is worth noting that the results for the double notched configuration are 
intended as the sum of the crack growth on the two sides. These results demonstrate that the notch effect is not relevant and the results 
are independent of the configuration. The double edge configuration is to be preferred for a proper material characterization, due to 
the stability of loading direction provided during the testing. 

3.1.2. Width to height ratio 
With the established double edge configuration, pure shear specimens with different widths were analyzed in order to study the 

influence of the width to height ratio. The width of the specimen may influence the pure shear state in the specimen. In fact, the pure 
shear state ensures the independence of the tearing energy from the crack length and therefore, the tearing energy can be estimated 
with Eq. (3) [29]. This is guaranteed with a value of width to height ratio L/h0 above 5 [33]. Three widths were considered: starting 
from the initial width L = 200 mm, the specimens were cut in half and to one third of the initial width (designated as L/2 and L/3 
respectively) resulting in widths of approximately 100 mm and 66 mm. The reduction of the width of the specimen was analyzed in 
order to verify the possibility of having a better resolution of the crack, due to the reduced area of interest. With the three widths, the 
width to height ratio L/h0 were of 12.5, 6.25 and 4 for the length L, L/2 and L/3, respectively. It is worth noting that the case L/3 does 
not fulfill the aforementioned requirement of L/h0 = 5. 

Fatigue crack growth tests were carried out using the same parameters as in section 3.1.1. The hysteresis curves (Fig. 4a) reveal 

Fig. 2. Sketch of the different configurations used for testing the influence of notch length. From the top: single notch, single long notch and 
double notch. 

J. Schieppati et al.                                                                                                                                                                                                     



Engineering Fracture Mechanics 257 (2021) 108010

5

decreasing loads with decreasing width to height ratios, due to a higher specimen compliance. The outcomes in terms of fatigue crack 
growth as a function of the tearing energy are reported in Fig. 4b. As depicted, the considered width to height ratios have no effect on 
the results. This is confirmed even from the coefficients retrieved from the curves fitting with Eq. (5) (Table 2). Therefore, all 
considered cases show the same fatigue behavior and the choice of an optimal dimension must be a trade-off between a better crack 

Fig. 3. (a) Hysteresis curves obtained during fatigue crack growth measurements at maximum strain of 6% for single notch (black), single long 
notch (red) and double notch (blue). (b) Fatigue crack growth rate as a function of tearing energy of filled NBR considering different notch con
figurations: single notch (black), single long notch (red) and double notch (blue). The measurements were performed with a specimen width L of 
200 mm in displacement control at 4 Hz, with load ratio Rε of 0.5 and maximum strain ranging between 4 and 16%. Three specimens were evaluated 
and only one of them has been reported for clarity reasons. The curves were fitted in the stable crack growth region with Eq. (5); the reported curve 
is the average from three specimens. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.) 

Table 1 
Values of the power law coefficients obtained from fitting the fatigue crack growth curves 
for different notch configurations (Fig. 3b) with Paris law (Eq. (5)). The values correspond 
to the mean value of the fitting of three tests under the same conditions.   

m logC 

Single Notch 3.3 ± 0.1 −13.2 ± 0.2 
Single Long 3.7 ± 0.2 −14.0 ± 0.2 
Double Notch 3.4 ± 0.2 −13.2 ± 0.3  

Fig. 4. (a) Hysteresis curves obtained during fatigue crack growth measurements at maximum strain of 6% for width to height ratio of 12.5 (L - 
black), 6.25 (L/2 - red) and 4 (L/3 - blue). (b) Fatigue crack growth rate as a function of tearing energy of filled NBR considering different width to 
height ratios of 12.5 (L - black), 6.25 (L/2 - red) and 4 (L/3 - blue). The measurements were performed in displacement control at 4 Hz, with load 
ratio Rε of 0.5 and maximum strain ranging between 4 and 16%. Three specimens were evaluated and only one of them has been reported for clarity 
reasons. The curves were fitted in the stable crack growth region using Eq. (5); the reported curve is the average from three specimens. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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resolution (due to a reduced area of interest) and sufficient room for the growth of the cracks, so as to avoid any possible influence of 
cracks on each other. A width L/2 of 100 mm with a L/h0 of 6.25 is suggested as the right compromise. It is worth noting that the 
reported absolute value of 100 mm is case-specific and refers to the considered h0 of 16 mm. Nevertheless, the ratio L/h0 of 6.25 could 
be transferred to other cases. 

3.2. Parameters effect 

3.2.1. Frequency 
The effect of different frequencies has been assessed by exploiting fatigue crack growth measurements in displacement control, 

with a load ratio Rε of 0.5 and a maximum strain ranging between 4 and 16%. The frequencies were 0.25, 1, 4 and 10 Hz. The different 
frequencies influence the hysteretic behavior as depicted in Fig. 5a: increasing slopes were seen with increasing frequency due to 
higher material stiffness as a consequence of viscoelastic effects in the elastomer matrix. The results in terms of fatigue crack growth as 
a function of tearing energy are reported in Fig. 5b. In contrast to the increase of material stiffness with higher frequencies, higher 
fatigue crack growth rates were found with lower frequencies, with an increase of approximately one order of magnitude passing from 
10 to 0.25 Hz. This effect seems related to a higher contribution of the static component to the overall crack growth rate [6,8]. The 
values of the coefficients obtained from the curves fitting with Eq. (5) are reported in Table 3. As depicted in the plots and in the values 
reported in Table 1, the slope of the curves varies at different frequencies, rising with increasing frequencies. This effect may be 
associated with increasing temperatures related to heat build-up during the cyclic loading. Generally, temperature affects the me
chanical behavior of rubbers in both small and large deformations. Specifically, a reduction of stiffness, elongation at break and fatigue 
crack growth resistance was observed passing from 25 to 80 ◦C [17]. The temperature increases due to heat build-up strongly depends 
on the stiffness of the material, on the thickness of the component and on the loading parameters such as the frequency of oscillation 
and the loading amplitude [34]; in particular, larger frequencies would result in higher temperature increases. This was observed for 
force control tests for the same material, in which almost no variation of surface temperature was detected for frequencies of 0.25 and 
1 Hz, while increases of up to 8 ◦C were monitored for 10 Hz [7]. For the tests in displacement control, the extent of the temperature 
increases depended on the strain level: increasing temperatures were monitored at higher strains. In particular, at the highest strains 
(specifically 14 and 16%), the variation of temperature at 0.25 Hz was of approximately 2 ◦C, whereas temperature increases up to 
18 ◦C (leading to absolute values of approximately 40 ◦C) were observed at 10 Hz. Therefore, at higher frequencies and at high strains 
(i.e., high tearing energies), such temperatures were large enough to affect both the mechanical and the crack growth behavior - even 

Table 2 
Values of the power law coefficients obtained from fitting the fatigue crack growth curves for different 
width to height ratio (Fig. 4b) with Paris law (Eq. (5)). The values correspond to the mean value of the 
fitting of three tests under the same conditions.  

Width to height ratio L/h0 m logC 

12. 5 (L) 3.3 ± 0.1 −13.2 ± 0.2 
6.25 (L/2) 3.3 ± 0.1 −13.8 ± 1.1 
4 (L/3) 3.4 ± 0.4 −13.4 ± 1.0  

Fig. 5. (a) Hysteresis curves obtained during fatigue crack growth measurements at maximum strain of 6% for different frequencies of 0.25 (green), 
1 (black), 4 (red) and 10 Hz (blue). (b) Fatigue crack growth rate as a function of tearing energy of filled NBR at different frequencies of 0.25 
(green), 1 (black), 4 (red) and 10 Hz (blue). The measurements were performed with a specimen width L of 200 mm in displacement control with 
load ratio Rε of 0.5 and maximum strain ranging between 4 and 16%. Three specimens were evaluated and only one of them has been reported for 
clarity reasons. The curves were fitted in the stable crack growth region using Eq. (5); the reported curve is the average from three specimens. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.) 
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within the limited number of cycles used in the experiments. Hence, the temperature rises due to heat build-up at higher strain seemed 
to cause an increase of the crack growth rate, which lead to a steeper slope of the curves. 

3.2.2. Force control 
Several tests were carried out in force control at different frequencies and the results were compared with the ones obtained in 

displacement control. The tests were implemented at frequencies of 0.25, 1 and 4 Hz using a maximum force of 1300 N and a load ratio 
R = 0.1. For a proper comparison, the parameters were selected to ensure an approximate strain load ratio Rε of 0.5, in order to 
evaluate the differences only related to the loading control mode. Similar to the displacement control mode, higher slopes of the 
hysteresis curves were monitored with increasing frequencies, as depicted in Fig. 6a. The fatigue crack growth results of force- 
controlled tests are reported in Fig. 6b, in which fitted curves obtained in displacement control are represented by the dashed 
lines. The parameters from the curves fitting with Eq. (5) are reported in Table 4. For a proper statistical analysis, further measure
ments would be required, however, the same general trend of higher crack growth resistance with increasing frequency was found and 
it seems that at all investigated frequencies the choice of using loading displacement or force control amplitude as input does not have a 
significant impact on the final results, provided that loading conditions are similar. Analogous conclusions were drawn for SBR 
considering stress and strain control tests [10]. Only the case of 4 Hz shows a slightly different slope; however, at this frequency the 
force-controlled results are in a limited range of tearing energy, decreasing the accuracy of a proper fitting. Generally, force control and 
displacement control tests reveal similar results, but due to the broader tearing energy range, displacement control testing mode 
should be preferred. 

3.2.3. Loading history 
Different mechanical loading histories have been investigated, implementing tests in displacement control at a frequency of 4 Hz 

and load ratio Rε of 0.5. The principle of the tests using displacement control is to vary the strain level in order to obtain the corre
sponding values of tearing energies and crack growth rates, which is constant in the stable crack propagation regime. Therefore, a 
single fatigue crack growth curve can be constructed with one specimen. In order to verify the effect of the initial strain level on the 
final results, four different load histories were exploited by varying the initial maximum strain. A full statistical analysis was not 
performed, since in principle the results were expected to be already repetitions of the results shown in Section 3.2.1 at 4 Hz. The 
results were compared, considering both the hysteresis curves and fatigue crack growth as a function of tearing energy. In particular 

Table 3 
Values of the power law coefficients obtained from fitting the fatigue crack growth curves for 
different frequencies (Fig. 5b) with Paris law (Eq. (5)). The values correspond to the mean 
value of the fitting of three tests under the same conditions.  

Frequency f [Hz] m logC 

0.25 2.7 ± 0.2 −10.7 ± 0.7 
1 3.0 ± 0.2 −11.9 ± 0.7 
4 3.5 ± 0.3 −13.8 ± 1.1 
10 3.8 ± 0.4 −14.7 ± 0.8  

Fig. 6. (a) Hysteresis curves obtained during fatigue crack growth measurements in force control at 2000 cycles for different frequencies of 0.25 
(green), 1 (black) and 4 (red). (b) Fatigue crack growth rate as a function of tearing energy of filled NBR in force control at different frequencies of 
0.25 (green), 1 (black) and 4 (red); the different symbols (squares and circles) correspond to different specimens. The measurements were performed 
with a specimen width L of 200 mm using a maximum force of 1300 N and a load ratio R of 0.1. The parameters were selected to obtain a load ratio 
Rε of 0.5. The curves were fitted in the stable crack growth region using Eq. (5); the reported curve is the average from two specimens. The dashed 
line corresponds to the fitted curves at the same frequencies in displacement control reported in Fig. 5. (For interpretation of the references to colour 
in this figure legend, the reader is referred to the web version of this article.) 
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the histories were:  

1. Load history 1: increasing maximum strain: 4 – 6 – 8 – 10 – 12%  
2. Load history 2: increasing maximum strain: 8 – 10 – 12%  
3. Load history 3: decreasing maximum strain: 12 – 10 – 8 – 6 – 4%  
4. Load history 4: decreasing maximum strain: 10 – 8 – 6 – 4% 

Figs. 7-10 show sketches of the maximum strain as a function of the number of cycle (a) and the hysteresis curves (b) for the 
different loading histories. As depicted in the plots, the hysteresis curves have different shapes. Load history 1 (Fig. 7) shows the 
increasing size of the hysteretic curves for the first 4 steps and at the fourth step the majority of damage occurs leading to a different 
slope of the hysteresis in the last stage. In load history 2 (Fig. 8), the first step is at intermediate strain of 8% and it already exhibits 
heavy damaging; furthermore, the hysteresis curves in subsequent steps show a different slope, maintaining however a similar shape. 
Conversely, for load history 3 (Fig. 9) and load history 4 (Fig. 10) with decreasing load amplitude, the curves show in the first step 
major damage while the subsequent load steps display hysteresis curves with similar slopes, suggesting slight damaging in the suc
cessive steps. Moreover, the hysteretic curves at similar strain are much smaller than the ones with increasing loading. It is worth 
noting that in load history 3, the hysteresis curve at the last step (i.e., smallest maximum strain) show the presence of a compression 
state which leads to a different shape of the hysteresis loops. 

The different loading histories possess distinct hysteretic behavior and these deviations are reflected even in the fatigue crack 
growth curves, reported in Fig. 11, and in the Paris coefficients from the curve fitting, reported in Table 5. In fact, considering the 
increasing loading histories 1 and 2, the crack growth curves are substantially the same. The differences between the two histories lay 
in the difference in the initial maximum strain (4 and 8%); however, although the hysteretic curves are different, the crack growth 
curve is the same. Therefore, the initial level of strain does not affect the resulting fatigue crack growth curves, which are then only 
material dependent. In principle, these results are valid as long as the microstructure ahead of the crack tip does not change as a 
consequence of the load. Therefore, it holds for non-crystallizing elastomers and in given conditions, even for crystallizing elastomers. 
In fact, the formation of crystallites ahead of the crack tip would affect or even hinder crack propagation; it is known, in fact, that the 
strain-induced crystallization depends on minimum strain (i.e., load ratio), frequency and temperature [35,36]. 

On the other hand, slight differences can be observed when considering the unloading histories (3 and 4) that show slightly faster 
crack propagation. Even though at higher tearing energies (i.e., high strain) the crack growth is quite similar to the increasing load 
cases, the main differences can be found at lower strains (and tearing energies) where the crack growth rates cannot be fitted with Paris 
law: those data do not correspond to the stable crack growth and cannot be described through Paris law, but rather they represent a 
transition phase. As a matter of fact, at these levels of strain even the hysteretic curves were different, suggesting the existence of 

Table 4 
Values of the power law coefficients obtained from fitting the fatigue crack growth curves for 
different frequencies in force control (Fig. 6b) with Paris law (Eq. (5)). The values correspond 
to the mean value of the fitting of two tests under the same conditions.  

Frequency f [Hz] m logC 

0.25 2.7 ± 0.5 −10.5 ± 1.7 
1 3.4 ± 0.2 −13.0 ± 0.6 
4 3.9 ± 0.2 −14.8 ± 0.6  

Fig. 7. (a) Graph of the maximum strain used during fatigue crack growth measurements for load history 1. (b) Hysteresis curves obtained during 
fatigue crack growth measurements every 1000 cycles related to load history 1. The measurements were performed with a specimen width L of 200 
mm in displacement control at 4 Hz, with load ratio Rε of 0.5 and maximum strain ranging between 4 and 12%. 
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Fig. 8. (a) Graph of the maximum strain used during fatigue crack growth measurements for load history 2. (b) Hysteresis curves obtained during 
fatigue crack growth measurements every 1000 cycles related to load history 2. The measurements were performed with a specimen width L of 200 
mm in displacement control at 4 Hz, with load ratio Rε of 0.5 and maximum strain ranging between 8 and 12%. 

Fig. 9. (a) Graph of the maximum strain used during fatigue crack growth measurements for load history 3. (b) Hysteresis curves obtained during 
fatigue crack growth measurements every 1000 cycles related to load history 3. The measurements were performed with a specimen width L of 200 
mm in displacement control at 4 Hz, with load ratio Rε of 0.5 and maximum strain ranging between 12 and 4%. 

Fig. 10. (a) Graph of the maximum strain used during fatigue crack growth measurements for load history 4. (b) Hysteresis curves obtained during 
fatigue crack growth measurements every 1000 cycles related to load history 4. The measurements were performed with a specimen width L of 200 
mm in displacement control at 4 Hz, with load ratio Rε of 0.5 and maximum strain ranging between 10 and 4%. 
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residual stress, which has a hindering effect on crack propagation. Overall, the crack growth rate for decreasing loading is slightly 
higher than the one with increasing loading. Therefore, precautions should be taken when considering loading histories with 
decreasing loading level. 

Fig. 11. Fatigue crack growth rate as a function of tearing energy of filled NBR at different load history: Load history 1 (black), Load history 2 
(orange), Load history 3 (purple) and Load history 4 (green). The measurements were performed with a specimen width L of 200 mm in 
displacement control at 4 Hz and load ratio Rε of 0.5. The curves were fitted in the stable crack growth region using Eq. (5). (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web version of this article.) 

Table 5 
Values of the power law coefficients obtained from fitting the fatigue crack 
growth curves for different loading histories (Fig. 11) with Paris law (Eq. (5)).  

Load history m logC 

History 1  3.5 −13.8 
History 2  2.6 −10.8 
History 3  3.2 −12.3 
History 4  3.4 −12.9  

Fig. 12. (a) Hysteresis curves obtained during fatigue crack growth measurements in force control at 10,000 cycles for different waveforms: si
nusoidal (black), triangular (blue) and rectangular (red). (b) Fatigue crack growth rate as a function of tearing energy of filled NBR using different 
waveforms: sinusoidal (black), triangular (blue) and rectangular (red). The measurements were performed with a specimen width L of 200 mm in 
force control at 4 Hz, with load ratio R of 0.1 and maximum force of 1300 N. The curves were fitted in the stable crack growth region using Eq. (5); 
the reported curve is the average from two specimens. (For interpretation of the references to colour in this figure legend, the reader is referred to 
the web version of this article.) 
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3.2.4. Waveform 
The effect of waveform has been assessed exploiting sinusoidal, triangular and rectangular shape load. The tests were carried out in 

force control with a maximum force of 1300 N, load ratio R of 0.1 and frequency of 4 Hz. Considering the results shown above, the 
results would be the same in displacement control. The hysteresis curves reported in Fig. 12a highlight some differences in the me
chanical behavior. In fact, at the same number of cycles, higher displacement levels were monitored for the sinusoidal waveform. 
Moreover, the different waveforms resulted in different shapes of the hysteresis curves. In particular, the rectangular waveform (red 
curve in Fig. 12a) shows that the prescribed load was reached as a peak value, while afterwards the load amplitude fell by approxi
mately 25%; this is related to limitations of the machine at the frequency used to reproduce a rectangular waveform. Nevertheless, the 
resulting fatigue crack growth curves are quite similar as illustrated in Fig. 12(b). Even though the curves’ slopes seem to increase 
passing from sinusoidal to rectangular and then to triangular, this variation is within the scattering error of the measurements. This is 
also confirmed from the coefficients of the curves fitting displayed in Table 6. Actually, the effect of waveform seems to be mostly 
related to pulse waveforms [10] and in particular to the time at static load in between the pulses, which is referred as “dwell time” [12]. 
Therefore, the reported results confirmed previous reports for other rubbers that the shape of the waveform has only a small influence 
on the fatigue behavior of filled elastomers. 

3.2.5. Load ratio 
The effect of the load ratio was investigated exploiting three different load ratios Rε of 0, 0.3 and 0.5. The measurements were 

implemented in displacement control mode at a frequency of 4 Hz with strains ranging between 4 and 16%. As depicted in the hys
teresis curve from Fig. 13(a), the different load ratios lead to different loading conditions: for the lowest value of Rε the stress state was 
in a tension–compression state (lower for Rε = 0), while for Rε = 0.5 the stress was mainly in tension–tension state. The results in terms 
of fatigue crack growth as a function of tearing energy are reported in Fig. 13 (b). As depicted the fatigue curves are very similar, even 
though the lowest curve is the one with Rε = 0.5, corresponding to a tension–tension state with the smallest hysteresis loop. Never
theless, considering the scattering of typical fatigue experiments and the coefficients of Paris law reported in Table 7, it is possible to 
state that the load ratio has only a negligible influence on the fatigue crack growth of this material. The effect of the load ratio is mainly 
present for crystallizing rubbers, with a beneficial increase of crack growth resistance for positive load ratios [5]. 

4. Summary and conclusions 

In this work, the focus was devoted to the effect of different parameters related to the mechanical history on the fatigue behavior of 
a filled NBR. The fatigue behavior was investigated through the crack growth approach using pure shear specimens. 

The specimen configuration was analyzed considering single notch, single notch with double length and double edge notch 
configuration. The results were independent of the configuration demonstrating that the notch has no effect on the fatigue crack 
growth of the material. However, the double edge configuration assures more stable loading direction during testing. Moreover, 
different width to height ratios (12.5, 6.25 and 4 for the specimen lengths L, L/2 and L/3) were tested and no significant influences of 
this parameter were observed on the fatigue crack growth behavior of the material. 

After the analysis of the influence of the specimen geometry on the fatigue behavior of the material, the effect of several parameters 
was investigated. Fatigue crack growth measurement at different frequencies (0.25, 1, 4 and 10 Hz) were implemented demonstrating 
that lower frequencies results in higher fatigue crack growth, with a difference of approximately one order of magnitude between 0.25 
and 10 Hz. Furthermore, several tests were carried out in force control and the results were compared with the results obtained in 
displacement control mode at 0.25, 1 and 4 Hz. At all investigated frequencies, the use of the displacement or force as input parameter 
of the load had negligible influence on the final results. Different loading histories were tested in displacement control and it was found 
that the crack growth rate for decreasing loading steps is slightly higher than the one with increasing load, especially at low tearing 
energies. The effect of waveforms has been assessed by investigating the fatigue crack growth, examining sinusoidal, triangular and 
rectangular shapes. The waveform was found to have only a minor influence on the fatigue crack growth curves. Finally, the effect of 
the load ratio on the fatigue crack growth was investigated using load ratios Rε of 0, 0.3 and 0.5. The resulting fatigue crack showed no 
significant influence on the fatigue behavior of this material. 

The results shown in this work represent a further step forward in understanding the fatigue behavior of non-crystallizing rubbers 
and in particular of NBR for which there are few studies in the literature. Furthermore, this comprehensive investigation of the fatigue 
crack resistance of the same material provided a global overview that has allowed the authors to state that frequency is one of the most 
influential parameters as it has a strong influence on crack growth and high temperature development as a consequence of heat build- 
up. A better comprehension of the effect of different parameters on fatigue is important to develop more accurate models that consider 

Table 6 
Values of the power law coefficients obtained from fitting the fatigue crack growth curves 
for different waveforms (Fig. 12b) with Paris law (Eq. (5)). The values correspond to the 
mean value of the fitting of two tests under the same conditions.  

Waveform m logC 

Sinusoidal 3.9 ± 0.5 −14.9 ± 0.7 
Triangular 4.5 ± 0.4 −16.9 ± 1.0 
Rectangular 4.3 ± 0.4 −16.2 ± 1.2  
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the influence and interactions of different parameters in order to obtain a more accurate prediction of durability. 
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A B S T R A C T   

Temperature is one of the main parameters affecting the mechanical behavior of rubbers. The impact of this 
parameter is particularly important in the case of cyclic loads. In this study the mechanical and fatigue behavior 
of a carbon filled acrylonitrile butadiene rubber (NBR) was investigated. Tensile tests revealed a general decrease 
of the ultimate properties with temperature. Moreover, the maximum chain extensibility, evaluated through 
Mooney-Rivlin plots, showed a similar trend and a minimum at intermediate temperature. The dynamic prop
erties of the material were investigated through DMA measurements. Temperature sweep revealed an Arrhenius 
dependence of the dynamic moduli for temperatures above Tg + 30 ◦C. Master curves of the dynamic properties 
were generated through the application of the time-temperature superposition principle, by shifting horizontally 
the isothermal frequency sweeps. The fatigue behavior at different temperature was assessed through the crack 
growth approach and a lower crack growth resistance was found at higher temperatures. Finally, a new pro
cedure for building fatigue master curves has been investigated by exploiting the temperature dependence of the 
loss modulus.   

1. Introduction 

Due to their outstanding mechanical properties, rubbers have a 
relevant importance in applications involving cyclic loads, which are 
normally superimposed to a large static load. In this loading conditions, 
fatigue is the main cause of failure and therefore, the fatigue charac
terization is of primary importance for rubber industry. The prediction 
of the lifetime during rubber fatigue is mainly assessed using two ap
proaches, crack nucleation and crack growth [1]. The latter is focused on 
the growth of preexisting cracks making use of a fracture mechanical 
approach, based on a tearing energy criterion developed for rubbers by 
Rivlin and Thomas [2]. 

Because of the presence of fillers and of the viscoelastic nature of the 
elastomer matrix [3], temperature strongly influences the mechanical 
and failure behavior of rubbers. In an early work Lake and Lindley [4] 
reported that styrene-butadiene rubber (SBR) showed a drop of 4 order 
of magnitude of fatigue life passing from 0 to 100 ◦C. Several studies 
focus on the impact of temperature on fracture and fatigue of different 

rubbers [5–13] underlining the importance of this parameters for the 
analysis of the failure of these materials. In fact, during working con
ditions the rubber products may be subjected to high temperatures not 
only related to the environment but even due to temperature increases 
as a consequence of heat build-up during cyclic loading. Even though the 
role of temperature is known to be relevant for rubbers failure, further 
researches are necessary for the comprehension of the processes 
involved in high temperature fatigue. 

In this study, the impact of temperature has been assessed imple
menting different mechanical characterization techniques. Tensile tests 
at different temperatures allowed to monitor the variation of the ulti
mate properties with the temperature. Moreover, through the use of 
Mooney-Rivlin plots, the maximum chain extensibility was verified at 
different temperature. Dynamic mechanical analysis (DMA) resulted in 
the evaluation of the temperature dependence of the material under 
cyclic loading and to construct master curves. Furthermore, fatigue 
crack growth measurements were performed on pure shear specimens at 
different temperatures. Finally, the effect of temperature was considered 
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by using a novel procedure to construct a master curve based on the 
fatigue crack growth performance. 

2. Material and methods 

2.1. Materials 

The material used for this research is a commercial acrylonitrile 
butadiene rubber (NBR) filled with 42 phr of carbon black. Due to 
confidentially, no additional information about the precise formulation 
can be given. 

2.2. Tensile tests 

Tensile measurements were performed at different temperatures (25, 
40, 60, 80 and 100 ◦C) using a universal testing machine by Zwick 
GmbH & Co. (Ulm, Germany) equipped with a temperature chamber. 
According to DIN 53504 [14], the specimens (S2 geometry) were cut 
from 2 mm thick rubber plates. Three specimens were tested at each 
temperature, using a rate of 200 mm/min (corresponding to a strain rate 
of 0.1167 s−1). The local strain was monitored with Digital Image Cor
relation (DIC), using two cameras and Mercury RT software (Sobriety s. 
r.o., Kuřim, Czech Republic) for the analysis. In particular, the strains 
were evaluated following the distance of two markers placed on the 
specimens. Before testing, the specimens were inserted in the oven at the 
corresponding temperature and kept there for approximately one hour 
in order to reach a homogenous temperature distribution in the speci
mens. Each specimen was then clamped in the upper clamp and it was 
kept further 15 min in this state before clamping the lower part. In this 
way, no stresses related to thermal expansion were introduced. 

2.3. Dynamic mechanical analysis (DMA) 

Dynamic mechanical analysis tests were implemented in tension 
mode using a rubber strip (1 mm thick, 10 mm and 5 mm of length and 
width respectively) with a DMA 8000 Dynamic Mechanical Analyzer by 
PerkinElmer. A temperature sweep was implemented in the temperature 
range between −60 and 100 ◦C (heating rate of 3 K/min) with a strain 
amplitude of 0.05%. Furthermore, the tests were carried out at different 
frequencies of 1 and 4 Hz. For creating the master curve, isothermal 
frequency sweeps were performed in the temperature range −60 and 
100 ◦C (5 K steps), at a strain amplitude of 0.03%. The used frequency 
range was between 0.1 and 50 Hz. Both strains lay in the linear visco
elastic region: this was determined with a preliminary strain sweep 
whereat the linear region extended to approximately 0.1%. 

2.4. Fatigue crack growth 

Fatigue crack growth measurements were implemented using a pure 
shear specimen geometry. The height of the specimens was 16 mm, the 
width 100 mm (width to height ratio 6.25) and the thickness 4 mm. 
Specifically, the samples were mounted on special clamps, preloaded to 
20 N and notched on both sides. As a matter of fact, the double edge 
notched configuration was considered to avoid tilting of the loading 
direction during the crack opening phase. A study by Yeoh [15] indi
cated the equivalence between one and two edge cracks; moreover, 
several preliminary tests have been conducted to analyze the impact of 
different configurations and the double edge notched configuration 
provided more reproducible results. Consequently, two initial notches 
(25 mm each) were introduced on both sides using a razor blade, 
mounted on a customized tool guided on the clamping system. The tests 
were carried out using a MTS 858 Table Top System testing machine and 
the crack length was monitored through a camera system CV-5701P by 
Keyence; the final crack growth rate was considered to be the sum of the 
crack growth rates on the two sides of the specimen. In order to avoid 
light reflections, the specimens were sprayed with a white powder 

coating. Specifically, the tests were performed in displacement control 
mode with increasing strain steps with maximum strain ranging be
tween 1 and 12%; a similar approach can be found in literature [16]. A 
sinusoidal waveform was used at frequency of 4 Hz and with load ratio 
Rε of 0.5. Moreover, the tests were performed in a temperature chamber 
at temperatures of 25, 40, 60 and 80 ◦C. Nevertheless, the specimens 
were notched, sprayed and clamped at room temperature. After the 
clamping, the temperature was raised and the force was constrained to 
zero, so that the distance between the clamps could adapt to balance the 
thermal expansion until an equilibrium was reached; this was estab
lished after about one hour. 

During the cyclic loading, the hysteresis was monitored through the 
MTS test device and the tearing energy G was calculated with the data 
obtained from the specimen under testing in the beginning of each strain 
step. As described by Agnelli et al. [17], the fracture mechanics 
approach developed for rubbers has its foundations in the energy bal
ance of a body of area A containing a stationary crack: 

dUin

A
−

dU
A

=
dUdiss

A
(1)  

where Uin is the input energy (external forces’ work), U is the recover
able elastic strain energy, and Udiss is the dissipated energy. From this 
energy balance, Griffith [18] defined the energy release rate GGrif as the 
energy dissipated during fracture per unit of newly created area at a 
fixed displacement s: 

GGrif = −
dU
dA

⃒
⃒
⃒
⃒

s
(2) 

From this definition, Rivlin and Thomas [2] introduced the tearing 
energy G, representing the work expended irreversibly per unit area of 
crack advancement (so the left end side of Eq. (1)) and expressed it as 
function of the strain energy density W0: 

G =
dUin

A
−

dU
A

= k(λ)⋅W0⋅c (3)  

where c is the crack length and k(λ) is a function of the stretch ratio. 
Furthermore, they derived a simplified semi-empirical form for the 
evaluation of tearing energy for Pure Shear (PS) specimen geometries as 
[2]: 

G = W0⋅h0 (4)  

where h0 the height of the specimen in the unstrained condition. As 
reported in several works [19–23], it is possible to consider the defini
tion of strain energy in terms of engineering stress and strain. Therefore, 
it is possible to obtain a formula in terms of force F and displacement s 
that for a Pure Shear specimen gives: 

W0 =

∫

σ⋅dε =

∫
F

Auncr
⋅
1
h0

⋅ds =
1

h0Auncr

∫

F⋅ds =
Uload

h0Auncr
(5)  

where Uload is the energy under the load-displacement curve and Auncr is 
the uncracked area. This leads to the final formula for the tearing 
energy: 

G =
Uload

Auncr
(6) 

In non-relaxing condition, the mechanical energy was evaluated 
according to the following convention. For positive load ratio, the static 
contribution was considered and added to Uload [24–26]. Therefore, the 
static contribution Ustatic was considered as: 

Ustatic = Fmin⋅smin (7)  

where Fmin and smin are the minimum force and the minimum displace
ment in the hysteresis curve. For negative load ratio, only the positive 
part of the area under the loading curve was taken into account. Using 
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this approach, the tearing energy was evaluated at the maximum strain 
and corresponded to Gmax reported in literature [27]. 

3. Results and discussion 

3.1. Stress-strain behavior 

Fig. 1 summarizes the stress-strain curves evaluated through tensile 
tests at different temperatures. As depicted, an increase in temperature 
results in a reduction of the stiffness of the material. Moreover, the ul
timate properties decreased with rising temperature as well. The plot in 
Fig. 2 shows that the stress at break σb, decreases almost linearly with 
temperature. Conversely, the strain at break εb (Fig. 3) remains constant 
passing from 25 to 40 ◦C, while at higher temperature it decreases, with 
a significant drop passing from 40 to 60 ◦C. 

The fracture energy Wf, evaluated as the area below the stress–strain 
curves up to the failure point, reflects the behavior of stress and strain at 
break. As it is reported in Fig. 4, the fracture energy decreases with 
temperature, showing a small variation from 25 to 40 ◦C and a major 
drop passing from 40 to 60 ◦C, similarly to the trend of the strain at 
break. 

Additionally, the stress-strain data were analyzed using the Mooney- 
Rivlin equation [28,29]: 

σ = 2
(

C1 +
C2

λ

)(

λ −
1
λ2

)

(8)  

where C1 and C2 are material constants and λ is the stretch ratio. The 
Mooney-Rivlin equation describes the general mechanical behavior of 
rubbers and has been successfully used for the evaluation of the cross
linking density [30]. It is worth noting, that this description cannot be 
applied for crack propagation and ahead crack tip, for which a fracture 
mechanical approach has to be adopted. 

Furthermore, Eq. (8) can be rewritten considering the reduced stress 
σ*: 

σ* =
σ

λ − 1
λ2

(9) 

In this way, by plotting the reduced stress σ* against λ-1, the so-called 
Mooney-Rivlin plots [31–35] can be obtained. The Mooney-Rivlin plots 
at different temperatures are reported in Fig. 5. This graph shows that at 
low strains (i.e. high value of inverse of the stretch ratio) the reduced 
stresses decrease up to an upturn value after which the reduced stresses 
grow. As a matter of fact, the upturn in the reduced stress is connected to 

the limited chain extensibility between crosslinks [36,37]. It is worth 
noting that the limited chain extensibility is affected by the presence of 
filler and by the occluded rubber, which limits the molecules extension. 
The values of the upturn strain, defined as the strain corresponding to 
the minimum in the reduced stress after the initial decrease, are repre
sented in Fig. 5 as the star signs, analyzed at different temperatures. As 
depicted in Fig. 6, the upturn strain (and the maximum chain extensi
bility) varies with the temperature. Similarly to the ultimate properties, 
the upturn strain shows decreasing values with temperature; however, it 
rises at high temperatures. Hence, it seems that the limited chain 
extensibility has a minimum at intermediate temperatures around 40 
and 80 ◦C. This can be related to the entropic nature of rubbers elasticity: 
at different temperatures, the enthalpic and entropic contributions to 
the overall elasticity are different. Moreover, at different temperature 
the effect of the bound rubber on the materials property will be different. 
Even though we believed that the reported trend is reliable, further tests 
and testing methods should be employed to verify the absolute value of 
the strain for maximum chain extensibility and to understand the 

Fig. 1. Stress-strain curves from tensile tests of filled NBR at different tem
peratures at a displacement rate of 200 mm/min. The different line styles 
correspond to different specimens. 

Fig. 2. Stress at break as a function of temperature from tensile tests of filled 
NBR at a displacement rate of 200 mm/min. The reported results correspond to 
the average of the values and the corresponding error obtained from 
three specimens. 

Fig. 3. Strain at break as a function of temperature from tensile tests of filled 
NBR at a displacement rate of 200 mm/min. The reported results correspond to 
the average of the values and the corresponding error obtained from 
three specimens. 
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physical phenomena connected to its variation with temperature. 

3.2. Dynamic mechanical analysis (DMA) 

The plots of storage modulus E′, loss modulus E′′ and the loss factor 
tanδ obtained from the temperature sweep at 4 Hz are reported in Fig. 7. 
Actually, the results of temperature sweep at 1 Hz are qualitatively very 
similar to the one obtained at 4 Hz and are not reported. From the 
measurement at 1 Hz, the glass transition temperature Tg, evaluated as 
the peak of the loss modulus, was determined at −19 ◦C. No significant 
variation due to the change of frequency was monitored: at 4 Hz a glass 
transition temperature of −22 ◦C was monitored. From the plot in Fig. 7, 
it is possible to observe that the storage modulus did not show a plateau 
after the glass transition temperature and it constantly decreased with 
increasing temperature. A similar behavior can be noted for the loss 
modulus E′′, which show an even faster decrease with temperature: at 
high temperature, the viscous effects are minimized and the energy 
dissipation is reduced. 

To study the dependence of the dynamic moduli at high temperature, 

an Arrhenius plot of the logarithm moduli against the inverse of tem
perature was constructed. A similar approach was used to evaluate the 
temperature dependence of a rubber filled with different carbon black 
concentration, in which the Arrhenius dependence of the moduli was 
connected to the viscoelastic response of the glassy polymeric in
terphases between adjacent particles of the filler network. In particular, 
the different temperature dependence of storage and loss modulus was 
described as consequence of different polymer bridges: stiffer filler-filler 
bond in a virgin state connected to the storage modulus, while softer 
filler-filler bond in a damaged state - resulting from breakdown and 
reaggregation of the filler-filler bonds during cyclic deformation - 
related to loss modulus. Furthermore, the decrease of moduli with 
raising temperatures seems to be a connected to a decrease of the stiff
ness of the glassy polymers bridges [38]. The Arrhenius plots of the 
moduli are reported in Fig. 8. A linear relationship could be observed 
above Tg + 30 ◦C. This value corresponds approximately to the tem
perature at which the molecular motion is high and the dynamic 

Fig. 4. Fracture energy as a function of temperature from tensile tests of filled 
NBR at a displacement rate of 200 mm/min. The reported results correspond to 
the average of the values and the corresponding error obtained from 
three specimens. 

Fig. 5. Mooney-Rivlin plot of filled NBR at different temperature obtained from 
the data of tensile tests with a displacement rate of 200 mm/min. The different 
symbols correspond to different specimens. The stars represent the up
turn strain. 

Fig. 6. Upturn strain as a function of temperature obtained from Mooney- 
Rivlin plots of filled NBR from tensile tests at different temperatures at a 
displacement rate of 200 mm/min. The reported results correspond to the 
average of the values and the corresponding error obtained from 
three specimens. 

Fig. 7. Storage modulus E′ (red), loss modulus E′′ (blue) and loss factor tanδ 
(black) as a function of temperature. The data were evaluated from DMA tests 
of filled NBR at 4 Hz and strain of 0.05%. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of 
this article.) 
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mechanical response is fully rubberlike [39]. From the slopes, the 
apparent activation energies could be obtained; the values are reported 
in Table 1. These values are comparable to activation energies of highly 
carbon black filled SBR and EPDM [38,40]. 

Isothermal frequency sweeps were implemented at different tem
peratures. The plot of storage moduli as a function of frequency at 
different temperatures are reported in Fig. 9. As expected, higher values 
were found for lower temperatures and a major drop was found around 
the glass transition region. As reported in literature [41,42], the material 
has been proven to be thermorheologically simple by using Cole-Cole 
plot [43] and wicket plot [44], and therefore, by exploiting the time- 
superposition principle, master curves of the dynamic properties could 
be constructed. Accordingly, the curves of the storage modulus E′ were 
horizontally shifted considering a reference temperature of 25 ◦C, 
obtaining the master curve for the storage modulus and the shift factors 
at different temperatures. The shift factors as a function of temperature 
(Fig. 10) showed values higher than 1 for temperature below the 
reference temperature of 25 ◦C, leading to shifts towards the high fre
quency range, and values lower than 1 at high temperature, producing 
shifts towards the low frequency region. Subsequently, the shift factors 
were fitted using the WLF equation [45] as well as the Arrhenius 
equation, by linearizing their formulations and applying a linear 
regression based on the least squares method; both equations reveal 
reliable results above the glass transition temperature (see caption in 
Fig. 10). The WLF coefficients and the activation energy of the Arrhenius 
equation - associated to the activation barrier for molecular rearrange
ments during relaxation processes - obtained from the two fitting pro
cedures are reported in Table 2. Afterwards, the shift factors were 
applied to the isothermal plots of the loss modulus and the loss factor, 
obtaining master curves (Fig. 11). Similar approaches for filled elasto
mers can be found in literature [46,47]. 

3.3. Fatigue crack growth 

Pure shear specimens were tested at different temperatures, corre
sponding to a possible application temperature of the compound. The 
results in terms of crack growth rate as a function of tearing energy are 
reported in Fig. 12. In all cases, a stable crack growth was monitored and 

Fig. 8. Logarithms of storage modulus E′ (red) and loss modulus E′′ (blue) as a 
function of the inverse of temperature. The data were evaluated from DMA tests 
of filled NBR at 4 Hz and strain of 0.05%. The black lines correspond to the 
fitting with Arrhenius equation above Tg + 30 ◦C. (For interpretation of the 
references to colour in this figure legend, the reader is referred to the web 
version of this article.) 

Table 1 
Values of apparent activation energy obtained by fitting the storage and loss 
modulus with Arrhenius equation for temperature above Tg + 30 ◦C.   

Apparent activation energy, Ea,app [kJ/mol] 

Storage modulus, E′ [Pa]  12.8 
Loss modulus, E′′ [Pa]  17.7  

Fig. 9. Isothermal frequency sweeps of storage modulus E′ of filled NBR at 
different temperatures at a strain of 0.03%. 

Fig. 10. Shift factors aT as a function of temperature evaluated from the hor
izontal shift of the storage modulus E’ obtained from isothermal frequency 
sweeps at different temperatures of filled NBR at a strain of 0.03% and a 
reference temperature of 25 ◦C. The shift factors are fitted with WLF (black line) 
and Arrhenius (red dashed lined) equations in their linearized form using a least 
squares method; the R-squared values of the two fits are of 0.94199 and 
0.99891 respectively. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.) 

Table 2 
Values of the coefficients of WLF equation and activation energy obtained by 
fitting the shift factor reported in Fig. 10 with WLF and Arrhenius equations in 
their linearized form. The fit was performed with a least squares method; the R- 
squared values of the two fits are of 0.94199 and 0.99891 respectively.  

WLF Arrhenius 

c1 c2 [K] Ea [kJ/mol]  

87.64  302.95  217.4  
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the curves were fitted using Paris law; the power law was of the form 
[48]: 

dc
dN

= CGm (10)  

where dc/dN represents the crack growth rate per cycle, G the tearing 
energy and C and m are constants. The values of the parameters obtained 
from the fitted curves using Eq. (10), are reported in Table 3. 

As depicted in Fig. 12, a rising temperature leads to a higher crack 
growth rate. Considering a constant value of the tearing energy, the 
crack growth rate increased by almost two orders of magnitude from 25 
to 80 ◦C. This is justified by the fact, that for the same value of energy, at 
high temperatures more energy is available for crack propagation due to 
lower energy dissipations, leading to faster crack growth. On the other 
hand, the plot reveals that, considering the same crack growth rate, the 

high temperature curves seem shifted to lower tearing energies, sug
gesting that the crack propagation process is similar at different tem
peratures but occurs at lower energy values. This behavior is correlated 
to the reported results of the critical energy for tearing G0, which de
creases with increasing temperature when viscous effects are minimized 
[11]. 

It is worth noting that similar values of crack growth were found 
passing from 25 to 40 ◦C even though the fitted values are slightly 
different. On one hand, this can be correlated to the results of the strain 
at break and the fracture energy obtained from tensile tests (see Figs. 3 
and 4). In fact, a similar trend was found between the two temperatures 
with no substantial differences of the values. On the other hand, at 25 ◦C 
higher energy dissipations were present, leading to a variation of the 
sample temperature due to heat build-up, especially at the highest 
strains. The analysis of temperature increase due to heat build-up for the 
same material was already reported [49]. 

Subsequently, the obtained data were further analyzed in order to 
construct a master curve for fatigue. In literature, the curves has been 
shifted along the crack growth axis for both fracture and peeling [10,11] 
and fatigue [50] using the same shift factors obtained from DMA anal
ysis. However, a similar approach for the material under study did not 
provided satisfactory results. 

It is known that crack propagation in viscoelastic solid is strongly 
influenced by dissipative mechanisms. In fact, a proportionality of the 
tearing energy with loss modulus was found for different non- 
crystallizing elastomers [51]. The strength of elastomers can be char
acterized by the amount of energy required for crack propagation: this 
includes the energy required for bond breaking and the energy dissi
pated ahead the crack tip [52]. According to the theory from Persson 
and Brener [52,53], the tearing energy as a function of the crack speed v 
is given by: 

G(v) = G0

[

1 −
2
πE0

∫ 2πv
a

0
dω F(ω)

ω Im
1

E*(ω)

]−1

(11)  

where G0 is the critical tearing energy, E0 is the modulus in the rubbery 
region, a is the crack tip diameter, ω is the perturbing frequency, which 
is defined as v/r (r is the distance from the crack tip), while the function 
F(ω) is given by: 

F(ω) =

[

1 −
( ωa

2πv

)2
]1

2

(12)  

and Im(1/E*(ω)) represents the imaginary part of inverse of the complex 
modulus. This last component can be expressed as: 

Im
1

E*(ω)
= −

E’’
E*2 (13)  

where E′′ is the loss modulus. Eqs. (11) and (13) show the dependence of 
the tearing energy on the energy dissipation. This relation has been 
considered in other studies to analyze qualitatively the crack growth 
resistance of different rubbers [54–56]. 

In order to consider the temperature effect on the fatigue crack 
growth measurements, sustained by the aforementioned theory, the 
temperature dependence of the tearing energy G was considered by 

Fig. 11. Master curves of storage modulus E′ (red), loss modulus E′′ (blue) and 
loss factor tanδ (black) as a function of frequency obtained from isothermal 
frequency sweeps at different temperatures of filled NBR at a strain of 0.03% at 
a reference temperature of 25 ◦C. All curves were shifted using the shift factors 
of the storage modulus reported in Fig. 10. (For interpretation of the references 
to colour in this figure legend, the reader is referred to the web version of 
this article.) 

Fig. 12. Crack growth rate as a function of tearing energy of filled NBR at 
different temperatures. The measurements were performed at 4 Hz, with load 
ratio Rε of 0.5 and maximum strain ranging between 1 and 12%. The different 
symbols correspond to different specimens. The curves were fitted in the stable 
crack growth region with Eq. (10). 

Table 3 
Values of the power law coefficients obtained from the fitting of fatigue crack 
growth curves from Fig. 12 in the stable region with Eq. (10). The values 
correspond to the mean value of the fitting of three tests at the same conditions.  

Temperature, T [◦C] m logC 

25 3.55 ± 0.26 −13.80 ± 0.83 
40 3.71 ± 0.20 −14.22 ± 0.55 
60 3.62 ± 0.26 −13.59 ± 0.85 
80 3.70 ± 0.43 −13.14 ± 1.37  
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correlating it to the temperature dependence of the loss modulus. In the 
previous section, it was shown that the loss modulus exhibited an 
Arrhenius dependence above Tg + 30 ◦C (Fig. 8) from which an apparent 
activation energy Ea,app of 17.7 kJ/mol was evaluated. Using this value, 
shift factors sT were evaluated with respect to the reference temperature 
(set at 25 ◦C) using an Arrhenius form: 

sT =
lnE’’T

lnE’’Tref

=
Ea,app

R

(
1
T

−
1

Tref

)

(14) 

The calculated values evaluated at the temperature used for crack 
growth measurements are reported in Table 4. 

The evaluated shift factors were then used to shift the fatigue crack 
growth curves along the tearing energy axis by evaluating the tearing 
energy at the temperature T (denoted as GT) and shifting it with respect 
to the reference temperature Tref, resulting in the value GT,Tref given by: 

GT,Tref =
GT

sT
(15) 

By doing so, the curves at higher temperature were shifted towards 
higher values of tearing energy resulted in the fatigue crack growth 
master curve reported in Fig. 13. 

A good correlation can be observed from the plot, in which all the 
curves converge into a unique master curve, even at the lowest values of 
tearing energy. The scattering that can be observed is typical for fatigue 
measurements of polymers. Comparable error ranges have been re
ported for NR and SBR [24] and NMR and HNBR [42]. Moreover, similar 
scatterings have been reported for differently built fatigue master curve 
of SBR [50]. These results evidence once again that the crack propaga
tion is similar at different temperatures and that the main role of tem
perature is to decrease the energy barriers required for the fracture 
processes, leading to similar tearing at lower energies. Furthermore, 
these results seem promising for the estimation of the fatigue behavior at 

higher temperature of rubbers: the results of fatigue measurement at 
room temperature can be shifted only with the temperature dependence 
of the loss modulus, obtained from just a temperature sweep DMA test at 
the same frequency. A deeper examination of this procedure has to be 
performed and the use of it with further materials has been already 
planned within our research plan. Even though the application of this 
procedure has to be verified on different crystallizing and non- 
crystallizing rubbers with different fillers, this methodology represents 
a new tool for analyzing and understanding the complex phenomena 
involved in high temperature fatigue of rubbers. 

4. Conclusion 

In this work, the focus was devoted on the temperature effect on the 
mechanical and fatigue behavior of a filled NBR. Tensile tests revealed 
that the ultimate properties between 25 and 40 ◦C are similar, while they 
are decreasing monotonically with higher temperatures. The Mooney- 
Rivlin plots showed that the upturn strain, connected to the maximum 
chain extensibility, decreases with temperature, having a minimum 
around 40 and 80 ◦C, while it increases at 100 ◦C. Dynamic Mechanical 
Analysis (DMA) was exploited through temperature sweep and 
isothermal frequency sweep. Temperature sweeps gave the temperature 
dependence of dynamic properties of the material and an Arrhenius 
dependence was found for temperatures above Tg + 30 ◦C. The 
isothermal frequency sweeps were horizontally shifted along the fre
quency axis obtaining master curves of the dynamic properties. Both 
WLF and Arrhenius equation provided good fit of the shift factors. Fa
tigue crack growth measurements at high temperatures revealed that 
higher temperature resulted in higher crack growth rate, with small 
variation passing from 25 to 40 ◦C. A fatigue master curve was obtained 
by shifting the tearing energy using shift factors evaluated considering 
the temperature dependence of the loss modulus. This method repre
sents a new tool for accounting on the temperature impact on the fatigue 
crack growth. The application of this procedure to other materials could 
provide further insights on the crack propagation during cyclic loading 
at different temperatures. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Acknowledgements 

The research work of this paper was performed at the Polymer 
Competence Center Leoben GmbH (PCCL, Austria) within the frame
work of the COMET-program of the Federal Ministry for Digital, Busi
ness and Enterprise, the Federal Ministry of Education, Science and 
Research with contributions by the institute of Materials Science and 
Testing of Polymers at Montanuniversitaet Leoben, the Polymer Engi
neering Lab at Politecnico di Milano and Semperit Technische Produkte 
Gesellschaft m.b.H. The PCCL is funded by the Austrian Government and 
the State Governments of Styria, Lower Austria and Upper Austria. 

References 

[1] Mars WV, Fatemi A. A literature survey on fatigue analysis approaches for rubber. 
Int J Fatigue 2002;24(9):949–61. https://doi.org/10.1016/S0142-1123(02)00008- 
7. 

[2] Rivlin RS, Thomas AG, Thomas AG. Rupture of rubber. I. Characteristic energy for 
tearing. J Polym Sci 1953;10(3):291–318. https://doi.org/10.1002/ 
pol.1953.120100303. 

[3] Stieger S, Kerschbaumer RC, Mitsoulis E, Fasching M, Berger-Weber GR, 
Friesenbichler W, et al. Contraction and capillary flow of a carbon black filled 
rubber compound. Polym Eng Sci 2019;60(1):32–43. https://doi.org/10.1002/ 
pen.25256. 

Table 4 
Values of the shift factor sT obtained by applying Eq. (14) at 
different temperatures with the apparent activation energy 
obtained from the loss modulus reported in Table 1.  

Temperature, T [◦C] Shift factors, sT 

25 1 
40 0.78 
60 0.58 
80 0.45  

Fig. 13. Master curves of fatigue crack growth as a function of tearing energy. 
The curves were obtained by shifting the curves from Fig. 12 using the shift 
factor sT reported in Table 4. The measurements were performed at 4 Hz, with 
load ratio Rε of 0.5 and maximum strain ranging between 1 and 12%. 

J. Schieppati et al.                                                                                                                                                                                                                              

https://doi.org/10.1016/S0142-1123(02)00008-7
https://doi.org/10.1016/S0142-1123(02)00008-7
https://doi.org/10.1002/pol.1953.120100303
https://doi.org/10.1002/pol.1953.120100303
https://doi.org/10.1002/pen.25256
https://doi.org/10.1002/pen.25256


International Journal of Fatigue 144 (2021) 106050

8

[4] Lake GJ, Lindley PB. Cut growth and fatigue of rubbers. II. Experiments on a 
noncrystallizing rubber. J Appl Polym Sci 1964;8(2):707–21. https://doi.org/ 
10.1002/app.1964.070080212. 

[5] Young DG. Fatigue crack propagation in elastomer compounds: effects of strain 
rate, temperature, strain level, and oxidation. Rubber Chem Technol 1986;59(5): 
809–25. 

[6] Ruellan B, Le Cam J-B, Jeanneau I, Canévet F, Mortier F, Robin E. Fatigue of 
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natural rubber composites with a hierarchical reinforcement structure of carbon 

nanotube modified natural fibers. Mater Des 2014;58:1–11. https://doi.org/ 
10.1016/j.matdes.2014.01.071. 

[33] Fu X, Huang G, Xie Z, Xing W. New insights into reinforcement mechanism of 
nanoclay-filled isoprene rubber during uniaxial deformation by in situ synchrotron 
X-ray diffraction. RSC Adv. 2015;5(32):25171–82. https://doi.org/10.1039/ 
C5RA02123E. 

[34] Peddini SK, Bosnyak CP, Henderson NM, Ellison CJ, Paul DR. Nanocomposites 
from styrene–butadiene rubber (SBR) and multiwall carbon nanotubes (MWCNT) 
part 2: Mechanical properties. Polymer 2015;56:443–51. https://doi.org/10.1016/ 
j.polymer.2014.11.006. 

[35] He F, Yuan T, Li C, Sun L, Liao S. Interfacial interactions and properties of natural 
rubber-silica composites with liquid natural rubber as a compatibilizer and 
prepared by a wet-compounding method. J Appl Polym Sci 2018;135(30):46457. 
https://doi.org/10.1002/app.46457. 

[36] Furukawa J, Onouchi Y, Inagaki S, Okamoto H. Rubber elasticity at very large 
elongation. Polym Bull 1982;6:381–7. https://doi.org/10.1007/BF00959847. 

[37] Bokobza L, Rapoport O. Reinforcement of natural rubber. J Appl Polym Sci 2002; 
85:2301–16. 

[38] Fritzsche J, Klüppel M. Structural dynamics and interfacial properties of filler- 
reinforced elastomers. J Phys: Condens Matter 2011;23(3):35104. https://doi.org/ 
10.1088/0953-8984/23/3/035104. 

[39] Gent AN, Scott KW. Dynamic mechanical properties. In: Gent AN, editor. 
Engineering with Rubber: How to Design Rubber Components. Hanser 
Publications. 

[40] Le Gal A, Yang X, Klüppel M. Evaluation of sliding friction and contact mechanics 
of elastomers based on dynamic-mechanical analysis. J Chem Phys 2005;123(1): 
14704. https://doi.org/10.1063/1.1943410. 

[41] Rouleau L, Deü J-F, Legay A, Le Lay F. Application of Kramers-Kronig relations to 
time–temperature superposition for viscoelastic materials. Mech Mater 2013;65: 
66–75. https://doi.org/10.1016/j.mechmat.2013.06.001. 

[42] Butaud P, Placet V, Klesa J, Ouisse M, Foltete E, Gabrion X. Investigations on the 
frequency and temperature effects on mechanical properties of a shape memory 
polymer (Veriflex). Mech Mater 2015;87:50–60. https://doi.org/10.1016/j. 
mechmat.2015.04.002. 

[43] Han CD, Kim JK. On the use of time-temperature superposition in 
multicomponent/multiphase polymer systems. Polymer 1993;34(12):2533–9. 
https://doi.org/10.1016/0032-3861(93)90585-X. 

[44] van Gurp M, Palmen J. Time-temperature superposition for polymer blends. Rheol 
Bull 1998;67(1):5–8. 

[45] Williams ML, Landel RF, Ferry JD. The temperature dependence of relaxation 
mechanism in amorphous polymers and other glass-forming liquids. J Am Chem 
Soc 1955;77(14):3701–7. 

[46] Wang M-J, Lu SX, Mahmud K. Carbon–silica dual-phase filler, a new-generation 
reinforcing agent for rubber. Part VI. Time–temperature superposition of dynamic 
properties of carbon–silica-dual-phase-filler-filled vulcanizates. J Polym Sci B 
Polym Phys 2000;38(9):1240–9. https://doi.org/10.1002/(SICI)1099-0488 
(20000501)38:9<1240:AID-POLB15>3.0.CO;2-Q. 

[47] Lorenz B, Pyckhout-Hintzen W, Persson BNJ. Master curve of viscoelastic solid: 
Using causality to determine the optimal shifting procedure, and to test the 
accuracy of measured data. Polymer 2014;55(2):565–71. https://doi.org/10.1016/ 
j.polymer.2013.12.033. 

[48] Lake GJ, Lindley PB. The mechanical fatigue limit for rubber. J Appl Polym Sci 
1965;9(4):1233–51. https://doi.org/10.1002/app.1965.070090405. 

[49] Schieppati J, Schrittesser B, Wondracek A, Robin S, Holzner A, Pinter G. Impact of 
temperature on the fatigue and crack growth behavior of rubbers. Procedia Struct 
Integrity 2018;13:642–7. https://doi.org/10.1016/j.prostr.2018.12.106. 

[50] Wunde M, Klüppel M. Viscoelastic response during crack propagation of unfilled 
and filled SBR. Rubber Chem Technol 2018;91(4):668–82. https://doi.org/ 
10.5254/rct.18.81537. 

[51] Lake GJ, Thomas AG. Strength. In: Gent AN, editor. Engineering with Rubber: How 
to Design Rubber Components. Hanser Publications. 

[52] Persson BNJ, Albohr O, Heinrich G, Ueba H. Crack propagation in rubber-like 
materials. J Phys: Condens Matter 2005;17(44):R1071–142. https://doi.org/ 
10.1088/0953-8984/17/44/R01. 

[53] Persson BNJ, Brener EA. Crack propagation in viscoelastic solids. Phys Rev E Stat 
Nonlin Soft Matter Phys 2005;71(3 Pt 2A):36123. https://doi.org/10.1103/ 
PhysRevE.71.036123. 

[54] Nie Y, Wang B, Huang G, Qu L, Zhang P, Weng G, et al. Relationship between the 
material properties and fatigue crack-growth characteristics of natural rubber filled 
with different carbon blacks. J Appl Polym Sci 2010;24:3341–7. https://doi.org/ 
10.1002/app.32098. 

[55] Nie Y, Qu L, Huang G, Wang B, Weng G, Wu J. Improved resistance to crack growth 
of natural rubber by the inclusion of nanoclay. Polym Adv Technol 2012;23(1): 
85–91. https://doi.org/10.1002/pat.1826. 
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Abstract: The fatigue behavior of a filled non-crystallizing elastomer was investigated on axisym-
metric dumbbell specimens. By plotting relevant Wöhler curves, a power law behavior was found.
In addition, temperature increases due to heat build-up were monitored. In order to distinguish be-
tween initiation and crack growth regimes, hysteresis curves, secant and dynamic moduli, dissipated
and stored energies, and normalized minimum and maximum forces were analyzed. Even though
indications related to material damaging were observed, a clear trend to recognize the initiation was
not evident. Further details were revealed by considering a fracture mechanics. The analysis of the
fracture surfaces evidenced the presence of three regions, associated to initiation, fatigue striation, and
catastrophic failure. Additional fatigue tests were performed with samples in which a radial notch
was introduced. This resulted in a reduction in lifetime by four orders of magnitude; nevertheless,
the fracture surfaces revealed similar failure mechanisms. A fracture mechanics approach, which
considered the effect of temperature, was adopted to calculate the critical defect size for fatigue,
which was found to be approximately 9 µm. This value was then compared with the particle size
distribution obtained through X-ray microcomputed tomography (µ-CT) of undamaged samples
and it was found that the majority of the initial defects were indeed smaller than the calculated
one. Finally, the evaluation of J-integral for both unnotched and notched dumbbells enabled the
assessment of a geometry-independent correlation with fatigue life.

Keywords: fatigue; fracture mechanics; filled rubber; X-ray microtomography; defect size;
temperature; J-integral

1. Introduction

Fatigue is one of the most common causes of the failure of elastomer components such
as tires, dampers, seals, hydraulic hoses, and conveyor belts. In fact, rubber articles are
commonly subjected to cyclic loads that may lead to the accumulation of damage and to
the development and growth of cracks, which then lead to failure. Generally speaking,
materials are assumed to naturally contain flaws and inhomogeneities that can lead, under
specific loading conditions, to localized stress concentrations promoting the nucleation of
cracks [1]. Indeed, fracture occurs due to defects, which may nucleate from inhomogeneities
that grow when subjected to repeated loads and subsequently coalesce up to failure.
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Continuum mechanics models can describe fatigue at a macroscopic scale, by considering
the fatigue life exhibited at different stress or strain levels; however, obtaining the data
necessary for the correct application of this approach is time-consuming, not to mention the
large scatter in the data occurring due to the stochastic nature of the initiation.

An alternative approach is to consider stress intensification arising from the defects,
using a fracture mechanics-based approach. The introduction of a dominant reproducible
initial defect (i.e., notch) leads to the reduction of both scattering and testing time. Fatigue
lifetime predictions can be obtained by summing up the initiation time and the integration
over time (i.e., number of cycles) of the crack growth characteristic, by considering the
initial defect size [1–19]. Inversely, knowing the fatigue lifetime, it is possible to estimate
the size of the critical defect from which the failure started.

The typical dimension of the critical defects for different elastomers was found to be a
few tens of µm [1–5,10,17]. Due to the complex formulations of typical rubber compounds,
the identification of the origin of the critical defects that lead to failure is challenging. Com-
monly, the analysis of fatigue damage in rubbers is performed through techniques such as
Scanning Electron Microscopy (SEM) [20–30] or X-ray microtomography (µ-CT) [18,30–33].
These methods represent powerful tools for the investigation of interrupted fatigue tests or
for post-mortem analysis, giving insight to the defect population and its evolution during
fatigue. A correct evaluation of defect size is fundamental for the accuracy of fatigue life
prediction models.

In this study, the fatigue behavior of a filled acrylonitrile butadiene rubber (NBR) has
been examined. This elastomer is particularly suitable for applications in the oil and gas
industry due to its polarity, which makes it resistant to fuels. In such applications, the
components are subject to alternating pressures that can cause fatigue damage and failure.
Thus, the fatigue lifetimes of unnotched and notched axisymmetric dumbbell specimens
were measured, and the behavior was further investigated by analyzing the evolution of
surface temperatures, hysteresis curves, dynamic and secant moduli, and dissipated and
stored energies. The fracture surfaces were also thoroughly analyzed.

Then, the assessment of the critical defect size for fatigue failure was performed using
the fracture mechanics approach. This was done by considering the material fatigue crack
growth [34] and taking into account the effect of temperature [35]. The calculated critical
defect size was then compared with the dimensions of defects present in the undamaged
specimen, which was evaluated through a µ-CT analysis. Finally, an equation for the evalu-
ation of the J-integral was computed using a finite element method (FEM) simulation of the
notched specimens, allowing to determine fatigue lifetime independently on the geometry.

2. Materials and Methods
2.1. Materials

The material used for this research is a commercial acrylonitrile butadiene rubber
(NBR) filled with 42 parts per hundred rubber (phr) of carbon black (CB). Due to con-
fidentiality agreements with the supplier, no further details about the formulation can
be given.

2.2. Fatigue

Fatigue tests were conducted on axisymmetric dumbbell specimens (Figure 1a) on an
MTS 858 Table Top System servohydraulic testing machine (MTS Systems GmbH, Eden
Prairie, MN, USA). Hysteresis data were acquired every 100 cycles, and the force and
displacement peaks were recorded on every cycle. A sinusoidal displacement waveform
was used at a frequency of 4 Hz, with a load ratio Rε of 0.5. The maximum strains εmax
were 5, 20, 50, 55, 60, and 65%. Complete failure of the specimen was considered as a
lifetime criterion. Furthermore, the evolution of the surface temperature during the tests
was monitored through a CT LT22 infrared sensor (Optris GmbH, Berlin, Germany) and
recorded every 1 s.
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Figure 1. (a) Geometry and dimensions of the axisymmetric dumbbell specimens used in the fatigue
experiments; (b) geometry of the Cracked Round Bar (CRB) specimen; (c) Section A-A of the CRB
specimen with the circumferential notch.

Similarly, cyclic tests were performed on notched circular dumbbell specimens, de-
noted as Crack Round Bars—CRB (Figure 1b). According to ISO 18489 [36], an initial
circumferential notch of approximately 1 mm depth (Figure 1c) was inserted at mid-height
using a razor blade (thickness = 0.1 mm, tip-radius < 5 µm) mounted on a lathe rotating
at 80 rpm. The specimens were cyclically loaded at maximum strains of 20, 30, and 50%,
using the same frequency and load ratio used for the unnotched samples. Furthermore,
the tests were monitored using a camera system CV-5701P by Keyence (Osaka, Japan) and
pictures were recorded at every cycle.

2.3. Fracture Surface Analysis

An optical microscope Zeiss Stemi 2000C (Carl Zeiss AG, Oberkochen, Germany) was
used for the fracture surface analysis.

2.4. X-ray Microtomography (µ-CT)

µ-CT scans of the dumbbell samples were acquired on a NSI X-25 inspection system
(North Star Imaging, High Wycombe, UK). The X-ray source was operated at 40 kV and
100 µA, granting a magnification factor of 3.88 and a voxel resolution of 19 µm. It should be
considered that the apparatus is capable of a nominal certified resolution of 2 µm [37]. The
set of images was processed with a custom-made Matlab code (Matlab R2020b), performing
binarization based on a combined global/local algorithm procedure [38] as a first step. The
global algorithm adopted is the one developed by Otsu [39,40], which is able to distinguish
between measurement artefacts and particles that are actually present inside the inspected
specimen. Then, a local gradient-based watershed algorithm [41] was employed to better
define the contour of the inspected particles. Following successful segmentation (i.e.,
separation of the voxels representing rubber and void, with Boolean values of 1 and 0,
respectively), the code allowed particle detection by exploiting a spatial connectivity equal
to 26, which means that two or more voxels belong to the same particle if they are in contact
with at least one vertex. Each particle was then labelled, and its volume was computed as
the sum of the connected full voxels (Boolean value equal to 1).

2.5. Evalaution of J-Integral Using Finite Element Method (FEM)

FEM simulation of the CRB specimen behavior was carried out using a 2D axisym-
metric model created in Ansys Parametric Design Language (APDL). The element type
PLANE 183 was used, which is a higher order 2D, 8-node, or 6-node element [42]. Mapped
mesh was used where possible. The mesh was made very fine in the vicinity of the crack
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tip with elements as small as 0.01 mm in the area closest to the crack tip. Moreover, special
wedge-shaped crack tip elements were used at the crack tip. The rest of the model was
meshed with a coarser mesh, with the largest elements up to 1.2 mm. The total number
of elements was approximately 7000 for each of the modelled crack lengths. See Figure 2
where the mesh of the model for the crack length of 2.5 mm is depicted. A neo-Hookean
incompressible hyperelastic solid was chosen for the material model; the shear modulus—
obtained by fitting the uniaxial tensile test data—was 12.3 MPa, whereas the bulk modulus
was not acquired as the material was assumed to be incompressible. Even though the
rubbers are not strictly incompressible, this simplification does not make a big difference
for the intended analysis. The goal of the simulation was to calculate values of the J-integral
for various crack lengths and various loads. The calculation of the non-linear J-integral was
performed through closed path integral calculation (CINT function in APDL).
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Figure 2. Mesh of the model used for the FEM calculation of the J-integral for CRB specimens.

3. Results
3.1. Fatigue of the Unnotched Dumbbell Specimens

The fatigue lifetime of the specimens subjected to cyclic loading is reported in Figure 3,
in which the relevant ε-N or Wöhler curve [43] is represented. In particular, the maximum
engineering strain εmax was selected as the representative loading parameter and plotted in
double logarithmic scale against the number of cycles to failure, Nf.

As depicted in the plot, a certain scattering of the results was found, which is typical
for the fatigue of polymers and rubbers. The statistical analysis of the results was performed
through the ASTM E739–10 [44], and the resulting fitting power law was found to be:

εmax = 219·N f
−0.11. (1)

Furthermore, two interrupted tests, for which no failure was recorded, are shown
in Figure 3, and they correspond to εmax of 5% and 20%. In these two cases, the loads
were so low that the failure would occur at a number of cycles that is well beyond the
experimental window.

An alternative criterion for studying the fatigue nucleation of rubbers is to consider
Ni, corresponding to the number of cycles for the transition between the phase of ini-
tiation and crack growth. This is normally related to an abrupt variation of force (or
stiffness) [45]. By applying this concept to the results previously shown, it was found that
qualitatively, the plot was almost identical to the one reported in Figure 3 (provided in
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the Supplementary Material, Figure S1). In fact, the abrupt variation of force took place
only in the last cycles (approximately 10 to 20 cycles). In actuality, this crack propagation
phase corresponds to the macroscopic crack growth, which is visible to the naked eye.
Generally, after the initial formation of cracks from inhomogeneities in the material, a small-
scale growth of microcracks is present until macroscopic crack growth occurs, leading to a
reduction of the ligament area and rapid failure.
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Figure 3. Wöhler curve obtained from axisymmetric dumbbell specimens of CB filled NBR at a
frequency of 4 Hz and a load ratio Rε of 0.5. The fitting power law (Equation (1)) was obtained using
ASTM E739–10.

Further analysis of the fatigue tests led to the inspection of temperature evolution
upon cyclic loading. In Figure 4a, the variation of the surface temperature for the first
15,000 cycles is shown. The temperature variation is a consequence of heat build-up; during
every loading cycle, part of the mechanical energy is dissipated in the specimen volume
and converted into heat. Due to the low thermal conductivity of rubbers [46,47], the
internally generated heat slowly flows to the surrounding environment, and therefore, the
temperature of the specimen significantly increases. This phenomenon strongly depends
on the material compliance, on the frequency of oscillation, on the loading amplitude, and
on the thickness of the component [48]. In fact, the rate of temperature variation

.
∆T can be

described as [49,50]:
.

∆T =
π· f ·∆σ2·D′′ ( f , T)

4·cp·ρ
, (2)

where f is the frequency, ∆σ is the stress amplitude, D′′ is the loss compliance, cp is the
specific heat and ρ is the density; therefore, larger load amplitudes and frequencies will
result in larger temperature increases. Indeed, the effect of increasing the loading amplitude
is confirmed by the results reported in Figure 4a,b. The monitored temperature increases are
consequences of the geometry of the specimen (i.e., the thickness) and the used frequency
(4 Hz). In actuality, a decrease of these two variables could lead to the reduction of the
temperature increase; however, thicker specimens are more representative for certain
applications, and the axisymmetric dumbbell samples (or slight variations of it) represent
a well-established geometry for fatigue characterization of rubbers [14,15,18,51–62]. The
choice of the frequency has to match the requirement of being representative for the
material application, and it is a tradeoff between testing time and temperature increases.
Overall, with the used loading conditions, the surface temperatures increased in a range
between 20 and 40 ◦C. Generally, the temperatures showed fluctuations related to the
cooling system of the laboratory. Nevertheless, after approximately 2500–3000 cycles, the
surface temperature became stable. As depicted in Figure 4b, higher maximum strains
corresponded to higher temperatures in an almost linear relationship. The monitored
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temperature increases were so relevant that they must be considered during the analysis
of fatigue results since such temperatures would affect the mechanical behavior of the
material. In general, due to the entropic elasticity of the rubber matrix, an increase of
stiffness would be expected; however, due to the presence of fillers and due to viscoelastic
effects, the material would become softer at higher temperatures. Thus, the overall trend
would be a trade-off between these opposite trends, and it would depend on the material
composition. A reduction of stiffness at a higher temperature was previously reported for
the material under investigation [35]. Nevertheless, the mechanical behavior is expected to
be constant after reaching the plateau temperature.
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Figure 4. (a) Surface temperature evolution at different strains in the first 15,000 cycles of the fatigue
experiments; (b) average values of plateau temperatures at different strains obtained during fatigue
experiments from three samples per condition. The fatigue tests were implemented on axisymmetric
dumbbell specimens of CB filled NBR at a frequency of 4 Hz and load ratio Rε of 0.5.

Further analyses of the fatigue data were implemented to investigate the distinct
regimes of fatigue, namely, crack initiation and crack propagation. The hysteresis curves
during fatigue tests for different strain levels are reported in Figure 5a, in terms of engineer-
ing stress and engineering strain at 3000 cycles. As depicted, higher strains corresponded
to larger hysteresis. In Figure 5b, the evolution of the hysteresis curves during the tests
is shown for a particular specimen (εmax = 55%) for a different number of cycles. A big
variation of the hysteresis is present in the beginning of the test as a consequence of stress
relaxation. The hysteresis seems to stabilize after approximately 3000 cycles, which corre-
sponds to the stabilization of the surface temperatures. During the successive lifetime, the
hysteresis variation was much smaller, which was a consequence of the combination of
both stress relaxation and material damage accumulation.
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Figure 5. (a) Hysteresis curves at different maximum strains at 3000 cycles; (b) evolution of hysteresis
curve at different number of cycles for maximum strain εmax of 55%. The fatigue tests were imple-
mented on axisymmetric dumbbell specimens of CB filled NBR at frequency of 4 Hz and load ratio
Rε of 0.5.

For a better understanding of the results, the hysteresis curves were analyzed consid-
ering two parameters, the secant Esec and the dynamic Edyn modulus that can be calculated
according to Equations (3) and (4) [63,64]:

Esec =
σmax

εmax
, (3)

Edyn =

∣∣∣∣σmax − σmin
εmax − εmax

∣∣∣∣, (4)

where σmax and σmin represent the maximum and minimum stresses and εmax and εmin
are the maximum and minimum strain, respectively. Although the dynamic modulus is
correlated with the instantaneous material response, the variation of the secant modulus
is related to viscoelastic effects and to the accumulation of damage in the material [64,65].
Equations (3) and (4) are probably not able to fully describe the highly non-linear mechanical
behavior of elastomers; however, for a first approximation, their trends for the number
of cycles may provide interesting insights about fatigue. Due to the large variation in
temperature at the beginning of the tests, both moduli initially showed large drops. For
a better comparison, the values were normalized with respect to those at 2500 cycles (i.e.,
once temperature and mechanical behavior became stable). The results at the different
strains are reported in Figure 6. In all cases, it is possible to observe a similar initial drop
for both moduli. Subsequently, Edyn showed a lower rate of reduction and became more
stable—even slight increases were monitored; therefore, the material stiffness remained
essentially constant in the last stages of fatigue. The initial decrease and the successive
stabilization were associated with cyclic stress softening [66], which seems to be connected
to the breakdown and reformation of filler–molecule interactions [67]. On the other hand,
Esec shows a steady drop for the entire test duration, as a consequence of the continuous
stress relaxation and accumulation of damage during the test.
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Figure 6. Dynamic (Edyn) and secant (Esec) moduli evaluated from hysteresis at maximum strain
of (a) 50%, (b) 55%, (c) 60%, and (d) 65%, respectively. The fatigue tests were implemented on
axisymmetric dumbbell specimens of CB filled NBR at a frequency of 4 Hz and a load ratio Rε of 0.5.

Subsequently, the energies were analyzed by integrating the area of the force-displacement
curves from the hysteresis curves previously discussed. In this sense, it was possible to
distinguish between the dissipated energy, Udis, as the area inside the hysteresis loop, and
the stored energy, Usto, as the area below the unloading curve. For a proper comparison,
the evolution of the energies was plotted as a function of the normalized number of cycles
(currently elapsed number of cycles, N, divided by the number of cycles to failure, Nf) as
reported in Figure 7a. These results originate from the behavior already described for the
hysteresis curves: in all the testing configurations, a drop in both energies was observed
during the first cycles. As previously discussed, this effect is mainly a consequence of
stress relaxation. After the drop, the values of Udis are then substantially stabilized for
plateau values. The stored energy Usto instead kept decreasing with the number of cycles,
albeit slightly, due to energy dissipation caused by material damage. On the other hand,
the dissipated energies moderately increased, evidencing the increase in damage in the
material. Moreover, a clear trend with respect to the maximum strains is present: both
dissipated and stored energies were higher for higher strains; however, this description
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is different when considering the percentage of energy, which is the normalization with
respect to the total energy, Utot, calculated as the sum of Udis and Usto. In fact, as reported
in Figure 7b, the percentage energies were very similar for different strain levels and for the
whole duration of the tests, maintaining values of approximately 20% for the dissipated
energy and 80% for the stored one.
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Figure 7. (a) Stored (Usto) and dissipated (Udis) energies at different strains against the normalized
number of cycles; (b) percentage stored and dissipated energies at different strains against the
normalized number of cycles. The fatigue tests were implemented on axisymmetric dumbbell
specimens of CB filled NBR at a frequency of 4 Hz and a load ratio Rε of 0.5.

Fatigue data were further analyzed by considering the peak values of the forces
detected during the measurements. For a clearer comparison at different loading conditions,
the maximum force, Fmax, and the minimum force, Fmin, were normalized with respect to
their respective initial values and they were plotted against the normalized number of
cycles (Figure 8a,b). Due to stress relaxation, the maximum and minimum forces showed
a considerable variation in the first cycles, until consistent stress relaxation occurs in the
specimen. After the initial drop, the values were constantly decreasing as a consequence
of both stress relaxation and damage accumulation. In this region, the reduction extent
depended on the loading conditions, but it was generally limited. Ultimately, a final major
drop was present, which was related to the macroscopic crack growth and consequence of
the reduction of the specimens’ ligament section. As depicted in Figure 8a, the maximum
forces decreased at the very beginning of the tests by about one third and stabilized up
to the final failure of the specimen, regardless of the strain level. Conversely, a different
behavior was found for the minimum force. It is evident from the plot in Figure 8b that
after the initial drop, the minimum forces are different for distinct strain levels: larger
drops were monitored for lower values of maximum strain. Furthermore, small peaks
were observed after the initial drop, which are more evident for larger maximum strains
in particular.

Therefore, several parameters showed a reduction during the cycles, which was related
to relaxation and material damage. These changes could be observed from the early stages
of fatigue, suggesting a slow crack growth process; however, clear evidence to identify a
transition between the regimes of crack initiation and crack growth were not found. Thus,
further investigations were performed considering a fracture mechanics-based approach.
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Figure 8. (a) Normalized maximum force at different strains against normalized number of cycles.
(b) Normalized minimum force at different strains against the normalized number of cycles. The
fatigue tests were implemented on axisymmetric dumbbell specimens of CB filled NBR at a frequency
of 4 Hz and a load ratio Rε of 0.5.

3.2. Fracture Surface Analysis of the Unnotched Dumbbell Specimens

Subsequently, the fracture surfaces of the specimens were observed under the light
microscope. The typical appearance of the fracture surfaces is shown and described in
Figure 9. The most evident characteristic is the presence of fatigue striations which dis-
play an increasing distance from each other as they move farther from the initiation area.
Normally, fatigue striations were observed for up to half of the surface area, whereas the
remaining section corresponded to the catastrophic failure. An overview of the fracture
surfaces at different strains is reported in Figure 10. Generally, failure occurred perpendicu-
larly to the loading direction, with quite flat fracture surfaces, and the features displayed
in Figure 9 were the most frequently observed with evident fatigue striation in all cases;
however, in some cases, the fracture surfaces results were more complex, with evident
macroscopic cracks out of the plane of the fracture surface at εmax of 50% and 60%. Such
kinds of crack deviation could be related to local inhomogeneities in the material such as
large agglomerates of carbon black. Moreover, at the lowest strain (εmax of 50%), fatigue
striations in two opposite directions were observed (Figure 11), suggesting that the initia-
tion is taking place independently in different areas and that at lower strains, macroscopic
crack growth took place in different directions. The single crack direction at larger strains
suggests that due to the larger energy and stress intensification involved, once the crack
began to form, it became the predominant crack.
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Figure 9. Light microscope picture of the fracture surface of an axisymmetric dumbbell specimen of
CB filled NBR after fatigue testing. Three regions are displayed: initiation region (yellow), fatigue
striation (orange), and catastrophic failure (red). The test was performed at a frequency of 4 Hz and a
load ratio Rε of 0.5.
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Figure 11. Light microscope picture of the fracture surface of an axisymmetric dumbbell specimen of
CB filled NBR after fatigue testing in which two fronts of macroscopic fatigue crack growth are present
(displayed by the arrows). The test was performed at a frequency of 4 Hz and a load ratio Rε of 0.5.

3.3. Fatigue of the Cracked Round Bar Specimens

Furthermore, fatigue measurements on the Crack Round Bar (CRB) were conducted.
The CRB geometry (a dumbbell with a circumferential notch in the middle) was devel-
oped for accelerated testing of quasi-brittle failure resistance of polymers, elastomers,
and thermoplastic elastomers [68–70]. In principle, due to the presence of the notch, this
specimen geometry would allow the crack length and crack growth rate to be measured
using a Paris approach, focusing on the crack propagation regime; however, due to the
cylindrical geometry, the crack front results are complex, and it is difficult to assess crack
length measurements through optical methods. More accurate results could be obtained by
using extensometers and retrieving the crack length through a calibration between Crack
Opening Displacement (COD) and the actual crack length [71]; however, due to the large
strain involved, this approach has limitations for elastomers.

The results of fatigue tests obtained on CRB specimens in comparison with the results
of standard specimens are shown in Figure 12. As depicted, a general reduction in lifetime
was found for CRB as a consequence of the introduction of the notch. A reduction of about
four orders of magnitude of the fatigue lifetime at εmax of 50% was recorded. Furthermore,
in contrast to the results of unnotched axisymmetric dumbbells, failure was observed even
at 20% of maximum (nominal) strain. The fitting power law from the statistical analysis of
the results, performed through the ASTM E739–10 was found to be:

εmax = 119·N f
−0.24. (5)

Moreover, the variations of both the normalized maximum force and crack length
during the test with CRB geometry were analyzed and reported in Figure 13a. It is worth
noting that the machine reached such high strains with a delay; since a stable deformation
was observed after a transient period of eight cycles, the maximum force was attained after
nine cycles. Considering the cylindrical symmetry of the samples, the crack length was
approximated as the projection of the actual radial crack. In addition, the reported crack
length was considered as the sum of the crack lengths observed on both sides of the speci-
men in the camera record (see the picture in Figure 13b). To have a proper measurement
of the crack evolution, more cameras would be needed; however, this approximation is
considered sufficiently accurate to monitor the evolution of the specimen’s ligament section.
As depicted in Figure 13a, the larger crack increase was observed at about 30 cycles, a
time at which an abrupt variation of the maximum force was also recorded; nevertheless,
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a smaller crack length increase was present even before this stage. In actuality, the crack
starts to grow immediately after the application of the load—at the ninth cycle after stable
deformation is reached. On the other hand, in unnotched specimens, the microscopic crack
growth occurred after initiation.
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Figure 12. Wöhler curve obtained from axisymmetric dumbbell specimens (blue) and CRB (red)
of CB filled NBR at a frequency of 4 Hz and a load ratio Rε of 0.5. The fitting power laws of the
axisymmetric dumbbell specimen (continuous line) and of CRB (dashed line) were obtained using
ASTM E739–10.
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Figure 13. (a) Normalized maximum force (circles) and crack length (diamonds) against number
of cycles for CRB specimens obtained from axisymmetric dumbbell specimens of CB filled NBR.
(b) Picture of the tested CRB at N = 30; on both sides, the crack opening can be recognized. The test
was performed at the maximum strain of 50% at a frequency of 4 Hz and a load ratio Rε of 0.5.

3.4. Fracture Surface Analysis of the Cracked Round Bar Specimens

Additionally, the fracture surfaces of the CRB specimen were analyzed and a representa-
tive example is reported in Figure 14. There are several similarities in the failure mechanism
when compared with the unnotched kind in Figure 9. In addition to the region of radial
notching, the fracture surfaces of CRBs also displayed the three aforementioned regions of
initiation, fatigue striation, and catastrophic failure. Moreover, even in this case, the fatigue
striations show increasing distances moving from the initiation region, and in correlation
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with the increasing crack length reported in Figure 13a. Overall, these results suggest that a
similar damage mechanism is maintained, and that the introduction of the artificial notch is
equivalent to a specimen with a larger initial defect in an unnotched specimen.
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Figure 14. Light microscope picture of the fracture surface of a notched axisymmetric dumbbell
specimen (CRB) of CB filled NBR after fatigue testing. At the specimen edge the radial notch can
be observed, and a further three regions are displayed: initiation region (yellow), fatigue striation
(orange)—corresponding to macroscopic fatigue crack growth—and catastrophic failure (red). The
test was performed at a frequency of 4 Hz and a load ratio Rε 0.5.

3.5. Defect Size Assesment

As already mentioned, the fatigue lifetime can be correlated with the crack growth
by considering the initial size of defects that cause fatigue failure. In fact, by consider-
ing the defect size c0, it is possible to connect the failure of the material to defects and
inhomogeneities naturally present in the material.

In order to obtain the value c0, the integration of the crack growth characteristic is
required. Generally, the fatigue crack growth of rubbers within the stable regime can be
described using the Paris law [5]:

dc
dN

= CGm, (6)

where dc/dN represents the crack growth rate, G represents the tearing energy, and C and m
are materials constants. For small cracks, the energy release rate (i.e., tearing energy) can
be factored into strain energy density and crack size [2] and its estimation can be given by:

G = 2·k(λ)·W·c, (7)

where W is the strain energy density and c is the crack length; k(λ) is a function of the
stretch ratio [72]. In actuality, Equation (7) represents the tearing energy for single edge
notch specimens [3]; nevertheless, it is a good approximation for small cracks in terms of
initial defects. Moreover, the strain energy density W was evaluated considering the area
under the loading curve by numerical integration of hysteresis data as:

W =
∫

σ·dε =
∫ F

A
·ds

s
=

1
V

∫ smax

smin

F·ds. (8)

where σ is the engineering stress, ε is the engineering strain, F is the force, A the resistant
area of the specimen, s is the displacement, smin and smax are the minimum and the max-
imum displacements, respectively, and V is the volume of the specimen. By combining
Equations (6) and (7), and integrating the number of cycles for failure, Nf, can be obtained:
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N f =
1

(m− 1)·C(2kW)m ·
(

1
cm−1

0

− 1
cm−1

f

)
. (9)

Assuming that the initial defects size c0 is much smaller than the final crack length cf,
this last contribution can be neglected, obtaining:

N f =
1

(m− 1)·C(2kW)m ·
1

cm−1
0

. (10)

This equation can be used to calculate the number of cycles to failure as a consequence
of the growth of a pre-existing defect with the dimension c0. Alternatively, Equation (10)
can be reversed to evaluate the effective critical defect size from which the failure originated.
It is worth noting that for the evaluation of the overall lifetime, this approach for elastomers
often neglects the initiation time; however, this is justified considering what was found
through the analysis of the evolution of defects during fatigue, which investigated for
filled polychloroprene rubber (CR) through µ-CT [31,32], and for filled natural rubber (NR)
through SEM analysis [28,29]. It was shown that cracks are initiated in the early stages of
fatigue tests and that the number of defects mainly increase within the first 10% of fatigue
life. In the successive stages, the initiated defects slowly increased in size, whereas the
number of cracks is more stable: it constantly increases but with a lower rate of nucleation.
Therefore, the majority of the lifetime of rubbers is governed by crack growth and the
initiation time can be neglected.

The effective critical defect size c0 was calculated by reversing Equation (10) and using
the number of cycles to failure Nf, as reported in Figure 3. The values of k and W were
calculated for the corresponding strain levels. In particular, the strain energy density for
each specimen was evaluated through Equation (8) at the beginning of the test. As for the
coefficients m and C of the Paris law, these were evaluated from the data and the fatigue
master curve shifting procedure was previously reported in [35]. In that work, fatigue
crack growth characteristics at different temperatures (and at the same frequency and load
ratio as in the work presented here) were analyzed, and a fatigue master curve based on
the temperature dependence of the loss modulus was constructed. Using this procedure,
horizontal shift factors were evaluated for the temperatures measured during the testing
of axisymmetric dumbbells, allowing for the calculation of m and C for each test, while
accounting for the influence of temperature on these parameters. An overview of all the
values used for the calculation of c0 are reported in Table 1. Using these parameters, the
effective critical defect sizes were calculated, and the values at different strains are reported
in Figure 15. As depicted, the values c0 were found to be in the range between 4 and
14 µm for the different maximum strains. The values of the critical defect size are similar,
regardless of the applied strain level: this points towards the conclusion that the defect
size is an intrinsic value related to the material. The reason for the different degrees of
dispersion in the results at different strains was mainly related to the large scattering of the
fatigue data at the same strain values (see Table 1). Due to the independence of the size on
the strain, it is possible to consider the mean value for all specimens: the effective critical
defect size c0 was 9 ± 3 µm.
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Table 1. Overview of the values used to calculate the critical defect size with the reversion of
Equation (10). The values of the number of cycles to failure are the same as reported in Figure 3.

εmax (%) Nf W (kJ/m3) k (λ) T (◦C) m C

50
1,472,620 715 2.38 47.4 3.7 1.26 × 10−14

551,975 817 2.38 52.7 3.7 1.91 × 10−14

286,860 814 2.38 50.5 3.7 1.62 × 10−14

55
48,181 948 2.33 57.4 3.7 2.69 × 10−14

308,772 1000 2.33 56.4 3.7 2.45 × 10−14

283,510 971 2.33 55.0 3.7 2.24 × 10−14

60
67,622 1072 2.29 56.2 3.7 2.45 × 10−14

269,073 1103 2.29 57.0 3.7 2.57 × 10−14

130,393 1099 2.29 52.9 3.7 1.91 × 10−14

65
291,859 1267 2.26 61.7 3.7 3.63 × 10−14

15,318 1222 2.26 60.3 3.7 3.24 × 10−14

38,475 1288 2.26 63.7 3.7 4.17 × 10−14
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Figure 15. Critical defect size c0 at different strains evaluated from fatigue data using Equation (10).
The fatigue tests were implemented on axisymmetric dumbbell specimens of CB filled NBR at a
frequency of 4 Hz and a load ratio Rε of 0.5.

Moreover, the initial defect size of the axisymmetric dumbbell specimens was eval-
uated through the reconstruction of µ-CT (Figure 16a). From the reconstructed volume,
naturally present defects have been identified (Figure 16b) and their volumes have been
determined. In order to have a direct comparison with the critical defect size c0, the cavities
have been approximated as spheres and their radii have been calculated. The particle size
distribution is displayed in Figure 16c, in which the relative frequency for each value of
the particle radius is reported. As depicted, the dimensions of detected cavities were of
few µm, between 1 and 24 µm. It is important to stress that considering the temperature
influence on crack growth parameters strongly affects the calculation of the defects’ dimen-
sions; however, a very good agreement between CT data and the back-calculation from
CT measurements is obtained. Indeed, the defect size distribution indeed vanishes above
8–10 µm, which corresponds quite well with the value of c0 of 9 µm previously identified
(see inset of Figure 16c).
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Figure 16. (a) Volume reconstruction of an undamaged (i.e., not yet loaded and cycled) axisymmetric
dumbbell specimen obtained from µ-CT. (b) Cavity distribution in the reconstructed volume obtained
from µ-CT with a connectivity equal to 26. (c) Particle size distribution considered as the spherical
radius of the cavities.

In addition, further observations could be made by calculating the lifetime based
on the evaluated defects. In fact, Equation (10) was used to estimate the lifetime for the
two interrupted tests. More specifically, the average c0 (9 µm) was used as the initial
defect size, and the calculated fatigue life for the maximum strains of 5% and 20% were of
3.5 × 1012 and 2.9 × 108, respectively. The results are well above the number of cycles at
which the tests were stopped (7 × 106 and 2 × 106, respectively). The details concerning
the parameters used for the calculation are reported in Table 2.

Table 2. Overview of the values used to calculate the number of cycles to failure for interrupted tests
using Equation (10).

εmax (%) W (kJ/m3) k (λ) T (◦C) m C Nf,calc

5 16 2.88 26.2 3.7 2.24 × 10−15 3.5 × 1012

20 187 2.68 31.6 3.7 3.55 × 10−15 2.9 × 108

Similarly, fatigue lifetime predictions were calculated considering the mean values of
c0 and the minimum and maximum values of particle radius found by µ-CT (so 1.7 and
22.2 µm, respectively). Some approximations have been made in the calculations. In
particular, the linear relation between the strain energy density W and maximum strain
(reasonable in the strain range between 50 and 65%) was considered, which resulted in the
following equation:

W = −757, 142 + 31, 014·εmax. (11)

The values of k were calculated at the different strains, whereas the material coefficients
m and C were estimated through the aforementioned temperature shifting procedure.
A linear relation between temperature and maximum strain was considered:

T = 21.3 + 0.62·εmax. (12)
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Therefore, the fatigue lifetime predictions were calculated using Equation (10), and
these results were then compared with the experimental fatigue results described in the
previous section. These results illustrate the impact of initial defect size. As depicted in
Figure 17, when considering the minimum and maximum value of particle size, the fatigue
predictions show a broad spectrum spanning across three orders of magnitude. Of course,
the calculations using the average c0 give values similar to the experimental data and to
the power law fit (Equation (1)): these have been included to illustrate the typical scatter in
the data.
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3.6. Correlation of the Results Based on J-Integral

Finally, a non-linear J-integral hyperelastic model for the CRB has been developed. This
energetic approach has the advantage of being applied in order to describe materials that
show non-linear mechanical behavior, and it is useful for comparing different geometries.
In particular, the J-integral was evaluated as [73]:

J =
F2

π(rout − a)2 · f
(

a
rout

)
, (13)

where F is the force, rout the external radius of the CRB, a is the size of notch in the CRB,
and f (a/rout) is a geometric factor found by the FEM simulation as:

f
(

a
rout

)
= 11.190

(
a

rout

)4
− 3.766

(
a

rout

)3
− 1.072

(
a

rout

)2
+ 3.615

(
a

rout

)
+ 0.012. (14)

Equation (13) was used to compute Jmax and Jmin using Fmax and Fmin, respectively. The
difference between Jmax and Jmin was then used to compare the CRB results with those of
standard dumbbell samples. The J-integral of the axisymmetric dumbbell was evaluated
using Equation (7); in fact, J can be approximated as the energy release rate G [60]. The
values of J for dumbbell specimens were evaluated using the calculated c0 and the strain
energies reported in Table 1. The considered forces were those measured at the beginning
of the test. An overview of the data used for the evaluation of J is reported in Table 3.
The J-integral as a function of number of cycles to failure for both geometries is plotted
in Figure 18. A unique fitting curve was found for both geometries; this demonstrates
that independently of the specimen geometry, it is possible to evaluate the fatigue lifetime
based on J-integral. Although this J-integral formulation and its applicability still need to
be verified on different geometric parameters and materials, it seems to be a promising
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candidate for extending fracture mechanic tools for the fatigue assessment of elastomers
with reduced testing times.

Table 3. Overview of the values used to calculate the J-integrals for CRB using Equation (13).

Emax (%) Nf a (mm) rout (mm) Fmax (N) Fmin (N) J (J/m2)

20
3724 0.47 7.19 526 129 120
1899 0.69 7.26 556 157 200
1165 0.86 7.24 540 145 251

30
371 1.00 7.09 702 178 554
504 0.85 7.29 720 190 433
180 0.84 7.36 757 206 452

50
14 0.64 7.19 1002 213 638
144 0.62 7.08 973 229 594
34 0.71 7.19 841 200 498
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4. Conclusions

The fatigue behavior of a carbon black filled NBR was investigated in the presented
work. Fatigue measurements were performed on axisymmetric dumbbell specimens and
also on CRB specimens (i.e., axisymmetric dumbbells with a circumferential notch). The
number of cycles to failure was measured for both sets, and Wöhler curves were constructed.
Although the recorded points were considerably scattered, the results could be described
with a power law.

The results of the axisymmetric dumbbell specimens were investigated in more detail
through the analysis of temperature variations, hysteresis, secant, dynamic moduli, stored
and dissipated energies, and the normalized force peaks. In general, all the observed values
largely varied in the early stages of fatigue (approximately up to 2500–3000 cycles), but they
stabilized with a lower degree of variation up to the failure of the specimens, suggesting
a slow crack growth process. Even though these variations evidenced a continuous and
progressive accumulation of relaxation and damage, a clear distinction between initiation
and propagation was not observed.

Additional details could be obtained by further investigations considering a fracture
mechanics approach. The fracture surfaces featured initiation areas from which evident
fatigue striations originated from. Similar aspects of the fracture surfaces were found for
axisymmetric dumbbells with a circumferential notch. These results suggested similarities
in the damaging mechanism and that the notch can be represented as a larger defect. As
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expected, the introduction of a notch led to a reduction in fatigue life up to four orders
of magnitude.

Moreover, the fatigue life of dumbbells was correlated to the defect size by integrating
the crack growth characteristic and taking into account the effect of temperature, obtaining
values that were independent on the strain level. The evaluated defect size was then
compared with the defect sizes analyzed through X-ray microtomography, confirming
similar dimensions and a good accuracy of the calculations.

Finally, through the evaluation of the J-integral, it was possible to link the fatigue life
of unnotched and notched axisymmetric dumbbells, evidencing a geometry independency
of the J-integral formulation. This formulation for notched axisymmetric dumbbells may
represent a new tool for the investigation of accelerated fatigue in elastomers.

Supplementary Materials: The following supporting information can be downloaded at: https:
//www.mdpi.com/article/10.3390/ma15113745/s1, Figure S1: Comparison of Wöhler curves con-
sidering Ni and Nf.
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