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A perturbation result for semi-linear stochastic differential
equations in UMD Banach spaces

SONJA GISELA COX AND ERIKA HAUSENBLAS

Abstract. We consider the effect of perturbations of A on the solution to the following semi-linear parabolic
stochastic partial differential equation:

(SDE)

dU(t) = AU(@t)dt + F(¢t,U(t))dt + G, U(@t))dWg(¢), t>0;
U (0) = xp.

Here, A is the generator of an analytic Cp-semigroup on a UMD Banach space X, H is a Hilbert space, Wy
is an H-cylindrical Brownian motion, G : [0, T] x X — L(H, Xg;‘c ,and F : [0, T]x X — X?F for some

0 > -1 OF > —% + %, where t € [1, 2] denotes the type of the Banach space and Xg‘F denotes the
fractional domain space or extrapolation space corresponding to A. We assume F and G to satisfy certain
global Lipschitz and linear growth conditions.

Let Aq denote the perturbed operator and Uy the solution to (SDE) with A substituted by Ay. We provide
estimates for [|[U — UpllLr(@:c((0,T]: X)) in terms of Ds(A, Ag) := [R(A : A) — R(X: AO)”L(X({‘_I,X)'
Here, § € [0, 1] is assumed to satisfy 0 < § < min{% — % +0F, % — % + 6}

The work is inspired by the desire to prove convergence of space approximations of (SDE). In this article,
we prove convergence rates for the case that A is approximated by its Yosida approximation.

1. Introduction

In this article, we consider the effect of perturbations of A on the solution to the
following stochastic partial differential equation:

dU(t) = AU@)dt+ F@, U@))dt + G(t, U(t)) dWg(t), t > 0;

U (0) = xp. (SDE)

Here, A is the generator of an analytic Co-semigroup S on a UMD Banach space
X, H is a Hilbert space, Wy is an H-cylindrical Brownian motion, G : [0, T] x X —
L(H, X§‘6), and F: [0, T] x X — Xg‘p for some 6 > —%, OF > —% + %, where
T € [1, 2] denotes the type of the Banach space and X é‘F denotes the fractional domain
space D((—A)?F). We assume F and G to satisfy certain global Lipschitz and linear
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growth conditions, see Sect. 4.1 below. The framework in which we consider (SDE) is
precisely the one for which existence and uniqueness of a solution have been proven
in the work of VAN NEERVEN, VERAAR AND WEIS [19].

An important example of stochastic partial differential equations that fit into the
framework described above are second-order parabolic partial differential equations
with multiplicative infinite dimensional noise—in particular, if there is only one spatial
dimension, one may consider space-time white noise. For details and more examples,
we refer to [19, Section 10].

The main motivation to study the effect of perturbations of A on solutions to equa-
tion (SDE) is the desire to prove convergence of certain numerical schemes for approx-
imations in the space dimension. In [4], we demonstrate how the perturbation result
proven in this article can be used to obtain pathwise convergence of certain Galer-
kin and finite element methods for (SDE) in the case that X is Hilbertian. Here, we
focus on the theoretical aspects and demonstrate how our perturbation result can be
used to prove convergence of the solution processes if A is replaced by its Yosida
approximation.

With applications to numerical approximations in mind, we assume the perturbed
equation to be set in a (possibly finite dimensional) closed subspace Xy of X. We
assume that there exists a bounded projection Py : X — X such that Py(X) = Xp.
Let iy, be the canonical embedding of X in X, and let Ag be a generator of an analytic
Co-semigroup Sp on Xy. In the setting of numerical approximations, Ayg would be a
suitable restriction of A to the space Xj.

The perturbed equation we consider is the following stochastic partial differential
equation:

dU Q) = AgU O (1) dr + PoF(t, U (1)) dr
+ PoG(t, UV (1)) dWy (1), t>0; (SDE)
U9 0) = Pyxo.

Our main result, Theorem 4.3 below, states the following: suppose for some § > 0
satisfying

§ <min{3 — L +0p, 3466}
we have, for some Ao with Re(Ap) sufficiently large, that

Ds(A, Ag) = lIR(ho : A) = ixoR(ho + A0) Poll xa | x) < 00 ey

Then, provided xo € L?($2; Fo; X?) for p € (2, 00) such that % < % + 6 — 6,
there exists a solution to (SDEg) in L?(£2; C([0, T'1; Xo)), and moreover, there exists
a constant C > 0 such that

U = ixUQler@icqorixn < CDs(A, Ag)(1+ 0]l L. xs))-
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As a corollary of Theorem 4.3, we obtain an estimate in the Hélder norm provided
we compensate for the initial values (see Corollary 4.6). In short, there exists a constant
C > 0 such that

U — Sxo — iXO(U(O) - SOPO)’O)||L17(Q;cl([0,T];X))
= Clixo = yollLr2,x) + Ds(A, Ao)(1 + X0l Lp (. x2))

where 0 < A < min{% - % — 6 —-6p)t, % - % — (8 —6g)T); xT := max{x, 0} for
x eR.

Our results imply that if (A,),en is a family of generators of analytic Co-semi-
groups such that the resolvent of A, converges in £(X §‘_1, X) to the resolvent of
A for some § € [0, 1] (and (A,),en is uniformly analytic), then the corresponding
solution processes U,, converge to the actual solution U in L?(§2; C([0, T']; X)), and
the convergence rate is given by Ds(A, Ap).

In particular, we apply Theorem 4.3 to the Yosida approximation of A which is
given by A, = nAR(n : A). In this case, it is necessary to assume that 67 and 6 are
nonnegative. Let U™ denote the solution to (SDE) where A is substituted by A,,. By
applying Theorem 4.3, we obtain that for » > 0 and p € (2, co) such that

n<min{3 — L +6p, § -1 +6G)

we have assuming xg € LP (82, Fo; X,?) (see also Theorem 5.1) that there exists a
constant C > 0 such that

U = U™ eriicqo,rixy < Cn ™00 4 1x0ll 1o @:xp)-

To the best of our knowledge, our perturbation results are not yet available even for
SDE:s in a Hilbert space (i.e., the setting considered in the monograph of DA PRATO
AND ZABCZYK [7]). We chose to consider the slightly more complicated UMD space
setting because of recent work providing examples of SPDEs for which the UMD
space setting seems most suitable, see e.g., aforementioned [19], and the work of
SCHNAUBELT AND VERAAR [23].

However, it was proven by KUNZE AND VAN NEERVEN in [14] that if (A;),enis a
family of generators of analytic Cyp-semigroups such that the resolvent of A,, converges
to the resolvent of A in the strong operator topology, then the corresponding solution
processes U,, converge to the actual solution in L?(§2; C([0, T]; X)). The approach
taken in that article does not provide convergence rates and requires 0r, 6 > 0.

Another article in which approximations of solutions to (SDE) are considered in
the context of perturbations on A is the work of BRZEZNIAK [1]. In that article, it is
assumed that X is a UMD space with martingale type 2. In Sect. 5 of that article, the
author considers approximations of A, F, G, and of the noise. Translated to our setting,
the author assumes the perturbed operator Ay to satisfy X g‘f‘? =X g‘F and X g‘G" =X 5‘6
(in particular, Xy and X must be of the same dimension and if A is bounded, then A
must also be bounded).
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A natural question to ask is how the type of perturbation studied here relates to the
perturbations known in the literature. In [8,11], and [22] (see also the monograph by
ENGEL AND NAGEL [9, Chapter II1.3]), conditions are derived for perturbations of A
that lead to an estimate of the type ||S(t) — So(*)llc(x) = O(t) ast | 0. These results
are comparable to the results we obtain in that Proposition 4.4 below. In particular, [9,
Theorem II1.3.9] gives precisely the same results as Proposition 4.4, but then for the
case that, in the setting of Proposition 4.4, we have § = —1 and 6 = 0.

The proof of our perturbation result (Theorem 4.3) requires regularity results for sto-
chastic convolutions. As the convolution under consideration concerns the difference
between two semigroups instead of a single semigroup, the celebrated factorization
method of DA PRATO, KWAPIEN AND ZABCZYK [6] cannot be applied. Therefore,
we prove a new result on the regularity of stochastic convolutions, see Lemma 3.2
below. This lemma in combination with some randomized boundedness results on
S — So Py forms the key ingredient of the proof Theorem 4.3.

The setup of this article is as follows: Sect. 2 contains the preliminaries; that is, the
relevant results on analytic Cp-semigroups, vector-valued stochastic integration the-
ory, and y -boundedness. In Sect. 3, we present the novel regularity result for stochastic
convolutions. We begin Sect. 4 by providing the setting in which our perturbation result
is proven, including the precise assumptions on the coefficients in the SDE. We then
continue to state and prove our main result, Theorem 4.3. Finally, in Sect. 5, we dem-
onstrate how our main result can be applied by proving convergence for the Yosida
approximations.

Notation

Throughout this article N := {1, 2, ...}. We write A < B to express that there exists
a constant C > 0 such that A < CB, and we write A < Bif A < Band B < A.
For X and Y Banach spaces, we write X ~ Y if X and Y are isomorphic as Banach
spaces.

For x,y € R, we set x V y := max{x, y},x Ay := min{x, y}, xT := x v 0, and,
forx >0, [x] :=inf{n e NU{0} : n > x}.

Let Y be aBanach space. For T > Oand 8 € (0, 1), we take the following definition
for the Holder norm of Y-valued functions:

||f||cﬁ([o,T];y) =IOy + SUP)<g</<T W
For the definition of the space Ve’ ([a, b] x £2; Y), we refer to Definition 2.6.

For X, Y Banach spaces, we let L(X, Y) be the Banach space of all bounded linear
operators from X to Y endowed with the operator norm. For brevity, we set £(X) :=
L(X, X).For A: D(A) C X — X alinear operator on X, we denote the resolvent
set of A by 0(A), i.e., 0(A) C C is the set of all the complex numbers A € C for
which L/ — A is boundedly invertible on (the complexification of) X. For A € o(A),
we denote the resolvent of A in A by R(A : A),ie., R(A: A) = (A — A)~L. The
spectrum of A, i.e., the complement of o(A) in C, is denoted by o (A). Finally, X g‘
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denotes the fractional domain space of the operator A for 6§ > 0, and the fractional
extrapolation space for 8 < 0. See also Sect. 2.1.

2. Preliminaries

Throughout this section, X denotes a Banach spaces and H denotes a Hilbert space.

2.1. Analytic semigroups
For § € [0, ], we define
Y5 :={z € C\ {0} : |arg(z)| < 8}.

DEFINITION 2.1. Let X be a Banach space, let$ € (0, 7], andlet (S(#))re[0,00) C
L(X) be a Cp-semigroup on X. We say that S is analytic on Xg if t — S(t) extends
to X5 analytically and for all x € X one has

Iim S(z)x = x.
z€Xs,2—0

We say that S is an analytic Co-semigroup if there exists a § € (0, ] such that S is
analytic on Xs.

It is not difficult to check that if the Co-semigroup S is analytic on a sector X5, then
it satisfies the semigroup property on that sector. The theorem below is obtained from
[20, Theorem 2.5.2] by straightforward adaptations and gives some characterizations
of analytic Co-semigroups that we need.

THEOREM 2.2. Let A be the generator of a Co-semigroup (S(t));>0 on X. Let
® € Rbe suchthat (e~®' S(t));>0 is bounded. The following statements are equivalent:

(i) S is an analytic Co-semigroup on Zs for some § € (0, 1.
(ii) There exists a 0 € (0, 5] such that @ + E%Jr@ C o0(A), and there exists a
constant Ky > 0 such that

A —wl|RG: Al < Ko, forall L € o+ T 4.

(iii) S is differentiable for t > 0 (in the uniform operator topology), S' = AS, and
there exists a constant C such that

tHAS@) |l zx) < Ce™, forallt > 0.

Moreover, we have Ssup = Osup, Where Ssyp is the supremum over all § such that (i)
holds and sy the supremum over all 6 such that (ii) holds.

The theorem above justifies the following definition:
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DEFINITION 2.3. Let A be the generator of an analytic Co-semigroup on X. We
say that A is of type (o, 0, K), wherew € R, 0 € (0, T]and K > 0,if o + Xz 45 C
0(A), (€”'S(t));>0 is bounded, and

A —ol|R(A: A)llzx)y <K forallA € w+ E%+9.

REMARK 2.4. Let A be of type (w, 6, K) forsome w € R, 6 € (0, %] and K > 0.
It follows from the aforementioned proof in [20] that one may take C = Flgse
part (iii) of Theorem 2.2, and that for every 8’ € [0, 6), there exists a constant Cy/

depending only on 6 and K such that

in

le”*S@)lcx) < Cyr, forall z € Tgr.
If A is the generator of an analytic Co-semigroup of type (w, 6, K) and
-1
A€ 2|w|(cosB)” " + E%+9,
then |A| > 2|w| and hence, |A — w| > ||A] — |w]|| > %|X|, whence
ARG : A)llecxy = IAR(A 2 A) = Tlgexy = 1+ 2K. 2

Let A be a generator of an analytic Co-semigroup of type (w, 6, K) on X. We define
the extrapolation spaces of A as in [20, Section 2.6]; that is, for § > 0 and A € C such
that fte(L) > w we define X4 5 to be the completion of X under the norm

lxliga, = I = A)xllx.

We also define the fractional domain spaces of A, i.e., for § > 0 we define X (’;‘ =
D((LI — A)%) and

Ixllxs = 101 = A)°xlx.

One may check that regardless of the choice of A the extrapolation spaces and the
fractional domain spaces are uniquely determined up to isomorphisms: for § > 0 and
A, v € C such that fte(r), Re(u) > w one has (AT — A)®(ul — A)~% € £L(X) and

I — AP (wl — A)Pllzix) < Clw,0, K, A, ),

where C(w, 6, K, A, n) denotes a constant depending only on w, 6, K, A, and wu.
Moreover, for §, B € R one has (LI — AP — AP = (AT — AP on X;‘, where
y = max{B, § + B} (see [20, Theorem 2.6.8]).

Statement (iii) in Theorem 2.2 can be extended; from the proof of [20, Theorem
2.6.13], we obtain that for an analytic Cy-semigroup S of type (w, 6, K) generated by
A one has, for § > 0 and o’ > w, that

81,
1T = AP SW) £y xpy = 2(5) TP 3)

7 cos

for all + > 0. Finally, [20, Theorem 2.6.10] states the following interpolation result
forx € D(A)and § € (0, 1):

I — A x|l 2oxy < 201 + K) [Ix [l P I — A)x]l% . 4)



Vol. 13 (2013) Perturbations of SDEs in UMD Banach spaces 801

2.2. Stochastic integration in Banach spaces

Let (£2, (F1)i>0, P) denote a probability space endowed with a filtration (F;);>0.
We recall the basics concerning stochastic integration in UMD Banach spaces as pre-
sented in the work of VAN NEERVEN, VERAAR AND WEIS [18].

Recall that the UMD property is a geometric Banach space property that is sat-
isfied by all Hilbert spaces and by the ‘classical’ reflexive function spaces, e.g., the
LP-spaces and Sobolev spaces W57 for k € N and p € (1, 00). For the precise def-
inition of the UMD property and for a more elaborate treatment of spaces satisfying
this property, we refer to [2]. For this article, it is relevant that the UMD property is
maintained under Banach space isomorphisms.

Fix T > 0. An H-cylindrical Brownian motion over (82, (F;)1>0, P) is a linear
mapping Wy : L>(0, T; H) — L?(£2) with the following properties:

(i) forallh € L2(0, T; H) the random variable Wy (h) is Gaussian;
(i) forall by, hy € L?(0, T; H) we have EWy (h)) W (ha) = (h1, ha);
(iii) forall # € H and all t € [0, T'] we have that Wy (1{0,;) ® h) is F;-measurable;
(iv) forall h € H and all s,z € [0,T],s < t we have that Wy (1|5 ® h) is
independent of Fj.

Formally, an H -cylindrical Brownian motion can be thought of as a standard Brownian
motion in the Hilbert space H.

Let0 <ty <th <T,B e Fy,x € X,and h € H. By x ® h, we denote
the element of L(H, X) defined by (x ® h)g = (h, g)x,g € H. For a process
@ :[0,T] x 2 — L(H, X) of the form

Q(t, w) := 1p(@) L1 (1)(x @ h) &)

we define the stochastic integral of @ against Wy by

T
/ @AWy == 1pWy [ 1) @ h)x.
0

By linearity, we can extend the definition of a stochastic integral to any process con-
structed by a finite sum of elements of the type (5). We refer to such a process as an
adapted elementary process.

Let H be a Hilbert space (we take H = L2(0, T; H) below). The Banach space
y (H, X) is defined as the completion of H ® X with respect to the norm

N
| Shen
n=1

2
.

2 N
= IEH X
OH.X) ;Vn n

Here, we assume that (h,,)flV: | is an orthonormal sequence in H, (x;) ,1:]:1 is a sequence

in X, and (y, fl\’: | is a standard Gaussian sequence on some probability space. The

space y (H, X) embeds continuously into £(H, X), and its elements are referred to
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as the y-radonifying operators from H to X. For properties of this norm and further
details, we refer to the survey paper by VAN NEERVEN [16].

Let —0co <a < b < oo, then y(a, b; H, X) and y (a, b; X) are used as short-hand
notation for y (L2(a, b; H), X) and y (L*(a, b), X), respectively. More generally, for
(R, R, ) a o-finite measure space the notation y (R; H, X) and y (R; X) is used for
y(L*(R; H), X) and y (L*(R), X).If X is a Hilbert space, and (R, R, i) is a o -finite
measure space, then y(R; H, X) ~ L%(R; L2(H, X)) where L£2(H, X) denotes the
space of Hilbert—Schmidt operators from H to X.

A process @ : [0,00) x £2 — L(H, X) is called H-strongly measurable if for
every h € H the process @h is strongly measurable. The process is called adapted if
@ h is adapted for each & € H. Concerning stochastic integrability of such processes,
we cite [18, Theorem 3.6]:

THEOREM 2.5. (L?-stochastic integrability) Let p € (1, 00) and T > 0 be fixed.
For an H-strongly measurable adapted process @ : (0, T) x 2 — L(H, X) such
that ®*x* € LP(2; L*(0, T; H)) for all x* € X* the following are equivalent:

(1) There exists a sequence of elementary adapted processes (®;)nenN such that
x*(Dp,h) — x*(®@h) in measure on (0, T) x 2 as n — 00, and there exists a
random variable n € LP (2, X) such that

T
n= lim &,dWy in LP(£2, X);

n—oo 0
(ii) there exists a (necessarily unique) Ry € LP($2; y(0,T; H, X)) such that for
all x* € X* we have Rjyx* = &*x* in LV (; L0, T; H)).

In the situation that the equivalent statements above hold we say that @ is L?-sto-
chastically integrable and we set fOT &AWy (t) :=n.

If®:(0,T) x 2 — L(H, X) is LP-stochastically integrable then the following
estimate holds:

t

P

E sup H/ chWHH ~px ENRo1 0 7.1 )
o<t<T " Jo X

the implied constants depending only on the Banach space X and on p.

From now on, if @ is L?-stochastically integrable for some p € (1, 0o), we simply
use @ to denote both a process and the (unique) Rp € LP(£2;y(0,T; H, X)) that
satisfies Rjyx* = ®*x* in LP(Q; L>(0, T; H)) for all x* € X*.

In [19], existence and uniqueness of a solution to a semi-linear stochastic partial
differential equation are given in a space of continuous, ‘weighted’ L”-stochastically
integrable processes. The precise definition of this space, which is also used in this
article, is provided below.
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DEFINITION 2.6. Fora < [0, %), 1 <p<ooand0 <a < b < oo, wedenote by
Vca’p([a, b] x £2; X) the space of adapted, continuous processes @ : [a, b] X 2 — X
for which the following norm is finite:

1@ yer qa.pixse:x) =P lLr(2;cabrx)+ sup s (1 — )P | Lr(2:y (@, X))-
a<t<b

One easily checks that for 0 < 8 <« < % and @ € V&P ([a, b] x £2; X) one has
”q)”Vf'p([a,b]x.Q;X) =b- “)a_ﬂ||q)||vc°"”(la,b1x9;X)- (N

Note also that we have VP ([0, T1 x £2; X) € LP(£2; C([0, T]; X)). On the other
hand, the lemma below provides an embedding in the opposite direction. This embed-
ding depends on the type T € [1, 2] of the Banach space X. We refer to [15] for
a precise definition of type (and co-type) and further details. In what follows, it is
relevant that every Banach space has type t for some 7 € [1, 2], and that if a Banach
space has type 179 € [1, 2], then it has type t for all T € [0, to]. Moreover, we use that
the type of a Banach space is preserved under Banach space isomorphisms.
For a proof of the following lemma, see [19, Lemma 3.3].

LEMMA 2.7. Let X be a Banach space with type t. Then for all T > 0,& > 0
and o € [0, %) one has

LP(Q: C+ 2 ([0, T]; X)) = VEP([0, T] x € X). ®)
2.3. y-Boundedness

For vector-valued stochastic integrals, the concept of y-boundedness plays the role
that uniform boundedness does for ordinary integrals: the Kalton—Weis multiplier the-
orem (Proposition 2.10 below) allows one to estimate terms out of a stochastic integral,
provided they are y-bounded.

Throughout this section, let X and Y denote Banach spaces. A family Z C L(X,Y)
is called y -bounded if there exists a constant C such thatforall N > 1,allxq, ..., xy €
X,and all By, ..., By € % we have

N N
2
EH Z; YnBnxn v =< CZ]EH Z; YnXn
n= n=

The least admissible constant C is called the y-bound of %, notation: yx,y](%).
Note that any y-bounded set of operators is automatically uniformly bounded, and the
reverse holds if X is a Hilbert space.

The following lemma is a direct consequence of the Kahane contraction principle:

2
¥

LEMMA 28. If Z C L(X,Y) is y-bounded and M > 0 then M% .= {aB : a €
[—M, M], B € B} is y-bounded with y;x y1(M%B) < Myx,y1(%).
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The following proposition, which is a variation of a result of WEIS [24, Proposition
2.5], gives a sufficient condition for y-boundedness.

PROPOSITION 2.9. Let f : [0,T] — L(X,Y) be a function such that for all
x € X the function t — f(t)x is continuously differentiable on (0, T). Suppose
g € LY(0, T) is such that for all t € (0, T)

I f ®Oxlly < g®lxllx, forallx € X.
Then the set Z .= {f(t) : t € (0, T)} is y-bounded in £ (X, Y) and

yix 1) = I1f O)llicx,yy + 18lL1o,7)-

The following y-multiplier result, due to KALTON AND WEIS [12] (see also [16]),
establishes a relation between stochastic integrability and y -boundedness.

PROPOSITION 2.10. (y-Multiplier theorem) Suppose X does not contain a
closed subspace isomorphic to co. Suppose M : (0,T) — L(X,Y) is an X-
strongly measurable function with y-bounded range M = {M(t) : t € (0,T)}.
If® €y, T;H, X)then M® € y(0,T; H,Y) and

M@y 0,1:8Y) < Vx.,y1(M) 1@y 0,7:H.%)-

In all applications in this paper, X is a UMD space and therefore does not contain
a copy of cp. We refer to [16] for details.

Finally, we recall the following y -boundedness estimate for analytic Cp-semigroups
(seee.g., [19, Lemma 4.1]).

LEMMA 2.11. Let X be a Banach space and let A be the generator of an analytic
Co-semigroup S of type (w,0, K) on X. Then forall0 < B < a and T > O there
exists a constant C depending on S only in terms of w, 0, and K, such that for all
t € (0, T] the set Sor = {s*S(s) : s € [0,1]} is y-bounded in L(X, Xg) and we
have

y[X,Xg](ya,t) <Ct* P, 1e(,T).

Note that the constant C in the lemma above may depend on T'.

3. Estimates for (stochastic) convolutions

In this section, we provide the estimates for (stochastic) convolutions needed to
derive the perturbation result given in Theorem 4.3. In order to avoid confusion fur-
ther on, we use Y7 and Y> to denote UMD Banach spaces in this section. Moreover, we
adopt the notation introduced in Sect. 2.2; that is, H denotes a Hilbert space, and Wy
denotes a H-cylindrical Brownian motion over a probability space (§2, (F;):>0, P).

The following lemma is proven in [5]. It is an adaptation of [19, Proposition 4.5].



Vol. 13 (2013) Perturbations of SDEs in UMD Banach spaces 805

LEMMA 3.1. Let (R, R, t) be a finite measure space and (S, S, v) a o-finite
measure space. Let @1 : [0,T] x 2 — L(H, Y1), let &, € LY(R; L(Y1, Y2)),
and let f € L°(R x [0, T1; L?(S)). If @1 is LP-stochastically integrable for some
p € (1, 00), then

T
S'—>/O /Rf(r, u)(s)®2(r)®1(u) dpu(r) AWy (u)

LP($2:y(S:12))

S ooesssup | f (Wl 192l L. 2o o 191 Lr 20y 0.7:8.11))»
(r,u)eRx[0,T]

with implied constant depending only on p, Y1, and Y», provided the right-hand side
is finite.
To our knowledge, most regularity results for stochastic convolutions are based on

the factorization method introduced in [6]. The result below is based on the regularity
of the convolving functions.

LEMMA 3.2. Let T > 0, p € (1,00) and n € (0, 1). Suppose the process @ €
LP(82;y(0,T; H, Y1)) is adapted to (F;);>0 and satisfies

sup s > (t —$)7"@ ()| Lr(2:y0.1:H.vp)) < OO. )
0<t<T

Let W : [0, T] — LYy, Y>) be such that Wx is continuously differentiable on
(0, T) for all x € Y. Suppose moreover that there exists a function g € L'(0, T) and
a constant 0 < 6 < n such that for all v € (0, T) we have

VI )xlly, + 007 W ()xlly, < g)lixlly,, forallx e Yy.  (10)

Then the stochastic convolution process t +—> fot YU (t—s5)D(s) dWy (s) is well-defined
and

le—)/otllf(t—syp(s)dWH(s)‘

C=9([0,T1; LP (£2:Y2))

<2Cylgliory sup lis = (¢ =) "D Lr(2:y 00511
0<t<T

where C p 1S the constant in the upper estimate of equation (6) for the pi moment, for
the space Y.

REMARK 3.3. By astraightforward adaptation of the proof of Lemma 3.2 provided
below, one may check that if one takes & = 0 in the setting of Lemma 3.2, it holds that

Htl—)/otlll(t—s)é(s)dWH(s)‘

Cn([0,T];LP(82;Y2))
< Cylglrio.r ¥ OlLy.vy) sup lis> E—)""® ()| Lr@:y©.0H.11))-
0

<t<T

Moreover, in the setting of Lemma 3.2, one may also take g € L‘f/(O, T) and @
such that
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T
/0 [s = ¢ =7 | Loy 0,011y < 0.

where g € [1, oo]; é + % = 1. In that case, one obtains an estimate with respect to

these norms. For details, see [3, Lemma A.9].

Before proving the Lemma 3.2, we note that the corollary below follows directly
from Kolmogorov’s continuity criterion (see e.g., [21, Theorem 1.2.1]).

COROLLARY 34. Let the setting be as in Lemma 3.2 and assume in addition
that there exists a > O suchthat B <n—6 — %. Then there exists a modification of

the stochastic convolution process t +—> f(; Ut —s)P(s)dWg(s), which we denote
by ¥ ¢ @, and a constant C depending only on n, f and p and C_’p, such that

¥ o @llLr2;ch0,11:12))

< Cliglizio.r) sup ls = (t =) "Dl Lr(2:yO.0:H.11))-
0<t<T

Proof of Lemma 3.2. By Proposition 2.9 and assumption (10), it follows that
(sPW(s): s €0, T]

is y-bounded. Thus, by the Kalton—Weis multiplier Theorem (see Proposition 2.10)
and the fact that

sup [Is > (t — ) D) Lr @iy 0.0 H. 1)
0<t<T

<77 sup |ls > (t — $) @) Lr(2:y0,6:H,v1)) < 00,
0<t<T

it follows that s = W (t —s)@(s)1j0,11(s) € LP($2; y(0,¢; H, Y»)) forallt € [0, T].
By Theorem 2.5, this process is L?-stochastically integrable on (0, 7).
Fix s, t € [0, T]. By the triangle inequality, we have

t S
H/O W(z—u)cp(u)dWH(u)—/o !l/(s—u)CD(u)dWH(u)‘

LP(2:¥2)
< H/ 90— 1) = @ (s — 0] () AWy ()|
0 LP(£2;Y2)
t
+H/S !I/(t—u)<D(u)dWH(u)‘LP(Q;Y2)
N t—u
_ H/O /_ 11/(v)dﬁ(u)dvdWH(u)‘Lp(Q;Yz)
t t—u
+H/ (r—u)—(’/ /¥ ()] @ (u) dv dWg (1) . (11)
s 0 LP(82;Y2)

‘We now wish to apply the stochastic Fubini theorem (see [3, Lemma 2.9], [17]). Define
T 110,51 x [0, 1] x 2 — L(H,Y) by T, v,0) = ljy—uru)0)¥ @)D, ).
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As W' is strongly continuous and @ is H-strongly measurable, we have that Y is
H -strongly measurable. Moreover, as @ is adapted, it follows that Y, := Y (-, v) is
adapted for almost all v € [0, ¢]. Finally, by assumptions (9) and (10) we have, for all
v € [0, ¢] almost surely:

1T C 0y 5112 S VT8I > (s =)D @)y 0.5:1.1)5

where we use that v > s —u on supp(Y). It follows that T € L0, t; y(0,s; H, Y?)).
The stochastic Fubini theorem in combination with estimate (10) now gives the
following:

H /05 /Siuu ' (0)®(u) dv dWH(u)’

LP(82:Y2)

t (t—v)As
- H / / W' ()P (i) AWy (1) dv HL
0 J(s

'—U)+

= [vrsw] [T owawaw]
0 (

s—v)t

P($2:Y2)

Lp(82:Y1)

t
= —6
= Cp/o v g()|u — 1[(x7v)+,(t7v)As](”)q)(”)HLn(g;y(o,t;H,Yl)) dv

t
<, / v g — 5) A v
0

X Jlu = (& = v) As) = u]_n¢(u)HLl’(.Q;y(O,((t—v)/\s);H,Yl)) dv

t
<C (t—s)"_g/ gwydv sup ur—> ¢t —w)"eW|,, .. e
14 0 +el0,T] ” ”Ll (2:y(0,t,H;Y1))

(12)

In the penultimate estimate above, we use that for all u € [(s — v) ™, ((f — v) A 5) one
has ((t —v) As) —u < ((t — s) A v). In the final estimate, we use that
sup sup ||u = [((t —v) AS)
s€[0,T] vel0,7]

< sup |u— (t— u)*”(D(u)“L,,
1€[0,T]

—ul "W Ly 0. — sy 1)
(£2:7(0,1):H,Yy)) *

For the final term in (11), one may also check that the conditions of the stochastic
Fubini hold and thus

|

t I—u
/ (t — u)—9/ WOW ()] P (i) dv dWH(u)HL
K 0

P(82:Y2)

dv
LP($2;Y1)

< [Cew| [ - ewawaw]

t—s
<G [ 5@l a6 =000 | g iy &

i » -
= Cpt =9)"llglLio.1) Swp | @ =" QW Ly iy 0.0:1.10))-
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By inserting the two estimates above in equation (11), we obtain that

t S
H/O lll(t—u)cb(u)dWH(u)—/O lI/(s—u)qﬁ(u)dWH(u)’

LP(§2:Y2)

<2Cp(t = )" llglpro.m) o |t =" QWD Loy 012 11.11))
tel0,

which completes the proof as 0 < s < ¢t < T where chosen arbitrarily. g

Based on the lemma and the corollary above, we obtain the following result for
stochastic convolutions in the V¢"* -norm:

PROPOSITION 3.5. Let the setting be as in Lemma 3.2 and assume in addition
that% <n—0.Leta € [0, %). Then ¥ o ® € Vca’p([O, T]x §2; Y>). Moreover, there
exists a constant C such that for all Ty € [0, T] we have

¥ @llyer o, 71x2:v)

<Cliglcior)y sup s> ( —8) D) Lr(2:y0,1:H,11))-
0<t<Ty

Proof. For the norm estimate in L”(£2; C([0, Tp]; Y2)), we apply Corollary 3.4 with
B > Osuchthat B+60 < n— %. For the estimate in the weighted y-norm fix ¢ € [0, Tp].

We apply Lemma 3.1 with @1 (u) = (t —u) "®(u) 10,1 (), P2(r) = r'w ), R =
[0, ¢] and

Frou)s) =t — )" —u) "t — )" [0.5—u) (1) 1[0.5) ) 10,1 (5)-

From Lemma 3.1, it follows that

5
Hs > (f — s)—“/ w(s — u)fb(u)dWH(u)‘
0 LP(£2;y(0,t;Y2))

S _
ST el Loy s > (8 = )T D) Lr iy 0.0 .11 -

1
. . 1 h—a—0
Taking the supremum over ¢ € [0, Ty] and using that n —0 > 0 (whence TOZJH7 * <
T %Jr”’”"e), we arrive at the desired result. O

D.

Let us denote the deterministic convolution of two mappings ¥ and @ by ¥ x
Then, we have the following:

PROPOSITION 3.6. Suppose @ € LP(82; L°°(0, T; Y1)) for some p € [1, 00).
Let W : [0, T] — LYy, Y2) be such that W x is continuously differentiable on (0, T')
for all x € Yy. Suppose moreover there exists a function g € L' (0, T) and a constant
0 € (0, 1) such that for all v € (0, T) we have

o I )xlly, + 00" W )xlly, < g@)lxlly,, forall x € Yi.
Then there exists a constant C such that for all Ty € [0, T] we have, almost surely

1V % Pllci-60,151:vy) =< CI8IL1 0. 7)1 P L0, Tp: 71)-
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The following corollary is obtained from Lemma 2.7 and the Proposition above by

taking ¢ = % - % — 6 in Lemma 2.7.

COROLLARY 3.7. Let the setting be as in Proposition 3.6. Assume in addition
that Y has type T, and let 0 <0 < 5 — = Thenfora € [0, 2) and p € [1, 00) there
exists a constant C such that for Ty e [0, T] one has

|¥ qj”v“”([() Tolx$2:Y2) = C”g”L'(O TO)”q)”LP(.Q L>®(0,Ty:Y1))-

Proof of Proposition 3.6. Observe that we have, for 0 < s < t < Ty, almost surely,

H /t Wt — u)Du, ) du — / W (s — u)® (u, w) du H
0 0 r

< ” /S /lu ' (1)@ (u, w)dvdu
0 Js—u Y.

2
t r—u
+H/ (t—u)—"/ [0 )] P, ) dvdu|
K 0

H / /H W' ()P (u, w) dv du
0 Js—u Y

2
S t—u
< / / v g @ (@)]ly, dv du
0 S—u

N t—u
=< ||‘p(0))||L°°(0,t;Y|)/ / (s —w)’g(v)dvdu

13)

(t—v)As P
= [|® (W)L, Yl)/ / s—uw) Pdugv)dv a.s.
(s—

v)t+

As 6 € (0, 1) wehave a'=? — b'=? < (a — b)!=? fora > b > 0 and thus also

(t—v)As
/ s—w) ldu=0-0""wrs)" ™ —((s+v—01"']
(

s—v)t

<A-OMwArs)—G+v—0"? <[t -5 Av]'?.

Combining the two equations above we obtain, almost surely:

t
<@t —9)"NP@lLe0.r1) / g(v)dv,
2 0

S —u
H/ / W' (0)® (u, ) dv du
0 Js—u Y;

Furthermore, almost surely we have

H /t(t —u)7? /Ot_u[vellf(v)]’(b(u, ) dv du HY
N 2

t
<d-0) ¢ —s)‘*"/o 2 (0) dvl| (@) | L 0.7:7,)-

Inserting these two estimates in (13) completes the proof. 0
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4. A perturbation result

In this section, we state and prove the perturbation theorem announced in the intro-
duction, Theorem 4.3 below. In the next subsection, we state the setting and the main
result.

4.1. Setting and main result

Let X be a Banach space. Let H be a Hilbert space and let Wy be an H-cylindri-
cal Brownian motion on a probability space (£2, (F;):>0. P). Consider the following
stochastic differential equation set in X:

dU()=AU@)dt + F(t,U(@t))dt + G(¢t, U(t))dWg(t); t €0, T],
(SDE)
U (0) =xo,

where T > 0, xo € LO(.Q, Fo; X),and X, A, F and G are assumed to satisfy condi-

tions (X), (A), (F), and (G) below.

(X) X is a UMD Banach space.
(A) A generates an analytic Co-semigroup S on X.
(F) For some 6 > —1 + (% — %), where T € [1, 2] is the type of X, the function
F:[0,T]xX = X 5‘F is measurable in the sense that for all x € X the mapping
F(,x):[0,T] —> Xé‘F is strongly measurable.

Moreover, F is uniformly Lipschitz continuous and uniformly of linear growth on
X. That is to say, there exist constants Co and C such that for all ¢+ € [0, T'] and all

x,y € X we have
|F(, x) — F(, y)IIXéxF < Collx — yllx,
IIF(t,X)IIXéxF < Ci(1 + |Ixllx).

(G) For some 6 > —%, the function G : [0, T] x X — L(H, Xé“6) is measurable
in the sense that for all 2 € H and all x € X the mapping G(-, x)h : [0, T] — Xé‘c
is strongly measurable.

Moreover, G is uniformly L?,—Lipschitz continuous and uniformly of linear growth

on X. That is to say, there exist constants C and Cy such that for all ¢ € [0, %), all
t € [0, T'], and all simple functions ¢1, ¢2, ¢ : [0, T] — X one has

s — (t —s)"%[G(s, ¢1(s)) — G(s, ¢2(S))]||V(O,I;H,X§‘G)
< Colls = (t =) *[P1 — P21l 120,1: ) Ny (0,1: %)}

s = (¢t —s)"“G(s, ¢(S))||y(o,;;H,X§G)
<Ci(l+|s+ (- S)7°‘¢(S)||L2(o,z;X)m/(o,t;X))'

If V> is a type 2 space and G : [0, T] x Y — y(H, Y») is Lipschitz continuous,
uniformly in [0, 7], then G is LJ%-LipSChitZ continuous (see [19, Lemma 5.2]). More
examples of Lf,—LipschitZ continuous operators can be found in [19].
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The following existence and uniqueness result for solutions to equation (SDE) are
presented in [19, Theorem 6.2].

THEOREM 4.1. (Van Neerven, Veraar and Weis, 2008) Consider the stochastic
differential equation (SDE) in a Banach space X, under the assumptions (X), (A),
(F), and (G). Let xo € LP (82, Fy; X,/?)for p € (2,00) and n > 0 satisfying

n<min{3 — 1 +6F, 3 — 5 +6G).
Then for any T > 0 and any a € [0, %) there exists a unique U € V&P ([0, T x
£2; X,;‘) such that s — S(t — s)G (s, U(s))10,1)(s) is LP-stochastically integrable
forallt € [0, T], and U satisfies

' !

U(t) = S(t)xg +/ St —s5)F(s,U(s))ds +/ St —5G(s,U(s))dWg(s) (14)
0 0

almost surely for all t € [0, T]. Moreover

”U”Vca‘p([()’T]x_Q;X#) S+ ”xO”LP(_Q;XnA)- (15)

REMARK 4.2. In [19], the authors assume 6 < 0 and 6 < 0 (and refer to these
constants as —0r and —6p). However, one may check that the theorem remains valid
for6r, 6 > 0, which leads to extra space regularity of the solution (i.e., greater values
for n in (15)). Moreover, in [19], the authors assume o > % — 6¢. This assumption
can be omitted (see [3, Appendix A.3]).

Keeping in mind possible applications in approximations of solutions to stochas-
tic partial differential equations, we now introduce a space X, and an operator Ag
satisfying the following conditions:

(Xp) Xo is a (possibly finite dimensional) closed subspace of X, and there exists a
bounded projection Py : X — Xy such that Py(X) = Xo.

(Ap) Ao is the generator of an analytic Cy-semigroup Sp on Xo,andw > 0,6 € (0, %]
and K > 0 are such that A and A are both of type (w, 6, K).

Let ix, represent the canonical embedding of X into X (we omit iy, when its use
is clear from the context). For t > 0, define S‘o(t) € L(X) by S‘o(t) = ix,50() Po,
this defines a degenerate Co-semigroup, i.e., Sy satisfies the semigroup property but
S‘o(O) = ix, Po (which is clearly not the identity unless Xo = X).

In order to avoid technical difficulties later on, we from now on define the spaces
Xg, B € R, in terms of ((w + 1)1 — A)#. Once this is fixed, it makes sense to define
Lip(F) and M (F) to be the least constants Cy and C for which the Lipschitz and linear
growth conditions of (F) hold. Similarly, we define Lip, (G) and M (G) to be the least
constants Cq and C for which the Lipschitz and linear growth conditions of (G) hold.

THEOREM 4.3. Consider the stochastic differential equation (SDE) in a Banach
space X, under the assumptions (X), (A), (F), and (G). Let Xo and Ag satisfy (Xo)
and (Ap). Suppose there exist § € [0, 1] and p € (2, 00) satisfying
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0<8<min{3 —1+6p 1-

5 +66) (16)

such that for some Ly € C such that Re(ry) > w we have

Ds(A, Ag) = l[R(ho : A) — ixoR(ho : A0) Poll x| x) < 00 A7)

Suppose xg € LP (82, Fo; Xg‘) and yy € LP (82, Fo; X).

Then for any « € [0, %) there exists a unique process UO ¢ v&P ([0, T x £2; Xo)
such that s — 110,1(s)So(t — s) PoG (s, v (s)) is LP-stochastically integrable for
allt € [0, T], and for all t € [0, T] we have

T
UO@) = So(t —s)Poyo+/ So(t — $)PoF (s, UQ(s)) ds
0

t
+/ So(t — s)PoG(s, UQ (s)) dWg (s), a.s. (18)
0
Moreover,

. 0
U — ’XoU( )”Vca”’([O,T]xQ;X)
S llxo — yollzr(2:x) + Ds(A, Ap)(1 + %0l Lr (2 x2))- (19)
The implied constant depends on X only in terms of || Poll c(x,x,), on A and Ag only

intermsof 1V Ds(A, Ao), o, 0 and K, and on F and G only in terms of their Lipschitz
and linear growth constants Lip(F), Lip, (G), M(F) and M, (G).

4.2. Proof of main result

To prove Theorem 4.3, we need a proposition concerning the y-boundedness of
S — So. The proof of this proposition is postponed to the end of this Section.

PROPOSITION 4.4. Let A, Aq be as introduced above, i.e., A generates an ana-
Iytic Co-semigroup on X and Ao generates an analytic Cy-semigroup on X, and
w>0,0 €, %] and K > 0 are such that A and A are of type (w, 0, K). Suppose
there exists a Ay € C, Re(hy) > o, and § € R such that Dg(A, Ag) < oo, where
Ds(A, Ag) is as defined in (17). Set

o = (w+ 1)(cosH) ™.

Then for all B € R such that B € [ — 1, 8] one has

sup 17 Pe™|S(1) = So(t)l xa xy S Ds(A. Ap), (20)
1€[0,00) A
and
sup 27PN |S (1) = S{(0)ll pxa xS Ds(A. Ao), 1)
1€(0,00) B

with implied constants depending only on || Poll c(x,x,), @, 6, K, and § — B.
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Moreover, for all o > § — B we have, fort € [0, T],
Vot (J57156) = S0l 0 =5 = 1}) =78 Ds(a, Ao,
with implied constant depending only on || Pyl £(x,x0), @, 0, K, 8 — B, o, and T.
Proof of Theorem 4.3. We split the proof into several parts.
Part 1.

In order to prove existence and uniqueness of U O ¢ v&P([0,T] x £2: Xo) sat-
isfying (18) it suffices, by Theorem 4.1, to prove that there exist ng > —% + % and
nG > —% + % such that PoF : [0, T] x X — Xé%F is Lipschitz continuous and
of linear growth and PoG : [0,T] x X — y(H, Xé‘;,G) is LJZ/-LipSChitZ continuous
and of linear growth. If 6 > 0, then clearly we may take nr = 0, and we have
Lip(PoF) < 1Poll zex, xo)Lip(F), M(PoF) < || Poll £(x,x0)M (F). The same goes for
6 > 0.

Now, suppose 8 < 0. Let ® > ', where o' is as in Proposition 4.4. From the
representation of negative fractional powers of an operator A generating an analytic
Cop-semigroup S of type (w, 6, K) (see [20, Chapter 2.6]) and Proposition 4.4, it fol-
lows thatfor 8 € [§ — 1,6],n < B — 8, and x € X we have

o0 - o~
I1Poxlyao = 1@ = A0)" Poxllx = | 7t /0 e Sy |
oo _ - o0 _
< / e (S0 = So ()l xdt + 7 | / e soxdr|
0 0
o0 ~ /
S Ds(A Ag) [ IOy 1B - Al
0

with implied constants depending on X¢ only in terms of || Poll z(x,x,) and on A and
Ap only in terms of w, 8, and K. Thus, for 8 € [§ — 1, 5], n < B — & we have
||P0x||x(';‘0 ~ (@I — Ag)"Pox| x
1
S 1+ Ds(A, Ap) (@I — A)Px|x = (14 Ds(A, Ao))llxllxg,
(22)

with implied constants depending on X¢ only in terms of || Pyl z(x, x,) and on A and
Ap only in terms of w, 0, and K.
By assumption (16), we have 6 > —% + % + 8 > § — 1. Hence, one can pick np
such that
—%+%<np < 0 — 6.
On the other hand, we have 6 < 0 < §. Thus, by (22) with 8 = 0 and n = nF it
follows that PoF : [0, T] x X — Xé ‘;’F is Lipschitz continuous and

Lip(PoF) < (1 + Ds(A, Ag)Lip(F); M(PoF) < (14 Ds(A, Ag)M(F),  (23)
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with implied constant depending on X only in terms of || Pyl £(x, x,) and on A and
Ap only in terms of w, 8, and K.
Similarly, if 6 < O there exists a i such that

—%+%<7)G <bg -3¢

Ao

such that PyG : [0, T] x X — y(H, qunG

) is L)%-Lipschitz continuous and
Lip, (PoG) S (14 Ds(A, Ao))Lip,, (G); My (PoG) S (1+Ds(A, Ag)) M, (G),
(24)

with implied constant depending on X only in terms of || Pyllz(x,x,) and on A and
Ap only in terms of w, 6, and K.

In conclusion, we are now in the position to apply Theorem 4.1 with 6 and 6 in
that theorem chosen to be ng and ¢, and thus obtain existence of a unique process
U© e V&P ([0, Tol x £2; Xo), a € [0, 3), satisfying (18). Note that we have chosen
nr and ng such that they are non-positive.

Part 2.

Define U© = xoU ) and observe that if U satisfies (18), then U© satisfies
~ ~ T ~ ~
U ) = So(r —s)yo+/ So(t — $)F (s, U (s)) ds
0

t
+/ So(t — )G (s, U (s)) dWx (s), a.s.
0
Let Ty € [0, T] be fixed. By the above we have

77 (0
10 = 0Ny qo,mx2:0)

< IS — SO)xO”Vf’”’([O,TO]xQ;X) + IS0 (xo — yO)”VCO"”([O,TO]xQ;X)

t
So(t — $)[F (s, U(s)) — F(s, UQ(s)]d
e [ S —orre,ven - re.00emas|

t
+ tr—)/[S(t—s)—S’o(t—s)]F(s, Us)ds|
0 VeP ([0, To1x £2; X)

t
- / Sot = IG5, U(s)) = G5, TV (s)1dWi s)|
0

Ve P (10, To1x £2; X)

t
+ ’t — / (S —5) = Sot —$)IG(s, U(s))dWr (s)|| ., .
0 Ve (10, To] x £2: X)
(25)
Let nr and n¢g be as defined in part 1. Let ¢ > 0 be such that
e <1-—2a«a;

e <min{3 — 1 +nr, 3 — 5 +16).
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It follows that ¢ + § < min{% -1y Or, % — % + 6¢}. By inequality (7) we may

T
assume, without loss of generality, that « = % —¢g/2.
We estimate each of the six terms on the right-hand side of (25) in parts 2a-2f
below. In part 2¢ and 2e, we keep track of the dependence on Ty, for the other parts
this is not necessary.

Part 2a.
By Proposition 4.4 with 8 = § and & = ¢/2 there exists an M > 0 depending on

X only in terms of || Pyl £(x, x,)» and on A and Ag only in terms om w, 6 and K, such
that

sup [|S(1) = S0l xs,x) < MDs(A, Ao);
t€[0,To]

Vixp x2S = So0) : 1 €0, Tol) < MDs(A, Ag).
Thus, by Proposition 2.10, we have

1S = So)xollyer 0,751 2:x)

< MDs(A, AD[ sup s> (=)~ "*x0ll o sy 0.0:xfy) T M0l ogo x|
tel0,To]

For f € L%(0,1) and x € LP(£2; X?) we have
If ®x||Lp(.Q;y(o,f;x§\)) = ||f||L2(0,z)||x||Lp(_Q;x§\)~
Thus, recalling that @ = % — ¢&/2, we have

—a—&)2
sup s = (0 = )™ *x0ll Loy 0.0
1€[0, Ty

1og o —
<Tr: ¢ 8/2”5 = (1 —5)"% 8/2||L2(0,1)||x0||L1)(_Q;X§1)
g
<CT2"" 8/2||x0||Lp(_Q;X§4),
where C; is a constant depending only on ¢. Hence
~ 1o
(S = So)xollyer o, 751 2:x) < MDs(A, A) (L + CeT 2" xoll 1o x4)-
(26)
Part 2b.
By assumption (see Remark 2.4) there exists an M depending only on
I Pollzcx,x0)> @, 6, and K and T such that we have that SUP; [0, 7] ISoll2cx,x0) <
M. Moreover, by Lemma 2.11 we may pick M such that in addition we have that

y[xyx]{tg/zgo(t) 1 t € [0, Tp]} < M. Thus, by the same argument as in part 2a, we
have

_ 1
1So(x0 = yo)llyr o, 7y x 2:x) < M1+ C.T27¢ ) xo — yollLrcz:xy. 27



816 S. G. Cox AND E. HAUSENBLAS J. Evol. Equ.

Part 2c.

Recall that in part 1, we chose nF such that nr < 0. By inequality (3), there exists
an M depending only on w, 6, K and T such that for all ¢ € [0, T] we have

S0l x T E = S0 < M=

A A
Lol £0X0, X0) =

By Corollary 3.7 with Y| = Xé%F

@(s) = Py[F(s, U(s)) — F(s, UQ ()],

=X,

W (s) = So(s), 0 = —nr + € and g(v) = Mv~ 1+ it follows that

t
& r R 0O
Hm—>/0 Sot = 9F (s, U) = Fis. 0Ods| g, 0o

< TEP[F(-,U) — F(-,U©

STENPLF(, U) — F( )]||LP(Q;LOO(O,TO;X3%F»

< TELip(PoF) U — U9 |l 1r (2.1 0.79:x))

S TE + Ds(A, Ap)Lip(F)IIU — U 1 (2: 150,75 X)) (28)

where the second last estimate follows by Lipschitz continuity of PyF, and the final
estimate follows by (23). Note that the implied constants are independent of 7j and
depend on X only in terms of || Pyl £(x,x,) and on Ag only in terms of w, 6, and K.

Part 2d.
For brevity set ¢ = (§ —Ar)* +¢. By assumption (16), we have 8 A8 € [§—1, 8],
and thus, we may apply Proposition 4.4 with § = 6 A § to obtain that there exists a

constant M depending only on || Pyl £(x.xy), @, 6, K, (§ —0F)™ and T such that for
all t € [0, T] we have

EIS' 0 = SoWll oy 0 T6TISO = SOl ey x)
< MDs(A, Aoyt~

Thus by Corollary 3.7 with Y| = X?[:/\s’ Yo = X, ®(s) = F(s,U(5)),¥(s) =
S(s) — So(s),0 =¢ = —0p)" +¢, g(v) = MDs(A, Ag)v~ !¢, we obtain

t
t [ [S(t—s)—So(t —s)F(s,U(s))d
| /0 (S =) = So(¢ = NF.U@ds| 0

5 D(S(Aa AO)||F('a U)”LP(Q;LOO(O*T();X;F/\(S))

< Ds(A, Ag)M (F)|U |l Lr(2;L(0,Ty; X))

S Ds(A, Ag) M (F)(1 + [lxollLr(2:x)), (29)
where the penultimate estimate follows by the linear growth condition on F' and the
final estimate by (15). Note that the implied constants are independent of 7p, and
depend on X only in terms of || Poll z(x,x,), and on A and Ao only in terms of w, 0
and K.
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Part 2e.

Observe that if G : [0,T] x X — L(H, Xg;) satisfies (G) and @, P, €
VEP([0, T x £2; X) for some p > 2, then

supg<, <7 lIs > (1 = )" *[G (s, Pi(s)) — G (s, ¢>2(S))]“LP(Q;;/(O,t;H,Xg‘G))
o1, .
<(I+0-2a)"2T2 a)Llpy(G)”‘I’l - (p2||vc"‘-1’([(),r]xg;x)- (30)
Recall that in part 1, we chose ng such that ng < 0. By equation (3), there exists
an M depending only on w, 6, K, and T such that for all t € [0, T'] we have
f_’]G+s/2||S(/)(f)||£(x6\’7n6,x0) + (e/2 — ng) et IS0l zexg_,xo

< Mt71+€/2.

By applying Proposition 3.5 with Y} = Xé%G, Yo = X, ¥(s) = So(s), n = «,
0 =—ng+e/2,gw) = Mot Zand @ (s) = Py[G(s, U(s)) — G(s, UQ(s))] we

obtain

t
e [ S =166, U6 - 66, 0V mawue)] .,
0 Ve " ([0.To] x £2: X)

le

sup |ls > (t — $) " PolG (s, U () —G(s, UQ )1l

< T2

~0 e LP(2;y (0., H: X35 )
1

ST¢ (L+ Ds(A, Ap)Lip, (G U — U llyar (0. 701 2:x)- 31

where the final estimate follows from estimates (30) and (24). Note that the implied
constants are independent of Tj and depend on X only in terms of || Pyl £(x, x), and
on A and Ag only in terms of w, 6, and K.

Part 2f.
Observe that, for @ € VP ([0, T] x §2; X), we have
SUpo<i<r lIs > (0 = )G s, PN Lr(@:y0.0:1.x4 )
< (14 (1=20) 2T M, G (1 + 1@l yerqorixan). (G2
For brevity set{ = (§—6g) ™" +¢/2. By Proposition 4.4 with 8 = 65 A8 € [6—1, 8],
we have that there exists a constant M depending only on || Pyl z(x,x,), @6, K,

(8 —6g) " and T such that for all ¢ € [0, T] we have

IS0 = SoOl gy x0T 8T HISO =Sl | x)

< MDjs(A, Ag)t™¢/2,
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Thus, by Proposition 3.5 with Y1 = Xg‘GAS, Y =X, @) = G(s,U(s)), ¥(s) =
S(s) —So(s),n=a,0 =7 = (8 —6g)" +¢/2 and g(v) = MDs(A, Ag)v—1+¢/2,
we obtain

t
Ht|—>/[S(t—s)—So(t—s)]G(s, U(s))dWH(s)‘ w
0 Ve (10, To] < £2; X)

S Ds(A, Ag) sup s+ (t —5)"“G(s, U(s))”LP(Q;y(O,t;H,XﬁGM))

0<t<Toy
< Ds(A, Ap)M,, (G)”U”Vc“”’([O,TO]xQ;X)
< Ds(A, Ag)My, (G)(1 + lIxollLr(2:x))- (33)

where the penultimate line follows by estimate (32). Note that the implied constants
are independent of Ty and depend on X¢ only in terms of || Pyl £(x, x,) and on A and
Ap only in terms of w, 6, and K.

Part 2g.

Inserting (26)-(33) in (25), we obtain that there exists a constant C > 0 independent
of xo and yg, depending on X only in terms of || Pyl z(x,x,), on A and A only in
terms of 1 + Ds(A, Ap), w, 0, and K, and on F and G only in terms of their Lipschitz
and linear growth constants Lip(F), Lipy(G), M(F), and M, (G), such that for all
To € [0, T'] one has

1
5(0) je =(0)
1U = U Mlyer qo.myixgix) < CTo MU = U lyar o, 7y 2:x)

+C (%0 = vollrcaix + Ds(A, A (1 + 150l o xp))-
Setting Ty = [2C]~%/¢ we obtain
10 = 0P llyer o mixen
<2€(Ix0 — yolloesx) + Ds(A. A (1 + ol oguns))- (34)
Part 3.

Letto > 0,z € LP(82, F4; X), T > Oand « € [0, %). By U(z, to, -), we denote
the (unique) process in Ve’ ([t, to + T] x £2; X) satisfying, for s € [to, to + T,
t
Uz, tg,s) = S(t — o)z +/ St —tg—s)F(U(z, 10, 5)) ds

fo

t
+/ St —ty)— s)G(U(z, to, s)) dWg(s) a.s.
to

The process U (z, ty, -) is defined analogously.
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From the proof of (34), it follows that for any x € LP(£2, Fy; X?) and y €
LP (82, F4y; X) we have
1Ux. 10, ) = U, 10, lyer gy 1041010 2:3)

=20(Ix = ¥llerx) + Do(A ADU + Il pgixgp)])s B3

with C as in (34). The remainder of the proof is entirely analogous to part 4 of the
proof of [5, Theorem 3.1], see also [3, Theorem 6.2]. O

It remains to provide a proof for Proposition 4.4. For that purpose, we first prove
the following lemma. Given the lemma, the proof of Proposition 4.4 basically follows
the lines of known proofs concerning comparison of semigroups, see the monograph
by ENGEL AND NAGEL [9, Chapter II1.3.b]. For notational simplicity, we define the
pseudo-resolvent

R(.: Ag) i=ixyR(L: Ag)Po, L € w+ Tz (36)

(we leave it to the reader to verify the resolvent identity).

LEMMA 4.5. Let the setting be as in Proposition 4.4. Then for all ). € o' + E%Jr@
we have

IRG: A) = RO Aol £xa x)
< Coo.k, Posolk — 0" PN IR(Ao 1 A) — R(ao : AO)”L(XQ_I,X)»
where Cqy 0,k Py, 1 1S a constant depending only on Lo, , 6, K and || Poll £(x, x0)-

Proof. Using only the resolvent identity and the definition of R(A : Ao) (see (36))
one may verify that the following identity holds:

R(L:A)— R : Ag)
= 1[I+ (o — VRO : A)I[R(ho : A) — R(ro : Ag)l(ho — A)R(A: A). (37)

Moreover, one may check that
o + 2140 C(@+Tz4) ({2 eC:IA -0l = 20— ol}.

Therefore one has, for A € o’ + Yzi9,

1+ (o = MRG 2 A2y < 1+ B2 KNPl £x xg) < 14 2K 1 POl 20x x0)-
From (37), one obtains
IRG: 4) = RG 2 Aol s x) = (14 2K 1 Pol ccx.xo)

XIIR(o = 4) = RGo = A0l gxp |yl ko = ARG Al gixp xp - G8)
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Recall from page 811 that X‘g, B € R, is defined in terms of ((w + 1)I — A)#. Thus
1ol = AYRG: Dl gexa xp ) = 1@+ DI = AP0 — ARG : Al e
< (14 lo+1=20lK) @+ DI = A PRO: Al £ex).-

By choice of A, we have A — w| > ||A| — ®| > |o + 1 — w| = 1, whence for
§ — B =1 we have

(@ + DI — AP PRG: Allcon = 1@+ DI — ARG : Al e
A—w—1
< 1+’—‘K <1+2K.
A—w
If§ — B =0, then
(@4 DI — A PRG: Al = IRO: Al < Kk — ol
For 6 — B € (0, 1) we have, by estimate (4),
(@ + 1T — AP PRG: Al 2o
1 -5 5—
<201+ KRG : A% I + DI — ARG A7k,

<2(1+ K)A 4+ 2K PRI ) — )P=F~]
<2(1 +2K)? A — w|* P71,

Substituting this into (38) one obtains
[R(A:A) = R(A: AO)IIL(X;;,X) <2(1+42K)* (1 + [ho — @ — LK) [ Poll £x.x0)
x|k = ol PHIRGo - A) = RO : Aol gixp | x)-
O

Proof of Proposition 4.4. Let o’ be as defined in Lemma4.5. For brevity sete = §— 8.
Fix 8" € (0, ). It follows from [20, Theorem 1.7.7], that one has, for all z > 0,

S@t) = %/Mr RO A)da;
9/

where Iy is the path composed from the two rays re (3T and re =310 0 < r <
00, and is oriented such that Im (1) increases along Iy. As ' > w, the integral is
well-defined as £(X)-valued Bochner integral, and for ¢ > 0 one has

S'(t) = 5 / AR\ A)da;
a)/-i-]—b/

the integral again being well-defined as £(X)-valued Bochner integrals (see also the
proof of [20, Theorem 2.5.2]). Analogous identities hold for So and R(A : Ao).

First, let us assume that ¢ € (0, 1). Below, we apply Lemma 4.5, observing that for
r € [0, 00), we have
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o T I
| + reT Tt _ | > Kyr,

where Ky is a constant depending only on 6. Note that we use the coordinate transform
A= +refGH) Fors > 0, we have

156) = S0l ey = | o7 |

o'+
e8] ST gt
< L |e(w’+ref'(7+9))S|
— 2m 0

x | R(@ +re™GH 1 A) = R(e 4 re” 5H A oxp 3 dr

PSR A) — RO : Ag)ld HL(XA o
ﬂ7

o0 ST gl
1 (@' +re TT))s
tom [ e |
x[R@ +re'GH0: A) — R(@ +re' T4 Ag)] 1y i dr
5

o0
/. 1 ecing!
< %Cw,e,K,PO,AOKaD(S(A,Ao)em/ rélemrssing gy
0

r . — _ ’
O [sin 017 Cor 0.k Porg Ds (A, Ag)s Fe®™.

For ¢ = 0, one may obtain the desired estimate by avoiding the singularity in 0 in
the usual way: for s > 0 given, we integrate over

WO + Ty =@ + D U@+ ) U@ + Y,
where Fg(,li and FQ(,Z?Y are the rays re!(31%) and re G0 =1 < » < o0, and

FQ(?Z =s"1e!?, ¢ €[5 — 0/, T + 0'] (we leave the details to the reader).
Recalling that ¢ = § — B, this proves the uniform boundedness estimate of (20).
In a similar fashion as above, for ¢ € [0, 1] and s > 0 we have

1

1S(8) = So) o) = Hz_m/ AR : A) — RO. 2 Ag)]din H
ﬁ w’+F9/

A
E(X/S,X)

=<

o0
L Co0.k. P20 Ko Ds(A, Ag)[s sin®'] 7' ~*¢® S/ ufe ™" du
0

L) [5in 017175 Copo, k, Py 20 Ko Ds (A, Ag)s ™1 5.

Recalling that ¢ = § — B this proves the uniform boundedness estimate of (21).
Concerning the y-boundedness estimates, fix « > ¢. By Proposition 2.9, one has

~ t ~ /
Yixs x| ({s“[S(s) — So(s)]: s €10, r]}) < /O I[s*(S(s) = So(s))] ||£(X§,X) ds

t ~ t , =
5/0 asaflug(S)—So(s)Hﬁ(Xg’X)ds—i-/O s°‘||S(S)—SO(S)HL(Xg’X)ds.

Substituting (20) and (21) into the above and using that @ > & one obtains that there

exists a constant C depending only on Ag, w, 6, K, e =8 — B, «, and || Poll £(x, xo)
such that
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Vg (°056) = So()] 2 € [0.11}) = CDs(A, Ao)/ots“_l_se”’/se“;' ds
< C12e @D Dy(A, Ag).
O
COROLLARY 4.6. Let the setting be as in Theorem 4.3. Let A € (0, %) satisfy
A <min{l — @ —0p)t, 5 -1 — 6 —05)7).
Suppose xg € LP (52, Fo; X?) and yy € LP (82, Fo; X), then

U — Sxo — iXO(U(O) - SOPO)’O)||LP(Q;CA([0,T];X))
S llxo — yoller e, x) + Ds(A, Ap)(1 + %0l Lp (2:x2)):

with implied constant depending on X only in terms of || Poll c(x,x,), on A and Ag
only in terms of 1 vV Ds(A, Ag), w, 0 and K, and on F and G only in terms of their
Lipschitz and linear growth constants Lip(F), Lip, (G), M(F), and M, (G).

Proof. As before, we write
IU — Sxo — ixo (U — SoPoyo)ll Lo (. cn0.77:x)

t
_ H;.—>/ So(t — $)[F(s, Us)) — Fs. f](o)(s))]ds‘
0

LP(2;C*([0,T1; X))

t
4|/t — / [S(t—5)— So(t —$)|F(s,U(s))ds
0 LP(£2:C*([0,T1: X))

t
o = / So(t — )G (s, U(s)) — G(s, UQ(s))1dWpg (s)
0

LP(2:C*([0,T]; X))

t
+(t — / [S(r —5) — So(t — $)1G (s, U(s))dWH(s)‘
0

LP(2;CH([0,T]: X))
39)

For the first and second term on the right-hand side of (39), we apply Proposi-
tion 3.6. Note that as before we may pick nr, ng < 0 such that nr < 0 — § and
nG < 6g — & and

%< minfl +np, £ = L 406},

Our choice of Y71, Y2, @, ¥ is the same as in part 2c, respectively 2d, of the proof of
Theorem 4.3, whereas we set n = 1 — A. This leads to the following estimates:

t
”ti—>/ So(t — )[F(s. U(s)) — Fs. f](o)(s))]ds‘
0

LP(2;C*([0,T1; X))

7(0 7(0
SN0 = TN er@i=o.r:x) < 10U =Tl yer o r1x:x)-
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and

t
Ht > / [S(t —s) — Sot — $)]F (s, U(s))ds’
0 LP(£22;C*([0,T]; X))
S Ds(A, AU L (:10,7:x)) S Ds(A, Ao) (1 + IIxollr2.x))-

For the third and fourth term on the right-hand side of (39), we apply Corollary 3.4
with & = A and @ € (0, %) such that > A + % + n¢g. The choice of Y1, Y», @, and
Y is as in parts 2e and 2f of the proof of Theorem 4.3. This leads to the following:

t
Hm—>/ Sot — $)[G (s, U(s)) — G(s, f/(o)(s))]dWH(s)‘
0

LP(£2;C*([0,T1; X))

SIU - U(O)”Vé’”’([O,T]xQ;X)’

and

t
= / [S(t = ) = So(t = IG5, U(s) AW (5)|
0 LP(£2;C*([0,T1; X))
S Ds(A, AU lyer o, 71x:x) S Do (A, Ao) (1 + lIxollLr(2.x))-

Combining these estimates with Theorem 4.3 gives the desired result. It goes without
saying that all the implied constants above depend on X only in terms of || Po|l £ (x. x,)>
on A and Ao only in terms of 1 4+ Ds(A, Ag), w, 6, and K, and on F and G only
in terms of their Lipschitz and linear growth constants Lip(F), Lipy (G), M(F), and
M, (G). O

5. Yosida approximations

Consider equation (SDE) on a Banach space X under the assumptions (X), (A), (F),
and (G) with the additional assumption that 6, 6 > 0. We can also assume, without
loss of generality, that A is of type (w, K, 8) for some w > 0, 8 € (0, %] and K > 0.
We define A, :=nAR(n : A) to be the n™ Yosida approximation of A. Let U denote
the solution to equation (SDE) with operator A and initial data xg and, for n € N, let
U™ denote the solution to equation (SDE) with operator A, instead of A and initial
data yg € L? (82, Fo; X).

THEOREM 5.1. Foranyn > 0and p € (2, 00) such that

n<min{3 — 1 +6F, 5 — 5 +66)
and any a € [0, %) we have, assuming xo € LP (82, Fo; X) and yy € LP (82, Fo; XUA),
U = U llyerqo,r1x 20 S %0 = yolleixy + 0~ ™™D+ 11yoll Lo x)+

with implied constants independent of n, xo and .
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The following corollary is a direct consequence of the Borel-Cantelli lemma and
the above theorem (see e.g., [13, Lemma 2.1]):

COROLLARY 5.2. Letn > 0 and p € (2, 00) be such that

n+%<min{%—l+(9p,%—%+6’c,1}

T

and assume yy = xo € LP(82, Fo; X ,*;‘). Then there exists a random variable x €
LP(82) such that for alln € N

IV = U llcqo.ryx < xn™"
To prove Theorem 5.1 we need the following lemma:

LEMMA 5.3. Let B € [0, 1]. Then there exists a constant K’ such that for all
n>2wandall x € X? one has

1QoI — AnPxllz < K'lQol — A)x]x.

Proof. Observe that
2wl — A, = [2onl — (n + 2w)A]R(n : A)
= [(n + 2w)I — 40’ RQw : A)|2wl — A)R(n : A). (40)

Thus for x € D(A) and n > 2w, we have
1wl — Ap)xllx < [(n +2w)] — 40’ RQw : A)IR(n : A)||cox) | Qwl — A)xlx

< K222 4 K242 11 20] — A)x||x

4K+ K)[|Qwl — A)x|x.

This proves the lemma for 8 = 1. For 8 = 0, the lemma is trivial. For 8 € (0, 1), we
need two extra observations.
First of all, for s > w and B € (0, 1) we have, by definition (see [20, Section 2.6]):

I(sT — A) Px|x =

. oo
—S‘“jr”m/ 7Pt 4+ s)1 — A) " xds
0

X

. oo
< K Sna®) / B+ s — ) dilxllx
0
< K55 (s — o) Pllxlx. (41)
Second, let u, A € w + Z%Jﬂg. We have the following:

. Y
”e—(AI—A)R(M.A)tHL(X) _ e—t||e(u—A)R(M,A)t”L(X) < el KT

Now, suppose n > 2w (1 +4K), A = 2w, u = A’jfn = zi“jfn In that case, one may

check that HI( < %, and thus that for 8 € (0, 1), we have

-2l — ARG - AP e

o0
_ H 1 tﬂ—le—(2a)1—A)R(%:A)tdI H <28,
T® |, £
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It follows that there exists a constant M > 28 such that for all n > 2w we have

I[— Qo — ARG : D Pl < M. (42)

Forg e (0,1)andx € X 2 we have, by standard theory on functional calculus (see
e.g., the monograph by HAASE [10]), equation (40), and the estimates (41) and (42),
that

1@l — A)Px|x = Il(n + 20)P (F21 — AP (n] — A)Px|x

(n +2w)? I[ - QoI - A)R(ziafn : A)]iﬁ ”L(X)

x 2wl — APx|xl(nl — APl zx)

4 ;g‘(gﬂﬂg) KM|Qol — A)Px||x.

IA

IA

O

Proof of Theorem 5.1. In order to apply Theorem 4.3, we must prove that A,,,n > 2w,
are of uniform type, i.e., that there exist ® € R, 6 € (0, 71 and K > 0 such that A,
is of type (@, 0, K) forall n > 2w. Fix n > 2w. One checks that

RO :A)) =m+0)" n— ARGES - A) (43)

n)f)\ €w+Xziy. By standard theory on Mobius transforms, it follows that
0(Ay) C 2w+ E%+9 forn > 2w.
Using (43) one may check that for A € 2w + Yzig we have the following:

ROL:A) —RO:A) = —(h+n)~ C A)R(L 1 A). (44)

n+)~

Thus by (2) we have, for A € w(1 + 2(cos )~ + E%w,
IR(L:A) — RO : A llcon < (42K A +n|7! < (14 2K)? A — o]

The final estimate follows from the fact that by standard theory on Mobius transforms

=
we have that e

rew(l+2(cosd)™ ) + DESPN

<lforkew+ E%w and n > 2w. In conclusion, we have, for

IR :A)lzxy S IR : Allgxy +IIR(A: A) — R(A: Al cix)
<[K+1+2K)r — o

This proves that A, is of type (w(1 +2(cos0)~1), 8, K + (1 +2K)?) forall n > 2w.
It also follows from (44) that if we take, for example, Lo = @ (1 +2(cos 0)~ 1, then
we have, for n > 2w,

[R(o:A) — R(ho : An)llecx) < (1 +2K)%n~!

In other words, for all n € N condition (17) in Theorem 4.3 is satisfied with X = X,
8 = land A9 = w(1+2(cos®)~"). In particular, we can apply Theorem 4.3 to obtain
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the desired result for the case 6y > —% + %, where 7 is the type of X, and 6 > % + %.
Concerning the dependence on 1 + D{(A, A,) of the implied constant in (19), note
that 1 + D (A, A,) is uniformly bounded in 7.

In order to get the desired result for general 6, 6 > 0, we consider the difference
R(hg:A)— R(Ag : A,) in the E(X?jl, X)-norm. (Note that if A is unbounded then
R(ho:A) — R : Ap) ¢ L(X3 |, X) forany § < 1.)Forn > o(1 +2(cos6) 1),
we have, by (2), that | 2wl — A,) |l z(x) < 2n(1 4+ K). Thus by estimate (4), we have,
foré € (0, 1),

IQal — A x|l < 201 4 2K) [x 1P | Apx s
<2231 +2K)7 !0 x| x.

It follows that for § € [0, 1) we have

IR : A) — R(ro : < 22751 +2K)* 900,

AH)HL(X;TPX) =

Observe that by Lemma 5.3 we have that F : [0,T] x X — X 1194; is Lipschitz
continuous and of linear growth for all n > 2w with Lipschitz and growth constants
independent of n,and G : [0, T] x X — y(H, X g‘é’) is L)z/-Lipschitz continuous and
of linear growth for all n > 2w with Lipschitz and growth constants independent of
n. Also, 1 + Ds(A, A,) is uniformly bounded in 7.

Fix n € [0, 1] such that n < min{% — % + O0F, % — % + 6} and suppose yo €
LP(2, Fp; X ;74). It follows from Theorem 4.3 with § = n, but with A, playing the
role of A and A playing the role of Ag that

I = U™ yerqo.rixeix S 160 = yollLeix +n7 "L+ Iyoll Lo xa)-

with implied constants independent of n, xo, and yo. O
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