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1 Introduction

Stochastic integration with respect to a Wiener process in Banach spaces is well
established, see e.g. Brzezniak [7], Dettweiler [13], Neidhart [23] and van Neerven
et al. [29]. Stochastic integration in Banach spaces with respect to Lévy processes
is not that well established and of increasing interest. For example, the works
[2, 4, 8, 24, 28] are about stochastic integration in Banach spaces. In this paper, our
focus will be on maximal inequalities satisfied by the stochastic integral driven by
Lévy processes respective Poisson random measures.

Let us assume that (Z, Z) is a measurable space and 7 is a time homogeneous
compensated Poisson random measure defined on a complete filtered probability
space (2, F, (Fi)o<i<co, P) with right continuous filtration and with an intensity
measure v on Z, to be specified later. Let us assume that 1 < p <2 is fixed and
that E is a separable Banach space of martingale type p, for a Definition on Banach
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224 E. Hausenblas

spaces of martingale p see Definition 2.10. Let I = {I(f) : 0 <t < oo} be the Itd
integral driven by the compensated Poisson random measure 7, i.e.

t
I(r>=//s<s;z>f;(dz;ds), (>0,
0 7

where & : [0, 00) x Q@ — LP(Z, v; E) is a progressively measurable process satisfying
certain integrability conditions which will be specified later.

We are interested in maximal inequalities satisfied by the process /. To be more
precise, the main result of this article, i.e. Theorem 2.13 is that for any continuous
and convex function ®, ®(0) = 0, satisfying a certain growth condition and having
a strictly increasing and non negative derivative, there exists a constant C > 0,
independent of 1 and &, such that

t 7
ECD(sup |I(s)|> <CE® ((/ / £ (s; z)lpn(dz;dS)> ) (1.1)
0<s<t 0 JZ

where 7 is the time homogeneous Poisson random measure without compensator.
Note, that if p =2 and E is a Hilbert space, the inequality follows from the classical
Burkholder Davis Gundy inequality. Furthermore, from inequality 1.1 another
useful inequality can be derived, which is stated in Corollary 2.14. To be more precise,
it will shown that for every p € (1,2] and n € N there exist constants C > 0 and
C > 0, depending only on E, p and n, such that

E sup |I(s)] < CE </ / & (s: 2)|P n(dz; ds)) !
0 7

OSSSI
t ‘ e
sé(E[ / |s<s;z>|"v(dz>ds+ﬂ<:(f f |s<s;z>|ﬂv(dz>ds) )
0 VA 0 7

(12)

where g = p". Note, that inequalities 1.1 and 1.2 are written in terms of Poisson
random measures. However, it is straightforward to show that these two inequalities
imply two inequalities which are valid for martingales driven by Lévy processes of
pure jump type.

Related inequalities, are proven in Marinelli et al., Lemma 2.2 [21], Bass and
Cranston, Lemma 5.2 [6], and Protter and Talay, Lemma 4.1 [26]. However, the
inequalities 1.1 and 1.2 are new in this general form.

The inequalities 1.1 and 1.2 can be used to show for instance the well-posedness
of SPDE:s as it has been used in Marinelli et al., Lemma 2.2 [21] and in Brzezniak
and Hausenblas [9]. Here, the inequality is used to show that the trajectories of the
solution of an SPDE belongs to the Skorohod space.

The organization of the paper is the following. In Section 2 we introduce some
preliminaries necessary for our work and present our main result, i.e. Theorem 2.13.
The proof of the Theorem 2.13 is given in Section 3. Then in Section 4 we prove
Corollary 2.14. In Appendices A and B we give a short account about the original
Burkholder-Davis-Gundy-inequality and convex functions.

Notation Let Ny := NU {0} and N := Ny U {co}. Let (Z, Z) be a measurable space.
By M. (Z) we denote the family of all positive measures on Z, by M (Z) we
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Maximal Inequalities of the Ito Integral 225

denote the o-field on M, (Z) generated by functions ip : M (Z) > p+— pu(B) € R,
B e Z. By M;(Z) we denote the family of all o—finite integer valued measures on
Z, by M [(Z) we denote the o-field on M;(Z) generated by functions ig : M;(Z) >
nw— u(B) e N, B e Z. By M}(Z) we denote the set of all o—finite and positive
measures on Z, by M} (Z) we denote the o-field on M} (Z) generated by functions
ip: M (Z)su— n(B)eR, Be Z

For any Banach space Y and number q € [1, 00), we denote by N (R,;Y) the
space (of equivalence classes) of progressively-measurable processes &€ : R, x Q@ — Y
and by MI(R,;Y) the Banach space consisting of those £ € N(R.;Y) for which
E [ €@ dr < o

2 Main Results

Let us first introduce the notation of time homogeneous Poisson random measures
over a filtered probability space.

Definition 2.1 Let (Z, Z) be a measurable space and let (2, F, (F;);>0, P) be a
filtered probability space.

A time homogeneous Poisson random measure n on (Z,Z) over
(2, F, (F)i=0,P), is a measurable function n: (2, F) - (M (Z x R;), M (Z x
R.)), such that

(i) foreach BxIe ZxBMR,y), n(BxI):=igxjon:Q— N is a Poisson ran-
dom variable with parameter! v(B)A([).

(ii) »nis independently scattered, i.e. if thesets Bj x [; € Z x BRy), j=1,--- ,n,
are pairwise disjoint, then the random variables n(B; x I;), j=1,--- ,n are
mutually independent.

(iii) for each U € Z, the N-valued process (N(t, U)),~¢ defined by

Nt U):=n{0,t] xU), t>0

is (F)=0-adapted and its increments are independent of the past, i.e. if ¢ >
s > 0,then N(t, U) — N(s, U) = n((s, t] x U) is independent of F;.

Remark 2.2 A time homogeneous Poisson random measure is not the most general
Poisson random measure. For more details we refer to Jacod and Shiryaev [17].

Remark 2.3 In the framework of Definition 2.1 the map
v:Z35 A~ E[n(Ax0,1)]

defines a uniquely determined measure. This measure v is called the intensity
measure of the time homogeneous Poisson random measure.

Given a complete filtered probability space (2, F, (F;)=0, P) with right contin-
uous filtration, the predictable random field P on R, x Q is the o—field generated

f w(B)A(I) = oo, then obviously n(B x I) = oo as..
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226 E. Hausenblas

by all continuous (F;)so—adapted processes (see e.g. Kallenberg [18, Chapter 25]).
A real valued stochastic process {x(f) : 0 < t < oo} defined over (2, F, (F/)>0, P) is
called predictable, if the mapping x : R, x € — Ris P/B(R)-measurable. A random
measure y on Z x B(Ry) over (2, F, (F)0, P) is called predictable, iff for each
U € Z, the R-valued process R, 3t — y (U x (0, 1]) is predictable.

Definition 2.4 Assume that 7 is a time homogeneous Poisson random measure over
(2, F, (F)=0, P). The compensator of n is the unique predictable random measure,
denoted by y, on Z x B(R;) over (22, F, (F)=0,P) such that for each T < oo
and A € Z with En(A x (0, T]) < oo, the R-valued processes {N(t, A):0<t<T}
defined by

N(t, A) == n(A x (0,1]) —y(A x (0,1]), 0<t<T,

is a martingale on (2, F, (F/)=0, P).

Remark 2.5 Assume that n is a time homogeneous Poisson random measure with
intensity v € M} (Z) over (Q, F, (Fi)>0, P). It turns out that the compensator y of n
is uniquely determined and moreover

y: ZxBRy) > (A, )+ v(A) x A(]).

The difference between a time homogeneous Poisson random measure n and its
compensator y, i.e. n =n — v, is called a time homogeneous compensated Poisson
random measure.

Poisson random measures arise in a natural way by means of Lévy processes.

Definition 2.6 Let E be a Banach space. A stochastic process {L(f) : 0 <t < oo} isa
Lévy process if the following conditions are satisfied.

e foranychoicen e Nand0 < <t <--- < t, < 0o, the random variables L(%),
L) — L(t), ..., L(t,) — L(t,—,) are independent;

Lo=0as.;

For all 0 < s < t, the distribution of L(t 4 s) — L(s) does not depend on s;

L is stochastically continuous;

the trajectories of L are a.s. cadlag on E.

The characteristic function of a Lévy process is uniquely defined and is given
by the Lévy-Khinchin formula. For simplicity we restrict ourselves to a separable
p-stable Banach space E, p € [1, 2] (for a Definition on p-stable Banach spaces we
refer to Linde [20]). For any E-valued Lévy process L = {L(f) : 0 <t < oo} there
exist a positive operator Q : E' — E, a non negative measure v concentrated on
E\ {0} such that [.(1 A |z]?) v(dz) < oo, and an element m € E such that (see e.g.
the articles [1, 4, 5] or Theorem 5.7.3 [20])

' 1
Eez(L(l),x) = exp (i(m, X) — E(QX, X)

+/ (1= €2 4 10 (¥l Rily, ) v(dy), xe E.
E
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Maximal Inequalities of the Ito Integral 227

We call the measure v characteristic measure of the Lévy process L. Moreover,
the triplet (Q, m, v) uniquely determines the law of the Lévy process. Now, one can
construct a Poisson random measure with an intensity measure which is related to v.

Example 2.7 Given a complete filtered probability space (2, F, (F;);=0, P) with right
continuous filtration and a Banach space of stable type p, we can associate to each
E-valued Lévy process L = {L(t) : 0 <t < oo} over (2, F, (F1)r=0, P) of pure jump
type? with characteristic measure v, a counting measure, being denoted by 1, and
being defined over (2, F, (F/)=0, P), by

B(E)x B(Ry)> (B.) > n.(Bx I):=#{se | AL € B} € N,.

Here, the jump process AL = {A,L : 0 <t < oo} of a process L is givenby A,L(t) :=
L(t)— L(t—)=L@® —limeo Lt —¢€), t >0, AgL =0. If v is symmetric and sup-
ported by the unit ball, then the counting measure is a time homogeneous Poisson
random measure with intensity measure v. Moreover,

t
L(t)=//zﬁL(dz,ds), t>0.
0 Jz

Vice versa, given a time homogeneous Poisson random measure one can get a
Lévy process. For this propose we define now the notion of Lévy measures.

Definition 2.8 (see Linde, Chapter 5.4 [20]) Let E be a separable Banach space and
let E’ be its dual. A symmetric® o-finite Borel measure A on E is called a Lévy
measure if and only if

(i) A({0}) =0, and

(ii) the function*

E >aw exp (f (cos(x,a) — 1) A(dx))
E

is a characteristic function of a Radon measure on E.

An arbitrary o-finite Borel measure A on E is called a Lévy measure, provided its
symmetric part %(A + A7), where A7 (A) := A(—A), A € B(E), is a Lévy measure.
The class of all Lévy measures on (E, B(E)) will be denoted by L(E).

Remark 2.9 (Dettweiler [14]) If E is a Banach space of type p, then v : B(E) — R,
is a Lévy measure iff v({0}) = 0, v is o -finite and

/ |z|Pv(dz) < oo.
E

2We call a Lévy process of pure jump type, iff Q = 0.
3ie. AM(A) = A(—A) forall A € B(E).

4 As remarked in Linde, Chapter 5.4 [20] we do not need to suppose that the integral | p(cos(x, a) —
1) A(dx) is finite. However, see Corollary 5.4.2 in ibidem, if A is a symmetric Lévy measure, then, for
each a € E', the integral in question is finite.
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228 E. Hausenblas

Moreover, given an arbitrary time homogeneous Poisson random measure 7 on a
Banach space E of type p, then, iff the intensity measure is a Lévy measure, the
integral [ J / , 21(dz, ds) is well defined for any I € B(R,) and the process L =
{L(t) : 0 <t < oo} defined for ¢t > 0 by

t
L(t):/ / zn(dz, ds)
0 Z

is a Lévy process.

For more details about the relationship between Poisson random measures and
Lévy processes we refer e.g. to Applebaum [3], Ikeda and Watanabe [16] or Peszat
and Zabczyk [25].

In general, it is difficult to define a stochastic integral in an arbitrary Banach space.
Here we restrict ourselves to Banach spaces of martingale type p, whose definition
is given below.

Definition 2.10 Let0 < p < 2. A Banach space E is of martingale type p iff there ex-
ists a constant C = C(E, p) > 0 such that for all E-valued finite martingale {M,,},JLV:0
the following inequality holds

N
sup E|M,| < CE " [M, — M|}, (2.1)
0<n<N =0

where as usually, we put M_; = 0. We denote the smallest constant satisfying Eq. 2.1
by C,(E).

Remark 2.11 Let1 < p < 2. There are many Banach spaces which are of martingale
type p. To give an idea we itemize the examples below:

(a) If a Banach space is of martingale type p, then it is of martingale type ¢, g < p;

(b) Every Banach space is of martingale type 1;

(c) Every Hilbert space is of martingale type 2, and C;(E) = 1;

(d) If (S, S, o) is a probability space, then L?(S, S, o) is of martingale type p;

(e) Let E be of martingale type p and A : E — E an operator with domain
dom(A). If A~! is bounded, then dom(A) is isomorphic to E and therefore
of martingale type p;

(f) Assume E; and E, are a Banach space of martingale type p, where E; is
continuously and densely embedded in E;. Then for any ¢ € (0, 1) the complex
interpolation space [ E, E;]y and the real interpolation space (E, E,)y, , are of
martingale type p;

(g) Let (S, S) be a measurable space. Then L>*(S, S, o), L'(S, S, o) are often not
of martingale type p for any p > 1. The space C([0, 1]; R) is not of martingale
type p for any p > 1.

Let1 < p < 2and E be a separable Banach space of martingale type p. Let (Z, 2)
be a measurable space and v € M (Z).Let (2, F, (F;)=0, P) be afiltered probability

@ Springer



Maximal Inequalities of the Ito Integral 229

space with right continuous filtration, let  be a time homogeneous Poisson random
measure on Z over (2, F, (F;)=0, P) with intensity measure v. We will denote by
n = n — y the compensated Poisson random measure associated to 7.

We have proved in [8] that there exists a unique continuous linear operator which
associates with each progressively measurable process & € MP(R; LP(Z,v; E)) an
adapted cadlag E-valued process, denoted by fot [, &@r, x)ij(dx, dr), t > 0, such that if
the process § e MP(R,, L?(Z, v; E)) is a random step process with representation

EN) =Y lu(NE. r=0,
j=1

where {tp =0 <1, < ... <1, < oo} is a finite partition of [0, co) and for all j, &; is an
E-valued f}j—l measurable, p-summable random variable, then

t n
//s(r,z)ﬁ(dz,dr):Z/ £i() 0 (dz, iy ALt AT (2.2)
0Jz 177

The continuity mentioned above means that there exists a constant C = C(E) > 0
independent of & and » such that

t t
]E|/ / £(r. 2) i(dz. dr)|P < CE/ / £GP vy dr, £ 0. (2.3)
0 Z 0 Z

As mentioned in the beginning we are interested in inequalities satisfied by the
stochastic processes I = {I(¢) : 0 < t < oo} given by

t
Ryst— I(t)= / / &(s, 2) n(dz, ds).
0Jz
First we introduce the following definition.

Definition 2.12 Let @ : [0, o0) — R be a strictly increasing convex function. We say
® satisfies the growth condition, iff there exists a constant ¢ > 0 with

D@L <2°D(), A e [0,00). (2.4)

We denote the smallest constant which satisfies Eq. 2.4 by ce (for details see
Appendix B).

Theorem 2.13 Let 1 < p < 2and let E be a separable Banach space of martingale type
p, (Z, Z) be a measurable space and v € M} (Z). Let (2, F, (Fi)i=0, P) be a complete
filtered probability space with right continuous filtration. Assume that 1) is a compen-
sated time homogeneous Poisson random measure on Z over (2, F, (Fi)=0, P) with
intensity v.

Let @ : [0, 00) — R, be a function such that

e &:[0,00) > R is a convex function, ®(0) =0, and has a non-negative and
strictly increasing derivative;
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230 E. Hausenblas

e O satisfies the growth condition with constant cg;
1 .
e the function [0, 00) > x > ®(x7) € R is convex.

Then there exists a constant C > 0, only depending on E, ® and p, such that for any
Ee MP(R; LP(Z,v; E)) NMR,; L(Z,v; E)) we have

/S/ &(r; 2) n(dz; dr) > <CE® ((/ f 1&(s; 217 n(dz; ds)>p> .
0o Jz 0 Jz

(2.5)
In particular, C = C,(E) co(mo)“®, where my = infln > 1: p —ncey < 1} V5.

E sup <I><

O<s<t

By similar means as Bass and Cranston [6] have shown in Lemma 5.2, or Protter
and Talay [26] have shown in Lemma 4.1, we will prove the following corollary.

Corollary 2.14 Under the assumption of Proposition 2.13 the following holds. For all
n € N there exists a constant C > 0, only depending on E, p, and n, such that for any
Ee MP(Ry; LP(Z,v; E)NMIR,; LI(Z, v; E)) we have

-1

t q n t P
f/g(s,z)ﬁ(dz;ds) <%’ ZC(I)E<//|,§(s,z)|P’ v(dz) ds) :
0 Jz —1 0Jz

where q = p", C(0) = Cp(E) and C(i) = C(i— 127"+ (mn —i) — n*~"7,
m() =[p~'(p— D]+ 1

E sup

O<s<t

Assume in the next paragraph that Z and E are separable Banach spaces, E
of martingale type p. Let X = {X(¢) : 0 <t < oo} be a process arising by stochastic
integration of a Lévy process of pure jump type. In particular, we assume that there
exists a Z-valued Lévy process L with characteristic v, where f |z|Pv(dz) < oo, and
a predictable and caglad process h € MP (R, L(Z, E)) such that

t
X0 :=/ h(s)dL(s), t>0. (2.6)
0
Then, A, X = h(t)A,L,t > 0 and Proposition 2.13 reads as follows.

Corollary 2.15 Let @ : [0, 00) — R be a function such that

e & :[0,00) > R is a convex function, ®(0) = 0, and ® has a non-negative and
strictly increasing derivative ¢;
e O satisfies the growth condition with constant cg;

e the function [0, 00) 3 X > dD(x%) € R is convex.

There exists a constant C > 0, only depending on E, p, and ®, such that for any X
having representation 2.6 with h € MP (R, L(Z, E)), h being predictable and caglad
and L being a p—integrable and Z—valued Lévy process with

E Z |A_S‘X|c¢ < 00, [207

0<s<t
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Maximal Inequalities of the Ito Integral 231

we have

IECD( sup |X(s)|> < CE® (Z |ASX|”> '

O=s=t 0<s<t
In particular, C = C,(E) co(mg) P~V my =inf{n > 1 : p —nce < 1}.
Furthermore, Corollary 2.14 reads as follows.

Corollary 2.16 Under the assumption of Corollary 2.15 the following holds. For all
n € N there exists a constant C > 0, only depending on E, p, and n, such that for any
X having representation 2.6 with h € MP(R,, L(Z, E)) being predictable and caglad
and L being a p-integrable and Z—-valued Lévy process with

E > 1AX]9 < o0,
0<s<t

we have

n—I

p
E sup |X(s)]9 < 227 an) E(Z E[|A x” |}']> ,

O<s<t O<s<t

where q = p", C(0) = C and C(i) = C(i — 27" 42" (m(n — i) — NP7, m(i) =
[P~ '(p—DI+1

3 Proof of the Theorem 2.13

In Appendix A we verified in Theorem A.3 that the Burkholder Gundy inequality
formulated for a discrete martingale also holds in Banach spaces of martingale type
p. With this starting point we show Theorem 2.13 by the following steps. First we
give in Lemma 3.1 an estimate of

E sup <I>{
0<s<T

T
/ (s, x) (dx, ds)
V4

} (3.1)

for a certain class of simple processes. After this preparation it remains to show first
that there exists a sequence {&, : n € N} converging to & in M(R*; L?(Z, v; E)) and
consisting of processes satisfying the assumptions of Lemma 3.1, and, then to show
secondly that the right hand side of the estimate for Eq. 3.1 converges to the right

hand side of Eq. 2.5, i.e. to E® {(foT fz |&(s, x)|P n(dx, dS)) » }

Before starting with the actual proof of Proposition 2.13 we introduce some
notation and state Lemma 3.1, which is essential for the proof.

We call a process £ e MP(R,; LP(Z,v; E)) simple, if it has the following
representation

§(s.z,0) = Zlm ,yk](s)zz;:],w 5 @.2), (5.2.0) €[0.T]x Z x (32)

j=1 i=1
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232 E. Hausenblas

with sy —s,_1=1t>0 for k=1,...,K, § e E fori=1,...,1, A’]fiefsk,m k=
.,K,and Bje B(Z) and v(B)) <1 for j=1,...,J. In addition, for fixed k =
., K, the sets {Aﬁ- xBj:j=1,...,Jand i=1,..., I} are disjoint. Moreover,

the sets {B;: j=1,..., J} are disjoint.
Let 2 be a family of simple processes having representation of the form 3.2 and fix
aconstant C > 0. We say that the family 2 is stable with respect to C, if for each & € 2

with representation 3.2 we have tJ < Candrt 5 v(Z,) < C,where Z; = U/-:1 B;.

Lemma 3.1 Assume that ® : [0, co) — R, is a function such that
e &:[0,00) > R is a convex function, ®(0) =0, and has a non-negative and

strictly increasing derivative;
e O satisfies the growth condition;

e the function [0, 00) 3 X > <I>(x%) € R is convex.

Assume that U is a family of processes having representation of the form 3.2 and being
stable for a constant C > 0. Moreover, let us assume that for all § € A we have

t
/ / El&(s, 2)|v(dz) ds < oo.
0 Jz

Then there exist two constants C; > 0 and C, > 0, only depending on E, p, ® and C,
such that for any function & € 2 the following inequality holds

T b
} <C (1+1E® </ / 1&(s, x)|P n(dx, ds))
0Jz

1 T
+czrpz7/ /Ecbng(s, Divdnds. (3.3)
0 7

E sup CD{

0<t<T

T
/ &(s, x)n(dx, ds)
0JZ

By means of Lemma 3.1, Proposition 2.13 follows. Therefore, we assume for the
time being that Lemma 3.1 is valid, postpone the proof and present first the proof of
Proposition 2.13.

Proof of Proposition 2.13 By standard arguments one can find a sequence {&, : n €
N} such that for any n € N, §, has representation given in Eq. 3.2 and §, — £ in
MPRy; LP(Z,v; E)) and M Ry; L (Z,v; E)). In particular,

Ea(s. 2, 0) = Zl(qklvk](s)ZZg Lignpr@.2), (5,2,0) € [0, T x Z x Q,

Jj=1 i=1

with sf —s7 |, =1, > 0for k = 1,...,Kn,§;§” e Efori=1,...,1, Ak" e]—]z 1,k=
1,...,K,, and B’} € B(Z) and v(B?) <1 for j=1,...,J,. Moreover it follows

that

T
/ / E® {|£,(s,x) — &(s, )|} v(dx)ds — 0 as n— oo. (34)
y Jz

0
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Maximal Inequalities of the Ito Integral 233

Next, we can suppose that the family {£, : n € N} is stable with respect to C>0.In
fact, if the sequence is not stable with respect to C, one can construct a new sequence,
which is stable by refinement of the time partition.

Having such a sequence, by the definition of the Itd integral and by an application
of Fatou’s Lemma we get

/t/ &(s, x)1n(dx, ds)
0 Jz

E sup d>{

0<t<T

t
lim / f £.(s. D)7i(dx, ds)
n—0o0 0 Z

t
< lim E sup CIJ{’/ / &,(s, x)n(dx, ds)
0 Jz

n—>00  (o<T

| == s o]

0<t<T

Applying Lemma 3.1 we get

t T .
E sup @ { // &(s, x)1n(dx, ds) } =C lim (1471, E® <// |&n (s, X)|P n(dx, ds))
0z =00 0JZz

0<t<T

bt - T
FCn vz R // E® {|64(s, 2)|} v(dz) ds.
0Jz
The assumption
T
/ / E|&(s, 2)[°® v(dz) ds < oo
0o Jz
and the stability of {&, : n € N} imply that there exists a constant C > 0 such that
p-1 T
v(Zpw” f / E® {|£,(s, )|} v(dz) ds < C.
0o Jz

Now, since Eq. 3.4 holds, the definition of the It6 integral implies that

‘ T H
//é(s,x)ﬁ(dx,ds)}sam (/ f|s<s,x>|Pn<dx,ds>) ,
0 7 0 7

which is the assertion. O

E sup QD{

0<t<T

Before starting with the proof of Lemma 3.1 let us state the following proposition.

Proposition 3.2 Let X be a Poisson distributed random variable with parameter .
Then

EI{X25}|X|p < CMP.
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Proof Proposition 3.2 is shown by the following lines of calculations.

» A
Elixz5 X1 < (Elx=5)| X )" = ( _AZZZ )
r r
X 00 )L[_z 2 ) N 0 )LZ—Z 2
=C\W et ) ——— ) =P le” ) ——
= ¢ Z(1—2)! = ¢ Z(1—2)!
=5 I=5
X o) )\1 g . 0 )\l g
P e - P e — r
<C\ (e IZH <o e Zl! < CaP.
=3

=0
O

Proof of Lemma 3.1 Let & be a simple function with representation given in Eq. 3.2.
By the definition of the stochastic integral we have

/ fé(s X) ij(dx, ds) = ZZ(ZlAks,l> A(Bj x (sk-1,5k)-

k=1 j=1 i=1
Moreover, by the definition of the compensated Poisson random measure the
sequence
/ JK
iZ Lt Rii(B) X (ko1 sk m=(J = Dk + ,-}
i=1 m=1
is a sequence of martingale differences with values in E. Hence, the discrete
Burkholder Davis Gundy inequality, i.e. Theorem A.3, gives

t
/ / £(s, 0)7(dx, ds) }
0 7z

I

> IA;.EJIVI(B/ X (Sk-1, Sk])

i=1

E sup QD{
0<t<T

1
P\ r

K J
<CBE] (Y )

k=1 j=1

Recall that for fixed k and j, A jiv i=1,..., 1 are disjoint sets. This implies that for
each w € Q only one term of the inner sum will not be equal to zero. Therefore, we

can write

K J 1
< CEES [ NS s x sensd| | F G5

k=1 j=1 i=1

E sup QDH/ / E(s, x)71(dx, ds)
0 Jz

0<t<T

Plugging in Eq. 3.5 the definition of 7(B; x (sx—1, k1), the RHS of Eq. 3.5 reads

1
P\ »

K J 1
C,(E)E® Z Z Z

k=1 j=1 i=1

o0
k
Ly & <Z LB xsirsen=y L — V(Bj)f>
I=1
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Using |x — y|? < 2P(|x|? 4 |y|?) and Eq. B.7 we obtain

2

1 i=1

3

™~

= C(E)ED 32 D Las Lo sn=nlé

K
k=

L

|

1 . ?
>3 |LaghvBor]

i=1

P%w
M\

~
Il

1

<.
Il

Using the convexity of ® and Eq. B.7 we get for Cy = 2

k]

K J 1 o
LS CHE)CoER LY DN Lt V(B x iy =1y

k=1 j=1 i=1 [=1

K J 1
+Cp(E)CoE0 { [ 3% '1A§[s]’§v(3j)r‘p

k=1 j=1 i=1

Let mg be chosen according to p — (mo — 1)/ce < 1 and my > 5. We split again the
inner term in the inner sum. Doing so we arrive at

K J I my—1 g
P
LS CHE)CoER { | >3 Z V(B vsin=n Lag 17
k=1 j=1 i=1 [=I
K J 1 00 g
+ Cp(E) Co ED Z Z Z Z ]‘A’;iI{W(Bjx<5k—l~5k]):”lp
k=1 j=1 i=1 I=my
K J 1 v
+Cp(E) Co Ed ZZZ‘lAkgﬂv(B])f‘
k=1 j=1 i=I
— [+ 11+ (3.6)

The first term in Eq. 3.6 can be estimated in the following way. Since [ < mg — 1,
we can estimate [P~! by (my — 1)7~!. By property B.7 we can put (mg — 1)?~! in front
of the bracket and obtain

J m

K 0—1
T<EO {3 > 1 D lumors=nl 0mo = D!
1=

k=1 j=1 i=l 1

==

my—1

K J 1
< (mg — 1)c4>(17—1)/17 Ed Z Z Z l{n(B/-X(sk,l,Sk]):l} ]A']‘ll

k=1 j=1 i=1 [=1

P
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M=

< (my — 1)%(1’*1)/1’ E®

J I oo
Z Z Z Lin B jx (sir.seD=1) lA’}il

1 j=1 i=1 [=0

=~
Il
~

P
= (mp — NP~ V/PEP n(Bj x (Sk-1, k1)

k
£

1
AL

1 i=1

~
Il
-

-
Il

M=
M-
M~.

T ;
= (mo)* P~ VP Ed (/ /Ié(s,z)l”n(dz,dS)>
0 7z

Here we used the fact that my — 1 < C/, [ > 1, and the definition of the stochastic
integral. Now we consider the second term of Eq. 3.6. In order to be able to apply
Theorem 2.2 of [22] we first Spllt the second term into two terms. Moreover, we use
the inequality (x + y)ﬂ < Xr + yﬂ x,y >0, to separate these two summands and
obtain

1
K J 0
II=Eo{[> > > > gt LByt sin=ny ¢ ‘511
k=1 j=1 i=l l=my
1
K J I , ,
k
=Ee (| > ) Lt 185 a8y vsinzmoy [1(Bj X (51, sk DI
k=1 j=1 i=1
K J I )
< Eo ZZ Z Lak S,If (Lin(Byx(sucrsed=mo) N(Bj X (g1, sk DI?
k=1 j=1 i=1

~|

-E [I‘U(Bjx(sk—]vsk])imo) |77(Bj X (Sk—1, SkDI? | ]:tk,l])

(3.7)

K J
B0 (32303 L [eh|

k=1 j=1 i=1

<=

X E [ 108, (s 1.5eh=mo) 11(Bj X (sk—1, sk DI” | -7:tk_1]> . (3.8)

The last summand can be treated in the same way as the third term in inequality 3.6.
To be more precise, let us first recall the following facts. Since the sets B x (sx—1, Sk]
are disjointfork =1,..., Kand j=1, ..., J, the random variables n(B; x (sx—1, Sx])
are independentfork =1,..., Kand j=1,...,J. Now, by Proposition 3.2 it follows
fork=1,...,Kand j=1,...,J

E [11y(8;xGsev.sih=mo) 1B X (Sx—1, kDI | Fr,] < CTPu(B)P.
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Hence,
1
K v
p
Ed Z Lax 5,’% E [ L8, siv.sihzmo) 11(Bj X (sx—1.5eDI” | Fi, ]
k=1 j=1 i=I
1
K J 1 , »
<CE®{ (> Lt g5 TPv(B)” ) (3.9)

L]

~
I

1 i=1
Comparing the RHS of inequality 3.9 with the third summand of Eq. 3.6, we see that
both are the same.

It remains to look at the first summand of Eq. 3.7. Here, note that the summands
in the inner part are martingale differences in £ and E is UMD. In order to apply
Theorem 2.2 of [22] we have to construct a sequence of martingale differences having
the same law (on R) as

{I[U(Byx(sk—lssk])zml)} |77(Bf X (Sk—1, sk DIP

AIK
— E[1inBxserosedzmol 1B X G, sk DIP | Fol ], m=T = Dk+j} 7~

(3.10)

Therefore, we introduce a second probability space (<2, F, f’) over which a time

homogeneous Poisson random measure 7 on Z with intensity measure v is defined.

Since forany j=1,...,Jandk =1, ... K, the law of (B x (sx—1, sx]) has the same

law as (B x (sk—1, Sx]) and both random variables are independent of F;_,, the
sequence of martingale differences given by

{148 x5t r.sehyzmoy 1B X (si—1, s DIP
v p _ q1/K
— E [ 1458 x(sir.sipzmoy 11(Bj X (e sk DIP | Fyl, ], m=( —Dk+j},~ .

and the sequence of martingale differences given by Eq. 3.10 have the same laws.
Thus we can apply Theorem 2.2 of [22] and conclude that

p
(I[U(Byx(sk—lssk])zml)} ’I(Bj X (Sk—la Sk])P

sol (LTl

1 j=1 i=1

K J
k=

— [ 158, (sirse=mo) N(Bj X k-1, 5:DP | Fry )

I
p .
(LB, x s roseh=mo) (B X (Sk—1. k1P

M~

=Eo{ (>

k
Eji

lAJJgi
1

T

K
k= i

,_
I
-

-E [l{ﬁ(BjX(S/H,Sk])Zmo} ﬁ(B/' X (Sk—1, Sk1)? | -7:tk,|])
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. 1, . .
Since R, 3 x — ®(x7) is convex, we can continue and write

jz LB x (s s =mo) (B X (Sk—1, sk 1P

K J
Il < C,E® }:}:}:1

k=1 j=1 i=I

K J
+GE® (DD

g
ji
k=1 j=1 i=1

1

?
XE [145(8,x (sirosihzmo) N(Bj X (Sk—1, k)P | fzk]]>

Again, after applying Proposition 3.2, the second summand can be treated in the
same way as the third term in inequality 3.6. Now, let us recall that the Ny valued
random variables {7(B; x (sk-1,5¢]) :k=1,...,K and j=1,...,J} are Poisson
distributed with parameter v(B)t. Therefore, the explicit formula of the expectation
gives

1T =" "P(ii(Bj x (sk-1.5)) = ., 0 < j < J.0 < k < K)

[eQ

==

e}

K J
x E® ZZZZ]AAI{Z [k/}lk]

k=1 j=1 i=1 I=my

S,,

J

K . Loi _L:
_ug e V(B)WTH
=ZHHeWLﬁﬁ*

leQ k=1 j=I1

==

P

K J I o0
x E® ZZZZ A’Yi]{l=[k-/}l/[€),f

k
&

where we put Q= ®,’f:1 ®}(=1 Np. Since the sum over / starts at mg, the set §2g := {lj <
my,YVk=1,..., Kand j=1,...,J} does not contribute to the sum and, hence, can
be omitted. Therefore, for any [ which contributes to the sum we can put at least
one time r”‘O*'v(B]-)mO*l in front of the outer sum. To realise this step, let e() =
lxj — (mg — 1) if [ = my and e(l)  := lj otherwise. In addition, let #[ := {[; ; > my :
0 <k < K,0< j<J}. Property B.7 gives the following inequality

r¢(u)§d>(url/c“’), 0<r<l. (3.11)
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Thus, we get

II< max V(B )mg 1 mn 121_[1_[ —v(B))t

1eQ k=1 j=1

K J I o
XE[@ (DD D% Lalumyyf

[ki!

U(B )Q(ijfe([)kz

— max V(B )mo 1 £mo— 121_[ l_[ —v(B)r e([)k

I<j<J
[eQ k=1 j=1

oo

K J 1
23155 » pTey

k=1 j=1 i=1 I=m,

1
p) r
Since p <1+ (my — 1)/cq, there exists a constant C > 0 such that for all / > my
we have

4
[kJ

l/ch([ —Dleo ... ([kj — (mp — 1))Vee

k
Ji

P
<
[Wea(l — )Veo oo (I — (mg — 1)) V/eo =

C({— (mg—1)).
Hence, remunerating and taking into account that all summands are positive, give
U(B/) (Dxj pe(Dri

][<Cmax V(B)mo 1 Mo IZHH —v(B))t e([) '
ki-

[eQ k=1 j=1

¢

»»

L L=ty U= mo + 1)

x
=
(S
M=
M-

k=1 i=1 l=my
v(B )e(f)k]te([)kz
< C max v(Bj)"o~¢mo~! By
max v(B;) Zl_[l_l o
1eQ k=1 j=1

1

Z Z lAk l{l mo+1=l j—mo+1} (I —my+1) ’Sﬂ

=1 i=1 I=my

5
M=
M\

~
Il

-
Il

U(B )e(l)k,te([)kl

<Cmax U(B)mo 1 Mo 121_[1_[ —-vBpr TV e([) ’
ki-

I<j<J
[eQ k=1 j=1

1
14

¢

>

i=1

M =
M\

x E®

k
Lak Lp=eqy 1 ‘Sﬁ
1

~
Il

1

~
Il
_

J
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I}Iotq that for any [ € Q there exists at most &, . .., &, different indices belonging
to @\ Qo withn = K J such thate(¥;)) =[,i =1, ..., n. Therefore, we get

B
I1= CKJ max v(B)™ 7" 121—“—[ By M ;) vt

il
[eQ k=1 j=1

=

[ng

<Eo ZZZ

k=1 j=1 i=I

kp
lAﬁlU:Mﬂl‘éﬁ

~
Il
o

Substituting the original probability of the Poisson random measure 7 gives

II < CKJ max v(Bj™~ Igmo=l

I<j<J

K J
x Y TTTIP (B x Georosih) = k. 0 < j< J.0 < k < K)

(et k=1 j=1

oo

1
ZZlAkl{, !

1 i=1 =0

x E®

M=
M\

k
]l

~
I

L

K J I oo
1 omg— . k|?
= CKJ max v(B)™ Lm- B }:Z §' Y LBy x (si1, siD) €

Again we want to apply Theorem 2.2 [22] and again, before applying the Theorem
2.2 [22], we have to write the inner part as a sequence of martingale differences. In
particular, we write

11 = CKJ max v(Bj)"™ 't
<]<

ol(ELE

k=1 j=1 i=1 1=0

g5 (1(B) x (si1.51]) — v(B))r)

v(Bj)T

[tjz

K J 1
+ s o8y B ) (0303

k=1 j=1 i=1 I

k
jl

Il
o

In the first term we can replace 7(B; x (sk—1,sk]) by n(B; x (sk—1, sx]). To tackle
the second term we apply Lemma A.4. Moreover, we use the fact that v(Bj)t =
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E [r;(B,- X (sk,],sk])] and that n(B; x (sx—1,sx]) is F_,-measurable for any
k=1... K. Thus we can write

II<CKJmaxv(B)'”0 tymo=l

<I<
K J 00 » g
XEO | DD D > La (65 (0(Bj x (i1 s6D) = v(B))r)
k=1 j=1 i=1 1=0

==

! n(B; x (Sk—1, Sk])

Mg

k
Las |ék

K 7 I
+ 1T?<XJV(B Dl Lem—1E g ZZZ

k=1 j=1 i=1

~
Il
o

Using the convexity we can split the first term into two and apply again Lemma A 4.
Thus we have

K J I oo ?
1< CKJmax v(B)™ 't 'EQ{| 333" 1u x| By x i)
I<j<J k=1 j=1 i=1 [=0
1
K J I o » !
1 _mo—1 k

Using the definition of the It0 integral, we finally write

‘ ’
11 <C(KJ+2) 1nm?m]v(B,)mo—‘ ™ Ed {(/ / lE(z, 5)|P n(a’z,ds)) } )
=Jj= 0 VA

Note that Kz~ !=T. Using the assumption v(Bj) < 1forall j=1, ..., J, we obtain

‘ 5
I1<CT+ TJEQD{(/ / |&(z, s)| n(dz, ds)) ]
0 JZ

It remains to investigate the last summand in Eq. 3.6. First, observe that, since
v(Bj) <1, v(B)? <v(B)). Now, by the following calculations we can give the
desired estimate.

K J 1
p
=0} | Y3 % ’1% gj;u(B,»)r’
k=1 j=1 i=1
1
K J I , »
SEe (DD )ty || vB)Y
k=1 j=1 i=1
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==

K 7 1
<< E Y Y 1 gﬂ. v(B )P
k=1 j=1 i=1
1 I ! p '
»
<tr Yy tEO (YN 1 gk v(B)”
k=1 =1 i=1 !
1
K 7o » g
< t=bip maxv(B/)(P_l)/P EZt P ZZ 1y é&ﬁ v(B))
/ k=1 - -
1
K 7o pu(B) )
<m0 2y 83 0 (S e L2
/ k=1 =1 i=1 Vi&s
1
K U I »
p v(B;
e eSS e (S ) 122
! k=1 =1 =1 4
K 7 1
< tp=b/p rn?x v(B)P-b/r v(Z,)C“’/pflEZt ZZ 1Az;id> [ Sjl-ﬁ }V(B,').
k=1 j=1 i=I

Here, we used in the first step the convexity of ® and put z®»~D/P and
max;v(B)P~V/7 in front of the expectation value. Then we multiplied the sum with
v(Z)). Note, since Z]J v(B)) =v(Z)), v(B))/v(Z,) is a probability measure. Again
using the convexity, we applied the Jensen inequality and put ® into the inner sum.
Next, again, taking into account that {A’;i, 1 <i < I} are disjoint, we put the sum
running over the index i in front of the function ®. Hence, the RHS of Eq. 3.12 is
bounded by

T
PP max (B PVIPy(Z )P / / E® (1£(s, 2)]) v(dz) ds.
] 0 A

Taking everything into account we arrive at

t
ffé(s,x)ﬁ(dx,dS)}
0 JZ

T 7
<Cp(E2® (1 +tT(x))ED (/ / [E(s, x)|” n(dx, dS)>
0 V4

E sup CD{

0<t<T

T
+ Cp(E)r PP maxv(B) P~V v(Z /P! / / E® (|5(s, 2)]) v(dz) ds,
i 0o Jz
which is the assertion. O
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4 Proof of Corollary 2.14

The proof is a generalisation of the proofs of Bass and Cranston, Lemma 5.2 [6] or
Protter and Talay, Lemma 4.1 [26]. The proof here differs only in the beginning.
Assume 7 is a R%valued Poisson random measure. Then the quadratic variation
[L] ={[L];: 0 <t < oo} of the process L = {L() : 0 <t < oo}, where

L(o:/fs(s; Diidz: ds), 10,
0 7

is given by

t
[L]t=//|$(s;z)|2n(dz;ds>, t>0.
0 7z

If ®(x) = x" for r > 2, then, in this setting, the generalised Burkholder Davis Gundy
inequality reads

//E(S;z)ﬁ(dz;dS)
0 JZ

where the constant C depends onlyonr,2 <r < oo.

Starting from this inequality, Bass and Cranston, Lemma 5.2 [6], resp. Protter and
Talay, Lemma 4.1 [26] have proved the Corollary 2.14 for p =2, E=R%Y R, 5 x >
®(x) = x?" forn > 1.

The proof of Corollary 2.14 follows along the same lines as the proof of Lemma
5.2, rep. Lemma 4.1 in the articles mentioned above. Also, as mentioned before, the
only difference of the proof of Lemma 5.2, rep. Lemma 4.1 and the proof of Corollary
2.14 is in the first step. Here, using the inequality 2.5 given in Proposition 2.13 for ®
instead of the inequality 4.1 gives

t
//€(S;z)ﬁ(dz;dS)
0 JZ

E sup

O<s<t

r ¢ %
< CJE(/ / Ié(s;z)lzn(dz;dS)> , t=0, (41)
0 7

p
< Cp(E) 27" (o — P75

! P
XE(/ / £Gs; z)|Pn(dz;ds>>
0 7z

t
[0, 00) 91'—>/ / |&(s; 2)|P n(dz; ds)
0 Jz

E sup

O<s<t

n—1

Observe that the process

is a real valued process of finite variation. That means, we are in the real valued case
and can proceed as the in Lemma 5.2, rep. Lemma 4.1. Therefore we omit the proof.

Appendix A: Discrete Inequalities of Burkholder-Davis-Gundy Type
In this section we verify, that the Burkholder Gundy inequality also holds in Banach

spaces of martingale type p, p € (1, 2]. But first, let us state some basic facts about
maximal inequalities.
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A useful tool in the theory of martingales is Doob’s maximal inequality. The
simplest version says that all real valued non-negative submartingales { M, }V_ satisfy
the inequality,

MP’( sup | M| > /\) < E lnaxgey Mz M|, 1 <n <N,

0<k<n

and, hence, satisfy

)J’IP’( sup |Mk|”>k> <E|M,P, 1<n<N. (A1)
0<k<n

Now, one sees immediately that all real valued non-negative submartingales { M}
satisfy

E|M,|? <E sup |Mi|? <q”E|M,|?, (A2)

0<k<n

where ¢ is the conjugate exponent to p. From the last version of Doob’s maximal
inequality we can derive the following corollary.

Corollary A.1 Let p € (1, 2] and let E be a Banach space of martingale type p. Then
there exists a constant C = C,(E) such that for all E-valued finite martingales { M,}"_,
the following inequality holds

N

E sup |Mn|PE = C]EZ |Mn - Mn—1|pE7 (A3)
0<n<N k=0

where as usual, we put M_, = 0.

Nevertheless, in the proof of inequality (ii) we use a stronger inequality, namely,
we suppose that there exists a constant C such that for all E-valued finite martingales
{M,}V_, the following inequality holds

N P
E|]\4n|2 = CJE (Z |Mn - Mn—1|p> . (A4)

n=0

We can derive this stronger inequality from a generalisation of Doob’s maximal
inequality. Since it is interesting on its own, before showing inequality A.4, we state
a generalisation of Doob’s maximal inequality. To be more precise, in the Doob’s
maximal inequality we can replace the square by a convex, non decreasing and
continuous function @ : [0, co) — R with ®(0) = 0. In addition, ® has to satisty the
growth condition (see Appendix B).

Proposition A.2 (Garsia, p. 173 [15]) For all convex, non decreasing, and continuous
function @ :[0,00) - R with ®(0) =0 and satisfying the growth condition, there
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exists a constant C > 0 such that for all non-negative real valued sub-martingales
{ X}, with Xy = 0 we have

Ed( sup X,) = CE®(Xy).

1<n<N

To be precise, C = 4 (C}, — 1) where WV is the conjugate convex function to ®.

Assume FE is of martingale type p. Now, from the Definition 2.10 and the
generalised Doob maximal inequality, i.e. Proposition A.2, we can show that the
Burkholder-Davis-Gundy inequality is also valid on E.

Theorem A.3 Let @ : [0, 00) — R be a non decreasing, convex and continuous func-
tion with ®(0) = 0 and satisfying the growth condition (for definition we refer to
Appendix B).

Let p €[1,2] be fixed and let E be a Banach space E of martingale type p.
Then, there exists a constant C,(E, ¢) > 0 such that for all E-valued finite martingale
(M}, the following inequality holds

N b
Eo ( sup |Mn|E> =< Cp(Ea ¢) Eo (Z |Mn - Mnl|%> s

0<n<N =0

where as usual, we put M_; = 0.

Before proving Theorem A.3 we have to do some preparatory work. First we
will introduce the following notion. For any E-valued martingale over a probability
space (22, F, P), let (F M),y be the natural filtration induced by {M,}Y ., i.e. FM :=
o(My, k < n),n € N. By {m,}), we denote the sequence of martingale differences,
ie. my = My — M,, n €N, and by M* the sequence {M} f,V:O given by M =
Supy<, |My]. Let

SupM) = [ > Imul |

k<n

and S,(M) := S, ,. We will need the following Lemmata. Since the Lemmata are
valid for real valued random variables, we omit their proofs and give only the
reference.

Lemma A.4 (Burkholder et al., Theorem 3.2 [11]; Garsia, Theorem 0.1 [15]) Let ®
be a convex function satisfying the conditions of Theorem A.3 and (2, F,{Fu}N_,, P)
be a filtered probability space. Then there exists a constant C > 0, only depending
on ®, such that for all sequence {z,}"_ of real-valued, non negative and measurable

functions (2, F, P) the following inequality holds

B (Y Bl | 71l) = CEo( 3 2).
n=0

n=0

To be more precise, C = (ci,)**, where c}; is defined in Eq. B.5.
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By means of the generalised Doob’s maximal inequality and the Lemmata before,
the following Proposition can be verified.

Proposition A.5 There exists a constant C < oo such that for all E-valued martingales
{M,,}f:’:0 and all M-previsible processes {wm}fxzo satisfying |M,, — M,_| < w,, for all
1 <n < N, we have

E®(M;) < CE$(S,.,(M)) + CE$(w))., 1<n<N.

An estimate of the constant is given by Co ,(E) = min{2§ % p% : B> 1,0 <8 <1 —

B such that 2L, (E) (ﬂ‘slf di)p )

Proof of Proposition A.5 This proof follows the proof of Theorem 15.1 [10], where
only the real valued case is considered. Therefore, we had to modify the original
proof of Burkholder in some points. Without loss of generality we set n = N.
Similarly, we will show that the random variables M}, and Sy, ,(M) v w}, satisfy the
assumption of Lemma 7.1 [10]. I.e. We will show that for 8 > 1 and0 <38 < 8 —1
the following holds

P(My > Br, Sn.p(M) Vv wy < 81) <2 L,(X) P(My>21), A>0.

(A.5)

5P
B—o-1r

To prove Eq. A.5, we introduce the following stopping times. Let p:=
inf{ll <n<N:|M,| >}, vi=inf{l <n<N:|M,| > BA}, and o :=inf{l <n <
N 1|8, p(M)| > 61 or w, > 81}, If the infimum will not be attained, we set the
stopping time to co. Let H = {H,,, 1 < n < N} be defined by

Hy:=Y h=Y ljuckeovo) (Mi — Mi_y), 0<n<N.

k<n k<n

Since w is previsible, {u <k <vVvo} e FM, and the process H is a martingale.
Moreover, on {i = oo} = {M} < A}, Sy, p(H) =0.On {0 < 0 < oo}, the assumption
on w leads to

Sk p(H) < SE,(H) < SB,(M) = ST_, (M) + (M, — M, 1)”

U l.p

<SP | (M) +wP <28P)P. (A.6)

o—1,p

This inequality can also be extended to the case where o = co. Therefore, since E
is a Banach space of martingale type p, by Definition 2.10, there exists a constant
L,(E) such that

N
E|Hy|? < Ly,(E)E ) |li|? < L,(E)ES}, ,(H). (A7)
k=0
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Substituting Eq. A.6, we get
E|Hy|P <2 L,(E) 8" PP (My > ).
Since {M}y > BA, SN, p,(M) vV wi, <81} C {HY, > Br— L — 54},
P (MY > Br, Snp(M) Vv wy <81) <P(Hy > Br— i —5)).
The simple version of Doob’s maximal inequality, i.e. Egs. A.1, and A.7 give
P(My > Br, Sn.p(M) v wy <81) < P(Hy > Br— A1 —681)
E|Hn|?

< -
S (B-b— e
p

<2L,(E) m

}P’(Mj‘v >X).

Since § can be chosen arbitrary small, the assumptions of Lemma 7.1 [10] are satisfied
and we apply the Lemma to verify the assertion. The exact constant can be verified
by using inequality B.7 and Definition B.5.

Proof of Theorem A.3 The proof works in analogy to the proof of Davis, Burkholder
and Gundy (see e.g. Theorem 1.1 [11], or Theorem 15.1 [10]). For an E-valued

martingale {M,}  and its sequence of martingale differences {m,} , let A, :=

{lm,| <2m’_,},0 <n < N.Davis introduced in [12] the following decomposition of
M,where M = G + H, and G = {G,}), and H = {H,}) are defined by
Gu=Y gii=y [y—Ely| Fial], 0<n<N,
k=1 k=1
n n
Hy=Y hi:=> [z +Elyk | Feal], 0<n=<N,
k=1 k=1

with yr = myl .4, and z; = mklAkc,O <k <N.
Now, since

M, < G, + H,,
by Eq. B.6, there exists a constant ¢ < 00, depending only on ®, such that
E®(M}) < co EQ(G}) + co E®(H}). (A8)

First, we will investigate the last term, i.e. E®(H™) and then we will investigate
E®(G*). Observe that, since {mn},’:’:(, is a sequence of martingale differences,

Eyi | Fet]] + Efzx | Farrl] =E[my | Feoi]] =0, 1<k <N.
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Therefore, H, = >"i_o [2x — Elzx | Fk-11], 1 <n < N. Applying the Jensen inequal-
ity and Lemma A.4 we get

B (H;) < Eo( ) Iz — Elz | Fill)

k=0
< BO( Y Izl + Y Ellzel | Feoal) < 2E0( D lail).
k=0 k=0 k=0

Since |my| > 2mj_, implies |my| < 2(mj — mj;_,), and, hence, |zx| < 2(m); — mj_,).
Moreover, since mj, = sup,_,, |my| = Y j_, (m; —mj_,), it follows that Y}, |zx| <
2m;;. Therefore,

Ed(H) <4Ed(m?), 1<n<N.

Since {|m,|}Y_, is a non negative real valued sub-martingale, we get by a generalisa-
tion of Doob’s maximal inequality, Proposition A.2

E®(H;) < C2ED(|m,)).
From m, = M,, — M,,_, it follows that |m,| < §,, ,(M), and, hence,
E®(H}) < C'2E®(S, ,(M)), 1<n<N. (A9)

In the next paragraph, we will give an upper estimate of the term E®(G)).
Observe, first, that |my| < 2mj_| implies |gx| < 4mj_,, 0 < k < N. This means, that
gr 1s controlled by a Fj_;-measurable random variable, and, therefore, we can apply
Proposition A.5 to get a control of G*. In particular, there exists a constant ce g < 00,
only depending on ® and E, such that

E®(G*) < co. cED (S, (G)) + co RO (m?). (A.10)

The term [E® (m2)) can be estimated by the generalised Doob maximal inequality A.2.
So, we obtain

E®(G?) < ¢y pED(S, p(G)) + i gED(m,). (A.11)

From m, = M, — M,,_, it follows that |m,| < S, ,(M). It remains to investigate
E® (S, ,(G)). Note, that

Eq)(Snp(G)) =< C,[/«j,<1> ECD(Snp(M)) + C/éj’q) Eq)(Snp(H))

@ Springer



Maximal Inequalities of the Ito Integral 249

Now, since

Dzl < my = my_ |

k<n k<n
< AmPt Y imy = mi | < |myl?,
k<n
we have by Lemma A .4 applied to {|z,|P}Y_|
E® (S, ,(H)) < CE®(m}), 1<n<N.
Again applying Proposition A.2 leads to
E®(S,p(G) < ¢ o BO(S, p(M)) + ¢f gED(Imal) < ¢y EO(S, ,(M)). (A.12)
Therefore, substituting Eqs. A.9, A.11 and A.12 in Eq. A.8 gives
E® (M) < ceoEP(S,,(M)), 1<n<N. (A.13)

[}

Appendix B: Preliminaries About Convex Functions

We summarise in this paragraph some facts about convex functions, which we
have used in the proof of Claim 3.1. For a more detailed summary, we refer to
Appendix [19, p. 218, (6)] or book [27]).

Let @ : [0, 00) — R be a strictly increasing convex function with ®(0) = 0. By e.g.
Theorem A [27] it follows that there exists a strictly increasing function ¢ : [0, c0) —
R, such that

t
<I>(t):/ ¢(s)ds, t>0.
0

To such a convex function ® we can associate another convex function W of the same
type such that

q,([):/ Y(s)ds, t>0.
0

and ¢ (s) = inf{t > 0 : ¥ (¢) > s} and ¥ (s) = inf{t > 0 : ¢(¢) > s}, s > 0. This function is
usually called the to ® conjugate function (in the sense of Young) (see e.g. Chapter
1.15 [27]). Particularly, the following holds (see e.g. Chapter 1.15, p. 30 [27]).

Proposition B.1 Let @ : [0, 00) — R be a strictly increasing convex function and WV :
[0, 00) — R its conjugate. Then

upW) = ew) + Vpu)), (B.1)

fo Ly (1) = DY (V). (B2)
wv < O + (), (B.3)

®(ua) <ad®(@), VY0<a<l, (B.4)
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250 E. Hausenblas

Furthermore, we say ® satisfies the growth condition, iff there exists a constant
C < oo with

D21 < COM), A e[0,00).
If the growth condition holds, then (see e.g. Appendix, p. 218, (7) [19])

o= ®3)
is finite and we get
Oty Vh) <P)+ D), hH,hH=>0, (B.6)
D(rt) <re®@), t>0,r>1, (B.7)
V(@) = (co — D@ (@), t=0. (B.8)
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